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HE prefent collection of traéts relating to logarithms, and in- 

titled * Seriptores Logarithmict,” &c, was owing to the publica- 
tion of Dr. Hutton’s very curious hiftorical introduction to his 
new edition of Sherwin’s Mathematical Tables in the year 1785. 
- That introduction (which I have here reprinted at the beginning 
of this collection, together with Dr. Hutton’s preface to that edi- 
tion of the Mathematical Tables) excited my admiration in a high 
degree; not only becaufe it afforded a ftriking proof of the un- 
wearied induftry and very great extent of reading, as well as of the 
uncommon mathematical fkill and judgment, of its learned author, 
but alfo on account of its great ufefulnefs, in exhibiting, to perfons 
of an inferior degree of knowledge in thefe fciences, a full and clear 
view of all the different fteps that had been taken by mathemati- 
cians of all countries, both in ancient and modern times, towards 
the cultivation and improvement of trigonometry and the do¢trine 
of logarithms, which are two of the moft ufeful and important 
branches of the mathematicks. And, as moft of the traéts that 
have been written on the latter of thefe fubjeéts, namely, the doc- 
trine of logarithms, fince the publication of Briggs’s Arithmetica 
Logarithmica and Trigonometria Britannica, and that are mentioned 
in Dr. Hutton’s introduction as deferving notice, are but fhort, 
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I thought it would be by no means impracticable to colle&t them 
all together into one book; and I did not doubt that fuch a collec- 
tion of them, ranged in the fame order in which they had been _ 
originally publifhed, and in which, for the moft part, they had 
been mentioned in the aforefaid hiftorical introduction, would 
prove an acceptable prefent to all the lovers of thefe fciences. 
With this view I undertook the prefent publication, in which I 
have omitted the two tra¢ts of Briggs above mentioned, namely, 
the Arithmetica Logarithmica and the Trigonometria Britannica, on ac- 
count of their length (they-being fmall folio volumes), and the 
tract of Baron Napier, called Canon mirijicus Logarithmorum (though 
it is but a fhort one), becaufe it was publifhed before the faid two 
treatifes of Briggs. But thefe omiffions are pretty well fupplied by 
the ample accounts which Dr. Hutton has given of the contents of 
thefe valuable pieces in his aforefaid hiftorical introduction, which 
is here reprinted. The prefent collection begins with the two tracts 
publifhed on this fubject by the famous John Kepler in the years 
1624 and 16253 in which (as Dr. Hutton has juftly obferved in his 
above-mentioned hiftorical introduction) that very elegant and ac- 
curate geometrician has treated of logarithms according to the true 
and genuine idea of them, as being mea/ures of ratios, or proportions, 
and has delivered his whole doétrine concerning them in a very full 
and {cientifick manner. 


When this collection of traéts was firft undertaken, I had 
thought that they might all have been comprifed in one volume, 
quarto. But, as fome of the tracts were written in a very obfcure 
{tyle and manner, and feemed much to ftand in need of explana- 
tion s—and, as they were alfo founded on a fuppofition of the truth 
of the famous Binomial Theorem, both in the cafe of integral 
powers and in the cafe of roots, which theorem but few mathema- 
tical authors have attempted to demonftrate ;—I refolved to endea- 
vour to fupply thefe defects as well as I was able, partly by adopt- 
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ing and inferting a demonftration of the faid binomial theorem, 
both in the cafe of integral powers and in the cafe of roots, that 
had been publifhed by the late very learned Mr. John Landen of 
Walton near Peterborough in Northamptonthire, in the years 1758 
and 1764, and by adopting fome other hints given by other au- 
thors on the fame fubject, and partly by notes and tracts written by 
myfelf with a view to anfwer the fame purpofe, and on which (as 
the reader will eafily perceive) I have beftowed no {mall fhare of 
attention and labour. And by thefe additional and explanatory 
tracts, together with a few other mathematical tracts of my own 
compofition, on fubjecéts that have for the moft part a remarkable 
connection with the binomial theorem, this collection has been 
{welled to fuch a fize that it cannot be concluded in lefs than 
three volumes, quarto; of which the two firft are now prefented 
to the publick. 


The tracts in thefe two volumes that are of my own compofition 
are as follows. | 


The firft of them is intitled, © Remarks on the two infinite Seriefes 
A? A3 a‘ as ae at Ae a4 as Ae 

i eo Bee sacks as eolorebe he ARC i ta ee a Tea ate 

&c, which were found by Mr. Nicholas Mercator and Dr. fohn Wallis 

in the foregoing Tracts for the Purpofe of fquaring the Hyperbolick Spaces 


Blrz and FIru.” 


This is a very long traét, extending from page 233 of the firft 
volume of this collection to page 344. My defign in writing it was 
as follows. 


Mr. Mercator, after explaining in the firft 13 propofitions of. his 
Logarithmotechnia, the methods by which he advifes the computers of 
a table of logarithms to proceed in their calculations (which methods 
are purely arithmetical and derived from the nature of ratios and of 
a2 the 
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the powers of numbers, without any mention of the hyperbola, or 
of any other geometrical figure whatfoever), concludes his difcourfe 
with fome curious propofitions concerning the hyperbola, from which 
he derives a method of fquaring an afymptotick area of a rectan- 


cular hyperbola by means of the infinite feries A — ~ + ~ ~— <= 2 ae 
6 Y 4 ’ : 
~ aoe oa + &c, in which the letter A is fuppofed to denote a portion 


of one of the afymptotes of an hyperbola contiguous to the cen- 
tral fquare of the hyperbola (or the f{quare formed by the two 
afymptotes of it, and by two lines drawn from its vertex parallel to 
the faid afymptotes refpectively), and to be lefs than the fide of the 
faid fquare (which is fuppofed to be denoted by 1), and confe- 
quently the feveral powers of A, to wit, A, A*, A*, A*, A’, A%, 
&c, will form a feries of decreafing quantities. For he demon- 
{trates that, upon thefe fuppofitions, the faid infinite feries A — 


~ + - ~ “ — - _ + &c will be equal to the afymptotick area 
correfponding to the line A, or of which the line A in the afymp- 
tote forms the bafe. And, as this afymptotick area is the meafure 
of the ratio of r + Ato, it 1s evident that the faid feries A — 
= + . _ = se ~ > z + -&c muft confequently be the meafure of 


the faid ratio of 1 + Ato 1, or, if computed in numbers, muft be 
its logarithm. And thus, in thefe latter propofitions of his faid 
tract, Mr. Mercator exhibits a new method of computing loga- 
rithms totally different from the former methods, which are the 
fubject of the firft 13 propofitions of his book, and which he feems 
principally to recommend. 


But, though Mr. Mercator himfelf, at the time of publifhing his 
Logarithmotechnia, feems moft to value his firft method of comput- 
ing logarithms, which is contained in the firft 13 propofitions of 
his‘faid tract, the generality of mathematicians have given the pre- 
ference to his fecond method of computing them by means of the 
. : : A? A3 aA AS A® : 

infinite feries A — et er eaten i ae + &c, which he has 


given 
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given us for the quadrature of the hyperbola. And, notwith- 
{tanding the many learned traéts that have been written on the 
fubject fince his time by the moft eminent mathematicians, I do 
not know any one method of computing logarithms pes cone 


to be ee to it, though Dr. Wallis’s feries A + = -+ 4 x 4 = 


+b. * + - + &c ad infinitum (which exhibits the eee v the 


ratio of I to 1 — A, and which the Doétor found out in confe- 
quence of the perufal of Mr. Mercator’s Logarithmotechnia and 
after an attentive ater of the aforefaid feries A — 


mia thats wes += Gt &c ad HEA invented by Mercator) 


But both Mercator’s feries, A — a +—-—-—+—- ~ + &c 


ad infinitum, and Dr. Wallis’s feries A + = ~ += - +4 AP te - pi _ a” 


&c ad infinitum, are, by their refpective artes detived from the 
contemplation of the hyperbola, and are given by them rather as 
methods of {quaring the hyperbola than as methods of computing 
logarithms, though they are alfo capable of being applied to this 
latter purpofe with great fuccefs. This manner of deriving them, 
Dr. Halley thought, was a defect in the foundation of them, when 
confidered as methods of computing logarithms; and therefore he 
endeavoured to fupply this defect by giving other inveftigations of 
them, which were founded on the mere abftract principles of 
arithmetick and the nature of ratios, and particularly on Sir Iaac 
Newton’s famous theorem for raifing the powers, either integral or 
fractional, of a binomial quantity. And he accordingly publifhed 
fuch inveftigations of them in the Philofophical Tranfactions of 
the royal Society of London in the year 1695, in a tract which he 
intitled ‘* 4 mofi compendious and facile Method for confiructing Loga- 
rithms, exemplified and demonfirated from the Nature of Numbers, without 

any 
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any Regard to the eee es with a {peedy Method atlas Jinding the Number 
from the Logarithm given.” 


But this tra&t by no means anfwers to the title Dr. Halley has 
given it, of a compendious and facile method for conftructing logarithms. 
It is indeed compendious: but facile it moft certainly is not. For, if 
ever there was a piece of writing that was peculiarly fit to ferve as 
an example of the danger of an author’s falling into obfcurity by 
aiming at too much brevity, which Horace has mentioned in his 
judicious admonition on the fubjeét, brevis effe laboro; obfcurus fio 3 
itis this tract of Dr. Halley: it being fo uncommonly obfcure, that 
I {carce ever knew a mathematician that had read it (I except not 
the moft learned and acute) that did not confefs that he had found 
the greateft difficulty in comprehending it. And, for my part, I 
cannot underftand fome parts of it even now, after having em- 
ployed fo much time and pains upon the fubjeét. And this was 
the confideration that induced me to write the “ Remarks on Mr. 
Mercator’s and Dr. Walls’s Seriefes,’ which conftitute the feventh 
tract of the firft volume of this collection. I have endeavoured to 
do that intelligibly which Dr. Halley has done in a manner that is 
almoft unintelligible; that is, | have endeavoured to give fuch invefti- 
gations of thofe two logarithmick feriefes, invented by Mercator 
and Dr. Wallis, as Dr. Halley either has given, or has attempted to 
give, of them (I know not which), in the aforefaid tra@, namely, 
inveftigations founded entirely on arithmetical principles, and on 
Sir Ifaac Newton’s binomial theorem, without any mention of the 
hyperbola, or any other geometrical figure; and alfo without hav- 
ing recourfe to the doctrine of indivifibles, or infinitely {mall quan- 
tities, or the doétrine of fluxions, or, in general, to the arithmetick 
of infinites in any of its modifications. Thefe inveftigations I have 
drawn up with great care, and have fet them forth in different 
forms and ftyles, namely, firft at great length, and afterwards more 
concifely, in order to adapt them to different forts of readers, and ‘to 
render them as clear and eafy as the nature of the fubje& (which 
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is a very abftrufe one) will admit: and I have fubjoined no lefs than 
nine examples of the computation of logarithms by each of the faid 
two feriefes, in order to make the manner of applying them to that 
purpofe familiar to the reader, being of opinion (as I before ob- 
ferved) that no better method of computing logarithms has yet 
been found out, or need be fought for, than the judicious applica- 
tion of thefe two feriefes. 


From the computations contained in thefe examples I have de- 
rived the logarithms of the ratios of the firft 22 numbers, to wit, 
B63, Ay Sy Oy 75.059, 10, 12, 12; (03,14, 15,\16, 17, 18, 19, 20, 21) 
2.2, and 23, to r, both in Napier’s fy{tem and in Briggs’s, to eigh- 
teen places of figures ; which calculations are, I believe, enough to 
make the induftrious reader that fhall patiently go through them 
all, become very well acquainted with this method of computing 
logarithms. 


The next tract of my compofition in this collection is intitled 
“An Appendix to the foregoing Remarks on the two Logarithmick Se- 
riefes invented by Mr. Mercator and Dr. Wailis,” and extends from 
page 345 to page 383, and concludes the firft volume of thefe 
tracts. 


This tract alfo has a reference to Dr. Halley’s compendious and 
facile method, &c, above mentioned. For his inveftigations of the 
two anti-logarithmick feriefes which he gives us in that tract, to 


; ; L2 roe Sie Pay LS L® ‘ ; 
wit; thevfericles +b Ee) muita abate has &c ad infinitum, 
2 3 4 5 6 @ : 
andi1—Lct = are acy _ = + < — &c ad infinitum, feemed to. 
me almoft as obfcure as thofe of the two logarithmick feriefes 
invented by Mercator and Wallis. I therefore refolved to give 
new inveftigations of thefe two feriefes derived from the pure prin- 


ciples of Arithmetick and from the Binomial Theorem, in the fame 
manner 
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manner as the inveftigations given of them by Dr. Halley himfelf 
in the aforefaid traét, Thefe inveftigations are alfo drawn up 
with great care and pains, and fet forth at confiderable length, in 
order to make them as clear and as eafy as poflible. And, after — 
the inveftigations of thefe two anti-logarithmick feriefes in this ap- 
pendix, I have given fome examples of the application of the faid 
feriefes to the computation of the numbers correfponding to given 
logarithms, in order to illuftrate the method of making fuch com- 
putations, and render it familiar to the reader. There is alfo in 
this tract, amongft other curious matters, a computation of the 
terms of the remarkable ratio which Mr. Cotes has called the ratio 
modularis, carried to 24 places of decimal fraétions. Thefe terms 
are 2.718,281,828,459,045,2355300,274, &c and I, or I and 0.367, 
879,44.1,171,4.4.25321,595,522, &c, of which numbers all but the 
three laft figures may be depended on as exact. 


The third tract of my compofition in this collection is in the fe- 
cond volume, and confifts of notes on thofe parts of Dr. Halley’s 
above-mentioned Difcourfe on Logarithms, which I had found ex- 
tremely difficult, but yet had, after repeated perufals of them, been 
able to comprehend. By the help of the two traéts above men- 
tioned, to wit, the Remarks on rhe two Logarithmick Seriefes invented by 
Mr. Mercator and Dr. Walis, and the Appendix to thofe Remarks, and 
of thefe explanatory notes on Dr. Halley’s traét contained in the 
fecond volume of this collection, my readers will, I hope, be en- 
abled to perceive the truth of all the propofitions advanced in that 
celebrated difcourfe. Thefe notes take up 30 pages, to wit, pages 


92, 93; 94, &c.....- 122. 


The fourth tract of my compofition in this colleftion has alfo 
fome relation to Dr. Halley’s above-mentioned difcourfe. For it 
contains a direét method of computing logarithms founded on the 
principles which Dr. Halley recommends, namely, the pure prin- 
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ciples of arithmetick, without any reference to the hyperbola, or 
any other geometrical figure, and likewife without having recourfe 
to the method of indivifibles, or to the doétrine of fluxions, orto 
the arithmetick of infinites in any of its forms: and, further, it is 
erounded (as well as Dr. Halley’s inveftigations in the above-men- 
tioned difcourfe) on Sir Ifaac Newton’s binomial theorem, though 
by means of a different application of it from that made by Dr. 
Halley. And for thefe reafons I have intitled it %* 4x Appendix to 
the foregoing Difcourfe of Dr. Edmund Halley concerning Logarithms.” 
This tra&t, or Appendix, &c, takes up pages 123) 124, 125, &c..... 
152. : 


Several of the remaining traéts in the fecond volume of this col- 
le&tion are allotted to the demonftration of the Binomial Theorem 
itfelf ; that theorem being fo very clofely connected with the fub- 
ject of logarithms as to be the foundation of the beft methods of 
computing them, and having been itfelf but imperfectly demon- 
{trated in moft of the books of mathematicks that have treated of 
it. For example, Sir Ifaac Newton (who invented it, or, at leaft, 
extended it to the cafe of roots and other fractional powers) has 
never attempted to demonftrate it, even in the cafe of integral 
powers: and Profeffor Saunderfon, in his Algebra (though written 
for the ufe of beginners), takes it alfo for granted, or gives no proof 
of it but from induction: and Dr. Halley (though he has made fo 
much ufe of it in the above-mentioned difcourfe) does not give us 
the leaft proof of its truth. And the fame omiffion is to be com- 
plained of in the works of many other eminent writers on mathe- 
maticks, I therefore thought that, in a collection of tracts relat- 
ing to logarithms (of which that theorem is fuch an important 
foundation) it would be proper to fupply this defect. And this 
has been the occafion of my compofing many of the following 
tracts in the fecond volume of this collection, as well as of my in- 
ferting in it Mr. Landen’s demonftration of the faid theorem. 

VOL. {3 b The 
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The fifth traét of my compofition in this collection is a demon- 
{tration of the binomial theorem in the cafe of integral powers, 
which is nearly the fame with one given by Mr. John Stewart, of 
Aberdeen, in the fixth fection of his Commentary on Sir Ifaac 
Newton's learned little tract, called Analyfis per aquationes numero ter- 
minorum infinitas, publithed at the end of his commentary on Sir 
Ifaac Newton’s Quadrature of Curves. But the demonftration of 
this theorem given in the prefent tract is much fuller than that in 
Mr. Stewart’s book. And in the latter part of the prefent tract the 


demonftration is extended from a + 4)", or the mth power of the 


binomial quantity 4 + 4, to a — 2)", or the mth power of the refi- 
dual quantity a — 4; the letter m denoting any whole number 
whatfoever in both cafes. | 

This fifth tra& takes up pages 153,154) 155, &c..... 169. 


The next tract in the fecond volume of this collection is the de= 
monftration given of the binomial theorem by Mr. John Landen, 
of Walton near Peterborough in Northamptonfhire, which has 
been already mentioned. ‘This demonftration extends to the cafe 
of the fractional powers of the binomial quantity 1 + +, as well as 
to that of its integral powers, being a general demontftration of the 


theorem in the cafe of the quantity 1 + «lz, when m and x repre- 
fent any whole numbers whatfoever. It is extra¢ted partly from 
Mr. Landen’s D//courfe concerning the Refidual Analyfis, publifhed in 
the year 1758, and partly from another tract of Mr. Landen, on 
the fame fubject, publifhed in the year 1764, and intitled, Te Ref- 
dual Analyfis, to which the former tra&t, called 4 Difcourfe concern- 
ing the Refidual Analyfis, had been only an introduétion. ‘This de- 
monftration of Mr. Landen (though I believe it to be juft) is ex- 
tremely intricate and perplexed in the algebraick operations that 
are neceflary to be performed in it, and is, upon the whole, exceed- 
ing difficult to underftand: for which reafon I have fubjoined to it 
another tra&t of my own compofition, in which I have ufed my beft 

8 endeavours 
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endeavours to explain it. Mr. Landen’s demonftration extends 
through pages 170, 171, 172, 173, 174, 1753 and the fubfequent 
explanation of it extends through pages 176, 177, 178, &c...... 


193. 


The next tract in the fecond volume of this colleétion is alfo of 
my compofition, and relates to the fame fubjeét of the bino- 
mial theorem. It is a very full difcourfe on the faid theorem in 
the cafe of fractional powers, containing, firft, various illuftrations 
and exemplifications of it, that are calculated to make the reader be- 
come familiarly acquainted with it, and ready in the application of 
it to any propofed particular cafes ; and, afterwards, exhibiting two 
different methods of demonftrating it, of which the latter and 
more compleat was fuggefted to me by a very clofe and attentive 
perufal of Mr. LLanden’s demonftration above mentioned, to which 
it bears a confiderable refemblance. It does not, however, feem to 
me to be quite the fame with Mr. Landen’s, though I acknowledge 
it to have been fuggefted by it: and it is at leaft more fully and 
clearly exprefled than Mr. Landen’s, and vaftly eafier to under- 
ftand; and will, I believe, if properly attended to, give the readers 
of it all the fatisfaction that can reafonably be expected on fo 
fubtle and abftrufe a fubject. This tract is intitled, ‘* 4 Dafcourfe 
concerning the Binomial Theorem in the cafe of fractional Powers, or Powers 
of which the Indexes are Fractions.” It extends from page 194 to page 


at 

The next tract in the fecond volume of this colleétion is alfo 
written by myfelf. It is intitled, 4 Difcourfe concerning Sir Taac 
Newton's Refidual Theorem, or Theorem for raifing the Powers of the Re- 


fidual Quantity 1 — x, in the cafe of fractional Powers, or Powers of 
which the Indexes are Fraétions.” 


The object of this traét is to transfer all the conclufions that 
have been demonftrated in the foregoing long difcourfe concerning 
b 2 the 
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the quantity 1 + ¥,2, or the —th power of the binomial quantity 


3 
I + x, to the quantity 1 — a), or the “th power of the refidual 


quantity I — +; and to do this without repeating over again the 
long trains of reafoning by which thofe conclufions had been ob- 
tained in the faid former difcourfe. This tra& extends from page 


34.5 to page 378. 


All the remaining traéts in the fecond volume of this colle@ion 
are likewife of my compofition. The fubje&ts of them are as fol- 
_ lows. 


The tra& which comes immediately after the laft-mentioned Dif- 
courle concerning Sir aac Newton’s Refidual Theorem, 1s a very 
curlous application of the binomial and refidual theorems to the 
finding of the leffer of the two roots of the cubick equation 
gy —y* =r by means of one of the expreffions given by Cardan’s 
firft rule for the root of the equation gy + y= 7, or gx + x =r 
But this application, or extenfion of Cardan’s rule, can take place 
only when the abfolute term r of the equation gy — y? =3 is lefs 


/ : z oie 

than /W2 x ak or when = is lefs than - or when = is lefs 
gq? 

than 4 ie 


And, as the root of the cubick equation x? — gv = r may always 
be derived from either of the roots of the cubick equation gy — y* 
= r by means of a quadratick equation, when the abfolute term r 


vt 


is of any ea lefs than or when - me is of any magnitude 


lefs than 4 rg it follows that, cen ris lefs than 4/2 «ok, or 


“ is lefs than + re , the root of the cubick equation «3 — gx = r may 


be deduced from Cardan’s expreffion for the root of the cubick 
equation #7 + gv =r, or y? +9y =7, or gy +y? =7, by the me- 
diation 
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diation of the lefler root of the cubick equation gy —y* =r, 
which may be derived from Cardan’s faid expreffion for the root of 
the equation gy + _y*> =r by the method defcribed in this tra&. 


The matters contained in this tract are in their nature extremely 
fubtle and difficult ; which made it neceffary for me to be very full 
and particular in the explanation of them. And this is the caufe 
of the length to which this difcourfe is carried, which is greater 
than I could at firft have imagined. It reaches from page 378 to. 


page 440. 


The next tra& in the fecond volume of this colleGtion is on the 
fame fubject as the laft. It is an application of the binomial and 
refidual theorems to the purpofe of extending one of the expreffions 
given by Cardan’s fecond rule for the root of the cubick equation 
x? — gx—=r, in the firft cafe of that See or when ae abfolute 


term r is greater than “2% 


folution of the fecond cafe of the fame equation, in which the abfo- 


° 3 . 
lute term r is lefs than 2“, or = is lefs than 3 provided that r 


3/3 
29/9 Iv] Hs 
sea be greater than 2 x 54732 OF that - 


v7, or when - a is greater than = =—, to the re- 








(though lefs than. r) be greater than a 

This tra& is full of abftrufe and fubtle matter, as well as the fore=. 
going traét, and has been therefore treated in a very full and ex- 
planatory manner, which is the caufe of its extending through no: 
lefs than 135 pages, or from page 440 to page 575. It had for- 
merly been publifhed in the Philofophical Tranfations for the year 
1778. But the fubje& is here explained in a much. fuller and: 
better manner than before.. 


By means of the expreflions obtained in thefe two traéts we may 
always 
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always find the root of the cubick equation x* — gx =r in the fe- 
cond ‘on ie it, or sai in which the abfolute term r is lefs than 
29/4 
nya? 
ducible cafe amonett Nee of the writers on Algebra) by the help of 
-one or other of Cardan’s two rules for the refolution of the equa- 
tions «? + gx =rand«? — gx=r, to wit, by the ae of the ae 
oP Te 
and by the help of the latter of them if 7 is greater than /2 


GV 4h me 29/9 
xX 37 though lefs than aie 


or — is lefs than 7 oe - (which has obtained the name of the irre- 


mer of thefe rules, if r is lefs than 4/2 x ~ is lefs than 4 = 


3 
=, or mi is greater than at though 


g3 


27 


lefs than 


Thefe two traéts enable us to do what is equivalent to what is 
called by Algebraifts finding the cube-roots of two impofible binomial quan- 
tities. But they enable us to do this by means of reafonings con- 
ducted in an intelligible manner, and without any mention, or fup- 
pofition, of either impoflible or negative quantities ; which, I hope, 
will be a recommendation of them to many of my readers, and be 
confidered as an excufe for their extraordinary length and difficulty. 


The next tract in the fecond volume of this colletion is a con- 
jecture concerning the method by which Cardan’s two rules for re- 
folving the cubick equations ¥3 + gv =r and +} — gx =r might 
have been found out by Scipio Ferreus of Bononia, and Nicholas Tar- 
talea, or whoever elfe were the firft inventors of them. 


This tra&t has no connection either with logarithms or the bi- 
nomialtheorem. But, as the two celebrated rules of Cardan to 
which at relates, had been fo much the obje& of the reader’s at- 
tention in the two preceeding tracts, I thought it might be agree- 
able to him to fee a probable conje&ture concerning the invention 
of them, more efpecially as it takes up only eight pages, to wit, 


pages. 579, .++-.. 500. 
This 
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This tra€t was formerly printed in the Philofophical Tranfac- 
tions for the year 1780. It is now reprinted without any addi- 
tions. 


The next tract in the fecond volume of this colle€tion, and with 
which the volume concludes, contains only five pages, to wit, page 
587, 588, 589, 590, and sgt. It is an improvement upon a hint 
given by Profeffor Saunderfon. in his Algebra, relating to the old 
fubje& of the Binomial Theorem, and fhews how a mathematician, 
that had been in purfuit of a general rule for deriving the numeral 
co-efficients of the terms of any integral power of a binomial quan- 
tity, a + 4, one from another in terms of the index m (as Dr. 
Wallis-tells us he himfelf had been, but without fuccefs) might 
have been led to fufpea& that they might be generated by the con- 
tinual multiplication of 1 into the following feries of fractions, to: 


wit, —, SSS “—*, &c ; after which fufpicion. 
he would naturally have tried thefe fractions in a variety of in- 
{tances, or with a variety of ‘different values of the index m; and,. 
having found that they always produced the true numeral co-efh- 
cients of the fecond,. third, fourth, and other following terms of 
the mth power of a + 4, he would then, of courfe, have concluded, 
by indudiion from the inftances in which he had found this me-- 
thod of generating the faid co-efficients to be true, that it muft be 
true in all other cafes whatfoever, or when the index m of the: 
power to which the binomial quantity a2 + 4 was to be raifed, was: 
equal to any other whole number than. thofe in which he had: 
tried it. 


And, when this conclufion had thus been formed by an induc-- 
tion grounded on a great number of trials, the mathematician: 
might have confirmed the truth of it by a general demonftration: 
extending it from the cafes in which it had been tried and found to. 
be true, to the cafes of all higher powers whatfoever, in the man- 

ner 
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ner defcribed in the former traé&t contained in the fecond volume of 
this colleGtion, in pages 153, 154, 155, &c...--. 169. 


I think therefore that thefe two traéts may be confidered as 
forming a compleat and fatisfactory inveftigation and demonftra- 
tion of the Binomial and Refidual Theorems in the cafe of integral 
powers: after which the reader may proceed to the two tracts above 
defcribed, which extend from page 194 to page 378, in which he 
will find pretty full, and, I hope, fatisfa@tory demonftrations of the 
truth of thefe important theorems; firft, in the cafe of roots, and 
fecondly, in the cafe of the powers of roots, and confequently in 
the cafes of all fractional powers whatfoever. 


Inner-TemrLe, Aug. 16, 1791. 


FRANCIS MASERES. 
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OHANNIS KEPLERI, Imperatoris Cefaris Ferdinandi Secundi Mathe- 

matici, Chilias Logarithmorum, ad totidem numeros rotundos; premifla 
demonftratione legitima ortis logarithmorum, eorGmque uftis: quibus nova 
traditur arithmetica, feu compendium, quo, poft numerorum notitiam, nul- 
lum nec admirabilius, nec utilius, folvendi pleraque problemata calculatoria, 
prefertim in doétrina triangulorum, citra multiplicationis, divifionis, radi- 
cimque extractionis, in numeris prolixis, labores moleftifimos. Ad illuf- 
trifimum principem et dominum, Dominum Philippum, Landgravium 
Haffie, &c; cum privilegio auctoris Czefareo. 4 

N. B. Prima hujus tractaths editio imprefla fuit Marpurgi, et excufa typis 

Cafparis Chemlini, anno Domini M,DC,XXIV. 


In pages 1, 2, 3, 4, &€ — — — 92. 


if 


Johannis Kepleri, Imperatoris Cefaris Ferdinandi Secundi Mathematici, Sup- 
lementum Chiliadis Logarithmorum; continens precepta de eorum ufu. 
Ad illuftrifimum principem et dominum, Dominum Philippum, Landgra- 
vium Haffie, &c. 
N. B. Prima hujus tra¢tatis editio impreffa fuit Marpurgi, et excufa typis 
Cafparis Chemlini, anno Domini M,DC,XXYV. 
In pages 93, 94, 95, & —- — — 166. 
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Logarithmotechnia: five methodus conftruendi logarithmos nova, accurata, et 
facilis; fcripto antehac communicata, anno, {cilicet, 1667, nonis Augufti. 
Cui nunc accedit vera quadratura hyperbole, et inventio fumme logarith- 
morum. 

Auétore Nicolao Mercatore, Holfato, é Societate Regia Londinenfi. 

N. B. Prima hujus traétatis editio impreffa fuit Londini, in Tranfaéti- 
onibus Philofophicis Societatis Regiz Londinenfis, anno Domini 
M,DC,LXVIII. 

In pages 167, 168, 169, 170, 171, — ——— 196. 


IV. 


Michaelis Angeli Riccii Exercitatio Geometrica de Maximis et Minimis. 

N. B. Hic tractatus adjunctus fuit precedenti tractatui Nicolai Mer- 
catoris, cui titulus Logarithmotechnia, et cam eo imprefla in Tranfac- 
tionibus Philofophicis Societatis Regiz Londinenfis, anno Domint 
M,DC,LXVIII, ob argumenti preftantiam et exemplarium raritatem. 

In pages 197, & — — — 212. 


V. 


An Extract from the third Volume of the Philofophical Tranfactions, publifhed 
on tne 13th day of April, 1668, by Mr. Henry Oldenburgh, at that time 
Secretary of the Royal Society; containing a method of fquaring the hyper- 
bola by an infinite feries of rational numbers; together with its demonftrae 
tion. By the Right Honourable the Lord Vifcount Brouncker. 

In ‘pages 213, 214, 215, 216, 234, and 213, 


VI. 


Another Extract from the Philofophical Tranfactions, Number XXXVIII, pub- 
lifhed on the 17th day of Auguft, 1668; containing, firft, an account of Mr. 
Nicholas Mercator’s tract on logarithms, called Logarithmotechnia, with ano- 
ther infinite feries for the quadrature of the hyperbola, by Dr. John Wallis, 
Savilian Profeflor of Geometry in the Univerfity of Oxford, in a letter to the 
Lord Vifcount Brouncker ; and, 2dly, a method of finding the fums of loga- 
rithms, by the faid Dr. Wallis, in another letter to the fame learned lord; 
and, 3dly, an illuftration of the faid Mr. Nicholas Mercator’s tract aforefaid, 
called Logarithmotechuia, by the faid Mr. Mercator himfelf. 

In pages 219, &C — — — 232. 
VII. Remarks 
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VII. 


Remarks on the two infinite feriefes A — ~ + . _ < ao . -— s + &c and 
Ae ~ ay bok i me He ha a a + &c, which were found by Mr. Nicholas 


Mercator if Dr. John Wallis, in the foregoing tracts, for the purpofe of 
f{quaring the hyperbolick fpaces BI vz and FH ru. 
By Francis Maferes, Efqg. F.R.S. Curfitor Baron of the Court of Ex- 
chequer. 
In pages 233, &C —— — 344. 


VIII. 


An Appendix to the foregoing remarks on the two logarithmick feriefes of 
Mr. Nicholas Mercator and Dr. John Wallis: containing inveftigations of 
two other infinite feriefes, which were publifhed by Dr. Edmund Halley, 
and which are related to, and derived from, the two former feriefes; and by 
which we are enabled, when the value of either of the two former feriefes is 
given, to difcover the ratio to which it belongs, or of which it is the loga- 
rithm, 

By Francis Maferes, Efq. F.R.S. Curfitor Baron of the Court of Ex- 
chequer.. 
In pages 345. 346, 347, & — — — 383. 


MRRA TA lias ¥ O76, a. 


In page 202, in the figure to the firft lemma, inftead of the letter B at the end of the right hand 
line of the figure, infert the letter E. 


In the fame page, the firft line of the fecond lemma, inftead of “ dico, AC* x CB,” read “ dico, fi 
AC? -* CB3.” 


In page 208, line 6 from the bottom, inftead of the words, * duo in altero fegmentum J,’ read 
“ duéio in alterum fegmentum A.’ 


In page 209, line 10, inftead of * dignitatem,” read “ dignitatum.” 


In page 210, line 19, inftead of “ fecet E,’’ read * fecet in £,” and inftead of * produdum,” read 
*¢ produdiam.” 


In page 224, line 6, inftead of * accomodari,’’ read ** actommodari.”’ 
In page 229, line 14th from the bottom, inftead of « Z 99,” read “ L 49.” 


In page 231, in line 17th and in line 14th from the bottom, inftead of “ infnitifimd,” read “ infi- 
“© nitefimd.” 


In page 307, line 10, inftead of *¢ will be the feries,’”’ read ‘* will be to the feries.” 
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HE very ample introduction, prefixed to the following collection 

of Mathematical Tables, has fuperfeded the neceffity of ufing 

many words here by way of preface, and has left me little more to 

mention than the neceflity and occafion of this work, with fome ac- 
count of the contents and mode of execution. 

The undertaking was occafioned by the extreme incorreétnefs of the 
5th, or laft, edition of Sherwin’s once very ufeful book of tables. Find- 
ing, as well from the report of others, as from my own experience, 
that that edition (to fay nothing of the very improper alteration in the 
form of the table of fines, tangents, and fecants) was fo very incorrectly 
printed, the errors being multiplied beyond all tolerable bounds, and no 
dependence to be placed on it for any thing of real practice, I was led 
to undertake the painful office of preparing a correét edition of another 
fimilar work. And I was lucky enough to meet with a bookfeller of 
fufficient fpirit to be at the great expence of printing the book, as well 
as to allow me what I demanded for my trouble in preparing it ; which 
demand, however, was nothing adequate to the great labour attending 
it, as 1 was well aware that the profits of the book would not afford 
him the means of rewarding my pains. 

_Thave, in the firft place, therefore, ufed all the means in my power 
to render the work corredt. I began by collating the 3d, or beft edi- 
tion of Sherwin’s tables, with fome others of the moft perfect works of 


Vou. I. b the 


il DR.) pBUIAr eT OINESHNPUR UE, FA OR, 

the fame kind, as Briggs’s, Vlacq’s, Gardiner’s quarto book, &c. by 
which means I detected many errors in each of them, which had not 
before been difcovered; and of thefe between twenty and thirty were 
im the two editions of Gardiner’s work, printed at London in 1742, 
and at Avignon in 1770; the errata of which two books are here 
printed at the end of our tables. But befides dete@ing many unknown 
errors in my copy of the faid 3d Edition of Sherwin, which was no 
more than what I expected, I difcovered, with no {mall furprize, that 
the laft figures in the table of logarithms were not uniformly true to 
the neareft unit, except in a very few pages at the beginning and end 
of the table; although Mr. Gardiner, the editor of that edition, had 
made the table corre&t in that refpeét in his own quarto work before- 
mentioned, which was alfo printed in the fame year 1742 with the faid 
third edition of Sherwin! The errors from this caufe amounted to fe- 
veral thoufands; and they have continued to run through all the edi- 
tions of Sherwin ever fince that time! But I have here corrected them. 
Nor have I employed lefs attention in correCting the prefs, than in pre- 
vioufly correCting the copy; every proof having been feveral times read 
over, and compared with the beft of the books before-mentioned. 

But in giving this edition to the world, I was not fatisfied with barely 
making it correct. I was aware that the materials themfelves might be 
much improved; and I have accordingly enlarged, or otherwife greatly 
amended them in various refpets. Among the improvements of the 
old materials, may be reckoned the following: namely, in the large 
table of logarithms, the proportional parts, near the beginning, are more 
conveniently arranged, being now all placed in the fame opening of the 
book where their correfponding differences occur: The logarithms to 
fixty-one figures are brought to their proper place in the book, and 
more conveniently difpofed all in one page: The large table of fines, 
tangents and fecants, is more commodioufly arranged, and rendered 
more diftinét and convenient for ufe; the natural fines, tangents, fe- 
eants and verfed fines, being all feparated from the others, and placed 
all together on the left-hand pages, and the logarithmic ones facing 
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them on the right-hand pages; the common differences, in both, fet 
between the two columns to which each of them anfwers; and the 
verfed fines are introduced into their proper place in the fame pages 
with the fines, tangents and fecants. Befides thefe, there are fome other 
alterations in the new tables here given, and the reader will find a 
number of very important improvements in the defcription and ufe of 
the whole; efpecially in the arithmetic of logarithms, and in the refolu- 
tion of plane and {pherical triangles, according to the prefent improved 
methods of calculation ufed by the Aftronomer Royal, and other per- 
fons the moft experienced in thefe matters. 

The improvements in the tables by the introduction of new matter, 
are both great and numerous. ‘The tables numbered 2, 3, and 4 are 
here added, being an entire new fet, with their differences, for finding 
numbers and logarithms to twenty places. ‘The columns of common 
differences in the pages of natural fines, &c, are now firft introduced : 
As are alfo the tables of hyperbolic and logiftic logarithms; the loga- 
rithmic fines and tangents for every fecond, in the firft two degrees of 
the quadrant; together with a table of the lengths of arcs; a table to 
change common and hyperbolic logarithms from the one to the other ; 
&c: the ufes and exemplifications of the whole being very amply 
detailed. 

But the greateft alteration of all, is the very extenfive and new intro- 
duction here given, inftead of the former inadequate and heterogeneous 
one, confifting of about 180 pages of new matter, on a methodical 
plan, containing the hiftorical account and defcription of all trigono- 
metrical writings, and the tables relating to that fubjeQt, both natural 
and logarithmic ; befides the complete ufe of our own tables. Inven- 
tions are here afcribed to the proper authors, and their methods and 
improvements defcribed and compared. This hiftorical defcription will 
evidently appear to be the refult of immenfe labour and reading. And 
indeed I have painfully gone over all the books which are here fo mi- 
nutely defcribed; and that defcription with a detail in fome degree ade- 
quate to their great merits; efpecially the works of Napier, Briggs, 

biz Kepler, 
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Kepler, &c; which was the more neceflary, as the writings and me- 
thods of thofe great mafters had not been any where properly defcribed 
and difcriminated, although they are in themfelves highly curious and 
important. | 

Thefe readings and commentaries have been carried on to an extent 
far beyond what was at firft intended. But the tables having been in 
the prefs for the {pace of feven or eight years, I had thereby an oppor- 
tunity of colleGting and examining a ftill greater number of books; fo 
that I was gradually led on, and my views and plans rendered ftill more 
extenfive and compleat. This delay, therefore, though in many re- 
{pects it proved very inconvenient and difagreeable, has at length given 
the occafion of rendering thefe commentaries more perfe& and {fatisfac- 
tory. 

Befides what immediately relates to trigonometrical fubje@s, the 
reader will here find many other curious and uncommon articles, relat- 
ing to the feveral authors and their difcoveries, which have occurred in 
the courfe of my reading, and which appeared of too much confe- 
quence to be pafled over unnoticed, in the analyfis of their feveral com- 
pofitions. Among thefe is the difcovery of the firft author of the 
binomial theorem, and the differential method, which are due to Mr. 
Henry Briggs, whofe writings are replete with ingenious and original 
matter, and are well deferving to be more generally known and ftudied 
than they have been for fome time paft. 

This long courfe of examination and defcription, however, having 
been carried on for fo many years, at different intervals, and interrupted 
by various avocations, and by bufinefs of different kinds, it will be no 
wonder if this circumftance may have occafioned fome inequalities in 
the ftyle and compofition of this hiftory; and for which therefore, 
fhould any fuch appear, it is hoped the occafion will plead an apo- 
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ECESSITY, the fruitful mother of moft ufeful inventions, gave birth to 
the various numerical tables which compofe the following work. Aftro- 
nomy has been cultivated from the earlieft ages. The progrefs of that fcience, 
requiring numerous arithmetical computations of the fides and angles of tri- 
angles, both plane and {pherical, gave rife to trigonometry ; for thofe frequent 
calculations fuggefted the neceflity of performing them by the property of fimi- 
lar triangles; and for the ready application of this property, it was neceflary 
that certain lines defcribed in and about circles, to a determinate radius, fhould be 
computed and difpofed in tables. Navigation, and the continually improving 
accuracy of aftronomy, have alfo occafioned as perpetual an increafe in the accu- 
racy and extent of thofe tables. And this, it is evident, muft ever be the cafe, 
the improvement of trigonometry uniformly following the improvement of thofe 
other ufeful fciences, for the fake of which it is more efpecially cultivated. 

The ancients performed their trigonometry by means of the chords of arcs, 
which with the chords of their fupplemental arcs, and the conftant diameter, 
formed all fpecies of right-angled triangles. Beginning with the radius, and the 
arc whofe chord is equal to the radius, they divided them both into 60 equal 
parts, and eftimated all other arcs and chords by thofe parts, namely all arcs by 
6oths of that arc, and all chords by 6oths of its chord or the radius: At leaft 
this method is as old as the writings of Ptolemy, who ufed the fexagenary arith- 
metic for this divifion of chords and arcs, and for aftronomical purpofes.x—And 
this, by the bye, fhews the reafon why the whole circumference is divided into 
360, or 6 times 60, equal parts or degrees, the whole circumference being equal 
to 6 times the firft arc whofe chord is equal to the radius: Unlefs perhaps we 
are to feek for the divifion of the circle in the number of days in the year; for 
thus, the ancient year confifting of 360 days, the fun or earth in each day de- 
{cribed the 36oth part of the orbit; and thence might arife the method of divid- 
ing every circle into 360 parts ; and the radius being equal to the chord of 60 of 
thofe parts, the fexagefimal divifion both of the radius and of the parts might 
thence arife. Trigonometry however muft have been cultivated long before 


the time of Ptolemy; and indeed Theon, in his commentary on Ptolemy’s 
Almagett, 
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Almageft, 1. 1. ch. 9, mentions a work of the philofopher Hipparchus, writtest 
about a century and a half before Chrift, confifting of 12 books on the chords 
of circular arcs; which muft have been a treatife on trigonometry. And Me- 
nelaus alfo, in the firft century of Chrift, wrote 6 books concerning fubtenfes 
or chords of arcs. He ufed the word zadir (of an arc), which he defined to be 
the right line fubtending the double of the arc; fo that his nadir of an arc, was 
the double of our fine of the fame arc; and therefore whatever he proves of the 
former, may be applied to the latter, fubftituting the double fine for the nadir. 
The radius has fince been decimally divided; but the fexagefimal divifions 
of the arc have continued in ufe to this day. Indeed our countrymen Briggs 
and Gellibrand, having a general diflike to all fexagefimal divifions, made an 
attempt at fome reformation of this cuftom, by dividing the degrees of the arcs, 
in their tables, into centefms or hundredth parts, inftead of minutes or 60th 
parts. The fame was alfo recommended by Vieta and others; and a decimal 
divifion of the whole quadrant might perhaps foon have followed, had it not 
been for the tables of Vlacq which came out a little after, to every ten feconds, 
or 6th part of a minute.—But the compleat reformation would be, to exprefs 
all arcs by their real lengths, namely in equal parts of the radius decimally di- 


vided: of which more in its proper place. 

It is not to be doubted that many of the ancients wrote on the fubject of tri- 
gonometry, as being a neceflary part of aftronomy; although few of their la- 
bours on that branch have come to our knowledge, and ftill fewer of the writ- 
ings themfelves have been handed down to us. 

Weare in poffefiion of the three books of Menelaus on {pherical trigono- 
metry; but the 6 books are loft which he wrote on chords, being probably a 
treatife on the conftruction of trigonometrical tables. 

The trigonometry of Menelaus was much improved by Ptolemy (Claudius 
Prolemeus) the celebrated philofopher and mathematician. He was born at 
Pelufium, taught aftronomy at Alexandria in Egypt, and died in the year of 
Chrift 147, being the 78th year of his age. In the firft book of his Almageft, 
Ptolemy delivers a table of arcs and chords, with the method of conftruétion. 
This table contains 3 columns: in the 1ft are the arcs to every half degree or 
30 minutes; in the fecond are their chords, exprefied in degrees, minutes and 
feconds, of which degrees the radius contains 60; and in the 3d column are 
the differences of the chords anfwering to 1 minute of the arcs, or the 3oth part 
of the differences between the chords in the 2d column. In the conftru¢tion of 
this table, among others, Ptolemy fhews, for the firft time that we know of, this 
property of any quadrilateral figure infcribed in a circle, namely that the rect- 
angle under the two diagonals, is equal to the fum of the two rectangles under 
the oppofite fides. 

This method of computation by the chords, continued in ufe till about the 
middle centuries after Chrift; when it was changed for that of the fines, which 
were about that time introduced into trigonometry by the Arabians, who in 
other refpects much improved this fcience, which they received from the Greeks, 
introducing among other things the three or four theorems, or axioms, which 
we ufe at prefent as the foundation of our modern trigonometry. 
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The other great improvements that have been made in this branch, are due 
to the Europeans. Thefe improvements they have gradually introduced fince 
they received this fcience from the Arabians. And, although thefe latter peo- 
ple had long ufed the Indian, or decimal, fcale of arithmetic, it does not appear 
that they varied from the Greek, or fexagefimal, divifion of the radius, by which 
the chords and fines were expreffed. 

This alteration is faid to have been firft made by George Purbach, who was 
fo called from his being a native of a place of that name between Auftria and 
Bavaria. He was born in 1423, ftudied mathematics and aftronomy at the uni- 
verfity of Vienna, where he was afterwards profeffor of thofe {ciences, though 
but for a fhort time, the learned world quickly fuffering a great lofs by his im- 
mature death, which happened in 1462, at the age of 39 years only. Purbach, 
befides enriching trigonometry and aftronomy with feveral new tables, theorems, 
and obfervations, fuppofed the radius to be divided into 600,000 equal parts, 
and computed the fines of the arcs, for every ten minutes, in fuch equal parts of 
the radius, by the decimal notation. 

This project of Purbach was completed by his difciple, companion, and fuc- 
ceffor John Muller, or Regiomontanus, who was fo called from the place of his 
nativity, the little town of Mons Regius, or Koningfberg in Franconia, where 
he was born in the year 1436. Regiomontanus not only extended ‘the fines to 
every minute, the radius being 600,000, as defigned by Purbach, but afterwards 
difliking that fcheme, as evidently imperfect, he computed them likewife to the 
radius of 1,000,000, for every minute of the quadrant. He alfo introduced the 
tangents into trigonometry, the canon of which he called fwcundus, becaufe of the 
many and great advantages arifing fromthem. Befides thefe he enriched trigo- 
nometry with many theorems and precepts. Through the benefit of all thefe 
improvements, except for the ufe of logarithms, the trigonometry of Regiomon- 
tanus is but little inferior to that of our own time. His treatife on both plane and 
{pherical trigonometry is in 5 books; it was written about the year 1464, and. - 
printed in folio at Nuremberg in 1533. And in the fifth book are various pro- 
blems concerning re¢tilinear triangles, fome of which are refolved by means of 
algebra: a proof that this fcience was not wholly unknown in Europe before the 
treatife of Lucas de Burgo. Regiomontanus died in 1476 at the age of 40 
years only, being then at Rome, whither he had been invited by the pope, to 
affift in the reformation of the calendar, and was fufpected to have been poi- 
foned there by the fons of George Trebizonde, in revenge for the death of their 
father, which was faid to have been caufed by the grief he felt on account of the 
criticifms made by Regiomontanus on his.tranflation of Ptolemy’s Almagett. 

Soon after this, feveral other mathematicians contributed to the improvement. 
of trigonometry, by extending and enlarging the tables, though few of their 
works have been printed; and particularly John Werner of Nuremburg, who 
was born in 1468 and died in 1528, and who is faid to have written five books 
on triangles. 

About the year 1500, Nicholas Copernicus, the famous modern reftorer of 
the true folar fy{tem, wrote a brief treatife on trigonometry both plane and {phe- 


rical, with the defcription and conftruction of the canon of chords, or their, 
halves, . 
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halves, nearly in the manner of Ptolemy ; to which is fubjoined a canon of fines, 
with their differences, for every ten minutes of the quadrant, to the radius’ 
100,000. This traé& is inferted in the firft book of his Revolutiones Orbium Ce- 
leftium, firft printed in folio at Nuremburg 1543. It is remarkable that he does 
not call thefe lines fines, but femiffes fubtenfarum, namely of the double arcs. — 
Copernicus was born at Thorn in 1473, and died in 1543. 

In 1553 was publifhed the Cancn Facundus, or table of tangents, of Erafmus 
Reinhold, profeffor of mathematics in the academy of Wurtemburg. He was 
born at Salfieldt in Upper Saxony, in the year 1511, and died in 1553. 

To Francifcus Maurolycus, abbet of Meffina in Sicily, we owe the introduc- 
tion of the Tabula Benefica, or canon of fecants, which came out about the fame 
time, or little before. But Lanfbergius erroneoufly afcribes this to Rheticus. 
And the tangents and fecants are both afcribed to Reinhold, by Briggs, in his 
Mathematica ab antiquis miniis cognita (pa. 30. Appendix to Ward’s Lives of the 
Profeffors of Grefham College). 

Francis Vieta was born in 1540 at Fontenai, or Fontenai-le-Comte, in Lower 
Poitou, a province of France. He was mafter of requefts at Paris, where he died 
in 1603, being the 63d of his age. Among other branches of learning in which 
he excelled, he was one of the moft refpectable mathematicians of the 16th cen- 
tury, or indeed of any age. His writings abound with-marks of great origina- 
lity, and the fineft genius, as well as intenfe application. Among them are fe- 
veral pieces relating to trigonometry, which may be found in the collection of 
his works publifhed at Leyden in 1646, by Francis Schooten, befides another 
large and feparate volume in folio, publifhed in the author’s life-time at Paris in 
1579, containing trigonometrical tables with their conftruction and ufe; very 
elegantly printed by the king’s mathematical printer, with beautiful types and 
rules, the differences of the fines, tangents and fecants, and fome other parts, 
being printed with red ink for the better diftin¢tion ; but inaccurately executed, 
as he himfelf teftifies in pa. 323 of hts other works above-mentioned. The firft 
part of this curious volume is intitled Canon Mathematicus, feu ad Triangula, 
cum Appendicibus, and contains a great variety of tables ufeful in trigonometry. 
The firft of thefe is what he more peculiarly calls Canon Mathematicus, Jeu ad 
Triangula, which contains all the fines, tangents, and fecants for every minute of 
the quadrant, to the radius 100,000 with all their differences; and towards the 
end of the quadrant the tangents and fecants are extended to 8 or g places of 
figures. ‘They are arranged like our tables at prefent, increafing on the left- ° 
hand fide to 45 degrees, and then returning upwards by the right-hand fide to 
go degrees ; fo that each number and its complement ftand together on the fame 
line. But here the canon of what we now call tangents is denominated facundus, 
and that of the fecants fecundifimus. For the general idea prevailing in the form 
of thefe tables, is not that the lines reprefented by the numbers are thofe which 
are drawn in and about a circle, as fines, tangents and fecants, but the three 
fides of right-angled triangles; this being the way in which thofe lines had al- 
ways been confidered, and which {till continued for fome time longer. And 
therefore he confiders the canon as a feries of plane right-angled triangles, one 
fide being conftantly 100,000; or rather as three feries of fuch triangles, for he 

makes 
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makes a diftinct feries for each of the three varieties, namely, according as the 
hypotenufe or the bafe or the perpendicular is reprefented by the conftant num- 
ber 100,000, which is fimilar to the radius. Making each fide conftantly 
100,000, the other two fides are computed to every magnitude of the acute 
angle at the bafe, from one minute up to go degrees. or the whole quadrant. 
Each of the three feries therefore confifts of. two parts, as reprefenting the two 
variable fides of the triangle. When the hypotenufe is made the conftant num- 
ber 100,000, the two variable fides of the triangle are the perpendicular and 
bafe, or our fine and cofine; when the bafe 1s 100,000, the perpendicular and 
hypotenufe are the variable parts, forming the canon facundus et fecundifimus, or 
our tangent and fecant; and when the perpendicular is made the conftant 
100,000, the feries contains the variable bafe and hypotenufe, or alfo canon fe- 
cundus et fecundifimus, or our cotangent and cofecant. Of courfe therefore 
‘the table confiits of fix columns, 2 for each of the three feries, befides the two 
columns on the right and left for minutes, from o to 60 in each degree. 

The fecond of thefe tables is fimilar to the firft, but all in rational numbers, 
confifting, like it, of 3 feries of 2 columns each, the radius, or conftant fide of 
the triangle, in each feries, being 100,000, as before, and the other two fides 
accurately expreffed in integers and rational vulgar fractions. So that we have 
here the canon of accurate fines, tangents and fecants, or a feries of about 4300 
rational right-angled triangles. But then the feveral correfponding arcs of the 
“quadrant, or angles of thofe triangles, are not expreffed. Inftead of them are 
inferted, in the firft column next the margin, a feries of numbers decreafing 
from the beginning to the end of the quadrant, which are called numeri primi 
bafeos. It is from thefe numbers that Vieta conftructs the fides of the three fe- 
ries of right-angled triangles, one fide in each feries being the conftant numbet 
-100,000, as before. The theorems by which thefe feries of rational triangles 
are computed from the numeri primi bafeos, or marginal numbers, are inferted 
all in ene page at the end of this fecond table, and in the modern notation they 
may be briefly expreffed thus. Let p be the primary or marginal number on 
any line, and r the conftant radius or number 100,000; then if r denote the 
hypotenufe of the right-angled triangle, the perpendicular and bafe, or the fine 
and cofine, will be refpectively 
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when r denotes the bafe of the right-angled triangle, the perpendicular and hy- 
potenufe, or the tangent and fecant, are exprefled by 








rea and r + —-—, which laft we may reduce to att), 
, 4p — I Spat p71 
and when r denotes the perpendicular of the right-angled triangle, the bafe and 
ypotenufe, or the cotangent and cofecant, are then exprefled by 


142 — X42 
ipr — i (or at fe r) and tpr + a (or apes 7). 


So that Vieta’s general values will be as we have here collected thein together in 
the following expreffions immediately under the words fine, cofine, &c; and 
Vou. Ii]. c quit 
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juft below Vieta’s forms I have here placed the others to which they reduce and 
are equivalent, which are more contracted, but not fo well adapted to the ex- 
peditious computation as Vieta’s forms. 
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All thefe expreffions it is evident are rational; and by affuming p of different 
values, from the firft theorems Vieta computed the correfponding fides of the 
triangles, and fo exprefied them all in integers and rational fractions. 

To the foregoing principal tables are fubjoined feveral other fimaller tables, or 
fhort fpecimens of large ones: as, a table of the fines, tangents and fecants for 
every fingle degree of the quadrant, with the correfponding lengths of the arcs, 
the radius being 100,000,000; another table of the fines, tangents and fecants, 
for each degree aifo, exprefled in fexagefimal parts of the radius as far as the 3d 
order of parts; alfo two other tables for the multiplication and reduction of fex- 
agefimal quantities. 

The fecond part of this volume 1s intituled Univerfalium In/peciionum ad Cano- 
nem Mathematicum Liber fingularis. It contains the conftruétion of the tables, 
a compendious treatife on plane and f{pherical trigonometry, with the application 
of them toa great variety of curious fubjects in geometry and menturation, 
treated ina very learned manner; as alfo many curious obfervations concerning 
the quadrature of the circle, the duplication of the cube, &c. Computations 
are here given of the ratio of the diameter of a circle to the circumference, and 
of the length of the fine of 1 minute, both to many places of figures; by which 
he found that the fine of 1 minute is between 2,908,881, 

2,908,882,056; alfo that, the di- 
ameter of a circle being 100,000,000,00, the perimeter of the infcribed and cir- 
cum{cribed polygon of 393216 fides, will be as follows, 

perim. of the infcrib. polygon 314,159,265,35 

perim. of the circum. polygon 314,159,265537 
and that therefore the circumference of the circle lies between thofe two num- 
bers. 

Although no author’s name appears to the volume I have been defcribing, 
there can be no doubt of its being the performance of Vieta; for, befides bear- 
ing evident marks of his mafterly hand, it is mentioned by himfelf in feveral 
parts of his other works collected by Schooten, and in the preface to thofe 
works by Elzevir, the printer of them; as alfo in M. Montucla’s Hiffoire des 

| Mathematiques ; which are the only notices I have ever feen or heard of concern- 
ing this book, the copies of which are fo rare, that I never faw one befides that 
which is in my own poffeffion, nor ever met with any other perfon at all ac- 
quainted with fuch a book. 

In the other works of Vieta, publifhed at Leyden in 1646 by Schooten, as 
mentioned above, there are feveral other pieces relating to trigonometry ; fome 
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of which, on account of their originality and importance, are very deférving of 
particular notice in this places And firit, the very excellent theorems, here firft 
of all given by our author, relating to angular fections, the geometrical demon- 
{trations of which are fupplied by that ingenious geometrician Alexander Ander- 
fon, a native of Aberdeen. We find here theorems for the chords (and confe- 
quently fines) of the fums and differences of arcs; and for the chords of arcs 
that are in arithmetical progreffion, namely, that the firft or leaft chord is to 
the 2d, as any one after the firft is to the fum of the two next lefs and greater, 
for example as the 2d to the fum of the 1{t and jd, and as the 3d to the fum of 
and 2d and 4th, and as the 4th tothe fum of the 3d and 5th, &c; fo that the 1ft 
and 2d being given, all the reft are found from them by one fubtraction and one 
proportion for each, in which the 1ft and 2d terms are conftantly the fame: 
next are given theorems for the chords of any multiples of a given arc or,angle, 
as alfo the chords of their f{upplements to a femicircle, which are fimilar to the 
fines and cofines ef the multiples of given angles; and the conclufions from 
them are expreffed in this manner: 1ft, that if ¢ be the chord of the fupplement 
of a given arc a, to the radius 1, then the chords of the fupplements of the 
multiple arcs, will be as in the annexed table: 
where the author obferves that the figns are al- | Arcs | Chords of the supplements. 
ternately + and —; that the vertical columns |°% |% _ , 
of numeral co-efficients to the terms of the |3¢ |.3 — 3c. 
chords, are the feveral orders of figurate numbers, |4@ | ct — gc? + 2 
which he calls triangular, pyramidal, triangulo- as fa Se ARLE 

: ; : u | Oa |c®& — 6c# + gc? — 2 
triangular, triangulo-pyramidal, &c. generated hey OP aad eo ae il dict 
in the ordinary way by continual additions; not in- | &c. | 
deed from unity, AS IN THE GENERATION OF 
POWERS, but beginning with the number 2; and that the powers obferve al- 
ways the fame progreffion: fecondly, that if the chord of an arc a be cailed 1, 
and d the chord of the double arc 2¢, then the chords of the feries of multiple 
arcs will be as in this table: where the author re- . 
marks as before on the law of the powers, figns, [Ares Chords. 
and co-efficients, thefe being the orders of figurate | (7 | 
numbers, raifed frem unity by continual additions, da baie sie 
after the manner of the genefis of powers, which ge- | 4a |d3— 2d 
neration in that way he {peaks of as athing gene- | 5¢ |4* — 34° + 1 , 
rally known, but without giving any hint how the 13 ie a ae oF Berar 
co-efficients of the terms of any power may be | 8, | a7 — 6d5 + 10d? — 4d 
found from one another only, and independent of | &c. | &c. 
thofe of any other power, as it was afterwards, and 
firft of all, I believe, done by Henry Briggs, about the year 1600: and 3dly, 
that if C be the chord of any arc a, to the radius 1, then the feries of the chords 
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and fupplemental chords of the mul- Chords and Chords of Sup. 


tiple arcs, will be thus; where the va- | 14 Sega t + s 
: 2a |Sup.ch. = ~ C* +4 2 
lues are alternately chords and chords 3a (Chord = = C?4 40 


of the fupplements of the arcson the | 42 |Sup. ch. 
fame line, and the law of the powers | sa | Chord 
and co-efficients as before, but every | ©# | Sup. ch. 
“alternate couplet of lines having their | 72 | “hor 
fiens changed. CIR re ros ar 

Another curious theorem is added to the above, for finding the fum of all 
thefe chords drawn in a femicircle, from one end of the diameter to every point 
in the circumference, thofe points dividing the circumference into any number 
of equal parts; namely, as the leaft chord is to the diameter, fo is the {um of the 
{aid leaft chord and diameter and greateft chord, to double the fum of all the 
chords including the diameter as one of them. 

As the above theorems are chiefly adapted forthe chords of multiple angles, 
a few problems and remarks are then added (whether by Vieta or Anderfon does 
not clearly appear, but I think by the latter) concerning the application of them, 
to the feétion of angles into fubmultiples, and thence to the computation of the 
chords or fines, or a canon of triangles. ‘The general precept for the angular 
feCtions is this; felect one of the above equations adapted to the proper number 
of the fection, in which will be concerned the powers of the unknown or re- 
quired quantity, as high as the index of the fection; and from this equation 
find that quantity by the known methods for the refolution of equations. Ex- 
amples are given of three different fe€tions, namely, for 3, 5, and 7 equal parts, 
the forms for which are refpectively thefe 
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where g is the chord of the given arc or angle, and C the required chord of the 
3d, sth, or 7th part ofat. And it 1s fhewn geometrically that the firft of thefe 
equations has two real pofitive roots, the fecond 3, and the laft 4; alfo from the 
fame principles the relations of thefe roots are pointed our. 

The method then annexed for conftructing the canon of fines from the fore- 
going theorems, is thus: By dividing the radius in extreme-and-mean ratio, is 
obtained the fine of 18 degrees; this quinquifected gives the fine of 3° 36’: 
Again by trifecting the arc of 60°, there is obtained the fine of 20°; this again 
trifected gives that of 6° 40’; and this bifected gives that of 3° 20’: Then, by 
the theorem for the difference of two arcs, there will be found the fine of 16’, the 
difference between 3° 36’ and 3° 20’: Laftly, by four fucceffive bifeCtions, will 
at length be found the fines of 8’, 4/, 2° and 1’. This laft being found, the fines 
of its multiples, and again of the multiples of thefe multiples, &c, throughout 
the quadrant, are to be taken by the proper theorems before laid down. 

And the fame fubject is ftill farther purfued and explained in the tract con- 
taining the anfwer given by Victa to the problem propofed to the whole world 
by Adrianus Romanus. 

In the fame collection of Vieta’s works, from page 400 to 432, 1s given.a com- 

plete 
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plete, treatife on practical trigonometry, containing rules for refolving all the 
cafes of plane and {pherical triangles, by the Canon Mathematicus, or table of 
fines, tangents and fecants. 

The next authors whofe labours in this way have been printed, are Rheticus, 
Otho, and Pitifcus: to all of whom we owe very great improvements in trigono- 
metry. 

George Joachim Rheticus, profeffor of mathematics in the univerfity of 
Wurtemburg, and fometime pupil to Copernicus, died in 1576, in the 6oth 
year of his age. He conceived and executed the great defign of comput- 
ing the triangular canon for every ten feconds of the quadrant, to the radius 
(1,000,000,000,000,000) confifting of 1 followed by 15 cyphers. The ‘ries 
of fines which Rheticus computed to this radius, for every ten feconds, and for 
every fingle fecond in the firft and laft degree of the quadrant, was publithed in 
folio at Francfort 1613 by Pitfcus, who himfelf added a few of the firft fines 
computed to the radius 10,000,000,000,000,000,000,000. 

But the large work, or whole trigonometrical canon, computed by Rheticus, 
was publifhed in 1596 by Valentine Otho, mathematician to the Electoral Prince 
Palatine. This vaft work contains all the three feries for the whole canon of 
right-angled triangles (being fimilar to the fines, tangents and fecants, by which 
names I fhall calf them) with all the differences of the numbers, to the radius 
10,000,000,000. 

Prefixed to thefe tables are feveral books on their conftru€tion and ufe in 
plane and fpherical trigonometry, &c. Of thefe, the firft three are by Rhe- 
ticus himfelf; namely, book the 1ft containing the demonftrations of 9 lemmas 
concerning the properties of certain lines drawn in and about circles: the 2d 
book contains to propofitions relative to the fines and cofines of ares, together 
with thofe of their fums and differences, their halves and doubles, &c. The 3d 
book teaches,.in 13 propofitions, the conftruction of the canon to the radius 
1,000,000,000,000,coo. By fome of the common properties of geometry 
having determined the fines of a few principal arcs, as 30°, 36°, &c, in the firft 
propofition by continual bifections, he finds the fines of various other arcs, down 
fo 45 minutes. Then in the fecond propofition, by the theorems for the fums 
and differences of arcs, he finds all the fines and cofines, up ta go degrees, in a 
feries of arcs differing by 1° 30%. And, in the third propofition, by the conti- 
nual addition of 45’, he obtains all the fines and cofines in the feries whofe com- 
mon difference is 45’. In the 4th propofition, begipning with 45’, and conti- 
nually bifeGting, he finds the fines and cofines of the feries of half arcs till he 
arrives at the arc of 14” #1 r9i*, the fine of which is found to be 1, and its cofine 
699,999:999;999,999- Imthe fifth propofition are computed the fine and cofine 
of 30 feconds or half a minute. Inthe 6th and 7th propofitions are computed the 
fines and cofines for every minute, from 1’ to 45’, as well as of many larger arcs, 
The 8th propofition extends the computation for fingle minutes much farther. 
In propofition 9 and 10 are computed the tangents and fecants for all arcs in the 
feries whofe common difference is 45°; and thefe are deduced from the fines of 
the fame arcs by one proportion for each. In the remaining three propofitions, 


r1, 12, 13, are computed the tangents and fecants for feveral {mall angles. And 
from 
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fron all thefe primary: fines, tangents, and fecants, the whole canon is deduced 
and compleated. — 

The remaining books in this work are by the editor Otho; namely, atreatife, 
in one book, on right-angled plane triangles, the cafes of which are refolved by 
the tables; then right-angled {pherical trigonometry in four books ; next oblique 
{pherical trigonometry in five books; and laftly feveral other books, containing 
various {pherical problems. ° ; : 

Nest after the above are placed the tables themfelves, containing, for every 
10 feconds, the fines, tangents and fecants, with all the differences annexed to 
each, in a{maller character. The numbers, however, are not called fines, tan- 
gents, and fecants, but, like Vieta’s before defcribed, they are confidered as re- 
prefenting the fides of right-angled triangles, and titled accordingly. They are 
alio in like manner divided into three feries, namely, according as the radius, or 
conftant fide of the triangle, 1s made the hypotenufe, or the greater leg, or the 
lefier leg of the triangle. When the hypotenufe is made the conftant radius 
10,000,000,000, the two columns of this cafe or feries are called the perpen- 
dicular and bafe, which are our fine and cofine ; when the greater leg is the cons 
flant radius, the two columns of this feries are titled hypotenufe and perpendi- 
cular, which are our fecant and tangent ; and when the leffer leg is conftant, the 
two columns in this cafe are called hypotenufe and bafe; which are our cofe- 
cant and cotangent. After this large canon is printed another finaller table, 
which is faid to be the two columns of the third feries, or cofecants and co- 
tangents, with their differences, but to 3 places of figures lefs, or to the radius 
10,000,000. But I cannot difcover the reafon for adding this leffer table, even 
if it were correct, which is very far from berng the cafe, the numbers being uni- 
formly erroneous, and different from the former through the greateft part of the 
table. 

Towards the clofe of the 16th century many perfons wrote on the fubject of 
trigonometry, and the conftruction of the triangular canon. But, their writings 
being feldom printed till many years afterwards, it is not eafy to affign their 
order in refpect of time. 1 fhall therefore mention but a few of the principal 
authors, and that without pretending to any great precifion on the fcore of 
chronological precedence. 

In 1591 Philip Lanfbergius firft publifhed his Geometria Triangulorum in four 
books, with the canon of fines, tangents, and fecants; a brief but very elegant 
work ; the whole being clearly explained : and it is perhaps the firft fet of tables 
titled with thofe words. The fines, tangents and fecants of the arcs te 45 de- 
grées, with thofe of their complements, are each placed in adjacent columns, in 
a very commodious manner, continued forwards and downwards to 45 de- 
grees, and then returning backwards and upwards to go degrees: the radius is 
10,000,000, and a {pecimen of the firft page of the table 1s as follows. 
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, Jo Sines Tangents 
oO 0] 10,000,000 o! = Infinitum. 10,000,000} Infinitum. ||60 
I |! 2,909} 9599929991} 219°9]3453771466, 738/| 10,00 2,000/3 4, 377,468, 1931/59 
21] 5,818] 9,999,995]| 5,818 17,188,73 1,915 10,000,002|17,188,734,824{'58 
3 |} 85727! 9,999,997|| 8,727]11,459,152,994]| 10,000,004 Tale Dead 57 
4 1111,536] 9,999,993]|11,636] 8,594,363,048]| 10,000,007] 8,594, 358,865]|56 
alee 9:999,989]1145544 6,875,488,693 10,000,011 6,875,495,966 SS 
&e &c 



















Of this work, the firft book treats of the magnitude and relations of {uch lines 
as are confidered in and about the circle, as the chords, fines, tangents, and fe- 
cants. In the fecond book is delivered the conftruction of the trigonometricak 
canon, by means of the. properties laid down in the firft book: After which fol- 
lows the canon itfelf. And in the third and fourth books is fhewn the applicas 
tion of the table, in the refolution of plane and fpherical triangles.—Lantberg, 
who was born in Zealand 1561, was many years a minifter of the gof] pel, and 
died at Middleburg in 1632. 

The trigonometry of Bartholomew Pitifcus was firft publithed at Francfort in 
the year 1599. This is a very compleat work; containing, befides the triangu- 
lar canon, with its conftruction and ufe in refolving triangles, the application of 
trigonometry to problems of furveying, altimetry, architecture, geography, di- 
alling, and aftronomy. The con{truction of the canon is very clearly defcribed : 
And in the third edition of the book in the year 1612, he boafts to have added, 
in this part, arithmetical rules for finding the chords of the 3d, sth, and other 
uneven parts of an arc, from the chord of that arc being given; faying that it 
had been heretofore thought impoffible to give fuch rules: But, after all, thofe 
boafted methods are only the application of the double rule of Falfe-Pofition to 
the then known rules for finding the chords of multiple arcs; namely, making 
the fuppofition of fome number for the required chord of a fubmultiple of any 
given arc, then from this afflumed number computing what will be the chord of 
its multiple arc, and which is to be compared with that of the given arc; then 
the fame operation is performed with another fuppofition; and fo on as in 
the double rule of pofition. The canon contains the fine, tangent, and fecant for 
every minute of the quadrant, in fome parts to 7 places of figures, in others to 8; 
as alfo the differences for every 10 feconds. ‘The fines, tangents, and fecants 
are alfo given for every 10 feconds in the firft and laft degree of the quadrant, 
for every 2 feconds in the firft and laft 10 minutes, and for every fingle fecond 
in the firft and laft minute. In this table the fines, tangents and fecants are 
continued downwards on the left-hand pages as far as to 45 degrees, and then 
returned upwards on the right-hand pages, fo that the complements are always 
on the fame line in the oppofite or facing pages. 

The mathematical works of Chriftopher Clavius (a German jefuit, who was 
born at Bamberg in 1537) in five large folio volumes, were printed at Moguntia, 
or Mentz, in 1612, the year in which the author died, at the age of 75. In the 
firft volume we find a very ample and circumftantial treatife on trigonometry, 

with 
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with Regiomontanus’s canon of fines for every minute, as alfo canons of tangents 
and fecants, each in a feparate table, to the radius 1009090000, and in a form 
continued forwards all the way up to go degrees. The explanation of the con- 
ftruction of the tables is very compleat, and is chiefly extracted from Ptolemy, 
Purbach, and Regiomontanus. The fines have the differences fet down for each 
fecond; that is, the quotients arifing from the differences of the fines divided by 
60. About the year 1600 Ludolph Van Collen or 4 Ceulen, a refpeétable Dutch 
Mathematician, wrote his book de circulo & adfcriptis, in which he treats fully 
and ably of the properties of lines drawn in and about the circle, and efpecially 
of chords or fubtenfes, with the conftruction of the canon of fines. The geo- 
metrical properties from which thefe lines are computed, are the fame as thofe 
ufed by former writers: but his mode of computing and expreffing them, is 
different from theirs; for they actually extracted all the roots, &c, at every ftep 
or fingle operation, in decimal numbeérs ; but he retained the radical expreflions 
to the laft, making them however always as fimple as poffible: thus, for in- 
{tance, he determines the fides of the polygons of 4, 8, 16, 32, &c, fides in- 
{cribed in the circle whofe radius is 1, to be as in the table annexed : 
where the point before any figure (4.2) 
fignifies the root of all that follows it; fo {No.of 
the laft line is in our notation the fame as_ | fides 
V2—/2+1/2_-/2 And as the per- 4 172 
feét management of fuch furds was then | 8 [7.2 — 72 
not generally known, he added a very neat [16 [7.2 —¥.2 + 2 
tract on that fubjedt, to facilitate the com- | 32 |VW-2 —VW¥.2+ 7.2 — 72 
putations, Thefe, together with other dif- | &c &c. 
fertations on fimilar geometrical matters, . . 
“were tranflated from the Dutch language into Latin by Willebrord Snell, and 
publifhed at (Lugd. Batav.) Leyden in 1619, It was in this work that Ludolph 
determined the ratio of the diameter to the circumference of the circle to 36 
figures, fhewing that, if the diameter be 1, the circumference will be 

oreater than 3°14159,26535,89793,23846,26433,83279,50288, 

but lefs than 3°14.1 59,265 35,8979323846,2643 3,83279,50289; 
which ratio was by his order, in imitation of Archimedes, engraven on his tomb= 
ftone, as is witnefled by the faid Snell, pa. 54, 55, Cyclometricus, publifhed at 
Leyden two years after, in which he treats the fame fubject in a fimilar manner, 
recomputing and verifying Ludolph’s numbers. And in the fame book he alfo 
gives a variety of geometrical approximations, or mechanical folutions, to de- 
termine very nearly the lengths of arcs, and the areas of fectors and fegments of 
circles. 

Befides the Cyclometricus, and another geometrical work (Apollonius Batavus ) 
publithed in 1608, the fame Snellius wrote alfo four others intitled doétrine trian- 
gulorum cancnica, in hich are contained the canon of fecants, and in which the 
conftruction of fines, tangents and fecants, together with the dimenfion or calcu- 
Jation of triangles, both.plane and fpherical, are briefly and clearly treated. 
After the author’s death this work was publifhed in 8vo, at Leyden 1627, by 

6 Martinus 


Length of each fide. : 
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Martinus Hortenfius, who added to it.a tra&t on furveying and fpherical pro- 
blems. Willebrord Snell was born in 1591 at Royen, and died in 1627, being 
only 35 years of age. He was: profeflor of mathematics in the univerfity. of 
Leyden, as was alfo his father Rodolph Snell. 

Alfo in 1627, Francis van Schooten publifhed at Amfterdam, in a {mall near 
form, tables of fines, tangents and fecants for every minute of the quadrant, to 7 
places of figures, the radius being 10,c00,000; together with their ufe in the ti- 
gonometry of plane triangles. Thefe tables have a great chara¢ter for their ac- 
curacy, being declared by the author to be without one fingle error. This, how- 
ever, muft not be underftood of the laft figure of the numbers, which I find to be 
very often erroneous, fometimes in excefs and fometimes in defect, by not being 
always fet down tothe neareft unit. Schooten diedin 1659, while the fecond vo- 
lume of his fecond edition of Defcartes’ geometry was inthe prefs. He was alfo 
author of feveral other valuable works in geometry and other branches of the ma- 
thematics. ( : 

The foregoing are the principal writers on the tables of fines, tangents and fe- 
cants, before the invention of logarithms, which happened about this time, 
namely, foon afterthe year 1600. ‘Tables of the natural numbers were now all 
compleated, and the methods of computing them nearly perfected: And there- 
fore, before entering on:the difcovery and conftruction of logarithms, I fhall ftop 
here awhile to give a fummary of the manner in which the faid natural fines, tan- 
gents and fecants were actually computed, after having been gradually improved 
from Hipparchus, Menelaus, and Ptolemy, who ufed only the chords, down to 
the beginning of the 17th century, when fines, tangents, fecants and verfed fines 
were in ufe, and when the method hitherto employed had received its utmoft 
improvement. 

In this explanation I fhall here firft enumerate the theorems by which the 
calculations were made, and then defcribe the application of them to the compu- 
tation itfelf. wali 

Theorem 1. The fquare of the diameter of a circle is equal to the fum of the 
fquares of the chord of an arc and of the chord of its {upplement to a femicircle. 

2, The rectangle under the two diagonals of any quadrilateral figure infcribed 
in a circle, is equal to the fum of the two rectangles under the oppofite fides. 

3+ Thefum ofthe fquares of the fine and cofine (hitherto called the fine of the 
complement), is equal to the fquare of the radius. 

4. The difference between the fines. of two ares that are equally diftant from 
60 degrees, ort of the whole circumference, the one as much greater as the other 
is lefs, is equal to the fine of halfithe difference of thofe arcs, or of the difference 
between either arc and the faid arc of 60 degrees. 

5. The fum of the cofine and verfed fine, is equal to the radius. 

6. The fum of the fquares of the fine and verfed fine, is equal to the fquare of 
the chord, or to the fquare of double the fine of half the are. 

7. The fine is a mean proportional between half the radius and the verfed fine 
of double the arc. 

8. A mean proportional between the verfed: fine and half the. radius, is equal 
to the fine of half the arc. 

- Vou. I. d g. As 
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g. As radius is to the fine, fo is twice the cofine to the fine of twice the arc. 

10. As the chord of an arcis to the {um of the chords of the fingle and double 
arc, fo is the difference of thofe chords to the chord of thrice the arc. 

11. As the chord of an arc is to the fum of the chords of twice and thrice the 
arc, fois the difference of thofe chords to the chord of five times the arcs. 

12. And in general, as the chord of an arc is to the fum of the chords of 
times and z + 1 times thearc, fo is the difference of thofe chords to the chord of 
2n -+ 1 timesthe arc. 

13. The fine of the fum of two arcs, is equal to the fum of the produéts of the 
fine of each multiplied by the cofine of the other and divided by the radius. 

14. The fine of the difference of two arcs, is equal to the difference of the faid 
two products divided by the radius. 

15. The cofine of the fum of two arcs, is equal to the difference between the 
produéts of their fines and of.their cofines divided by the radius. \ 

16. The cofine of the difference of two arcs, is equal to the fum of the faid 
products divided by the radius. 

17. A fmall arc is equal to its chord or fine, nearly. 

18. As cofineis to fine, fois radius to tangent. 

19. The radius isa mean proportional between the tangent and cotangent. 

20. Half the difference between the tangent and cotangent of an arc, is equal 
to the tangent of the difference between the arc and its complement. Or, the 
fum arifing from the addition of double the tangent of an arc with the tangent 
of half its complement, is equal to the tangent of the fum of that arc and the {aid 
half complement. 

a1. The {quare of the fecant of an arc, is equal to the fum of the fquares of 
the radius and tangent. 

22. The radius is a mean proportional between the fecant and cofine, Or, as 
cofine is to radius, fo is radius to fecant. 

23. The radius is a mean proportional between the fine and cofecant. 

24. The fecant of an arc is equal to the fum of its tangent and the tangent 
of half its complement. Or, the fecant of the difference between an arc and its 
complement, is equal to the tangent of the faid difference added to the tangent 
of the leffer arc. 

25. The fecant of an arc is equal to the difference between the tangent of 
that arc and the tangent of the arc added to half its complement. Or, the fecant 
of the difference between an arc and its complement, is equal to the difference 
between the tangent of the faid difference and the tangent of the greater arc. 

From fome of thefe 25 theorems, extracted from the writers before mentioned, 
and a few propofitions of Euclid’s Elements, they compiled the whole table of 
fines, tangents, and fecants, nearly in the following manner. 

‘By the elements were computed the fides of a few of the regular figures in- 
{cribed ina circle, which were the chords of fuch parts of the whole circumference 
as are exprefled by the number of fides, and therefore the halves of thofe chords 
the fines of the halves of the arcs. So, if the radius be 10,000,000, the fides of 
the following figures will give the annexed chords and fines. 


The 
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Arcsfub-| Its chord, |Half] Its fines 











. The figure tended or fide arc for + chord 
Triangle 120° |17,320,508 | 60°| 8,660,254 
Square 90 |14,142,136] 45 | 7,071,068 
Pentagon i We 11,755,705.| 30. 15,8773053 
Hexagon 60 | 10,000,000 | 30 | 5,000,000 
Decagon 36 6,180,340] 18 | 3,090,170 
Quindecagon| 24 4,158,234| 12 | 2,079,117 


Of fome, or all of thefe, the fines of the halves were continually taken, by the- 
orem the 6th, 7th, or 8th, and of their complements, by the fame theorems ; and 
fo on alternately of the halves and complements, till we arrive at an arc which 
is nearly equal to its fine. Thus, beginning with the above arc of 12 degrees, 
and its fine, we obtain the halves as follows: 


























The halves[Their fines} |Checomp| Sines The halves! Sines, 
6° % |1,045,285| | of thefe 33° 52446,390 
3 523,300 48° ” 17,431,448 16 30 2,840,153 
I 30] 261,769 69 923352804 8 1,439,426 

45 | 130,896 79 30 (9,832,549) | 27 45 [4,656,145 
~ enn ba 45 19:958,049| | Comps. | 

ecomp. 46 30 |7,253,744 

Gdeciey 68 15 {9,288,095 2 cease 
84 95945,218| | 45 45 |7,163,019| | gy 9,896,514 
87 9,986,295 The halves 62 8,849,876 
88 30 19996573] | of thefe Elalves ii) unk 
“89 15 1929992143] | 24 430675306 | 28 30 I4,791,588 

——|————|_ | 34. 30 [5,664,062 4. 135 12,461,533 

The halves 17 15 |2,965,416 36 45 15,983 246 
of thefe 39 45 163945390 edits comin as 
42 6,691,306| | 23 15 132947439 | 6, 8,788,171 
Je 35583,079| |Thecomp. 75° 40 9,692,309 
10 30 |1,822,355 66 91352455 15 8,012,538 





Bae a | Or 5,010 BS £90) Oat 65202 
43 30 6,883,545] | 72 45 19,550,199 
2% 45 |35795,574| | 50 15 |7,088,418) | 3° 4 
1 44.° 15 16,977,905 66 45 |9,187,912 Comp. 





The fines of fimall arcs are then deduced in this manner. From the fine of Ag 
above determined, are found the halves, which will be thus : 
Aw ed! Of anid tee ied BIO,090 
Ali GO SOA ile Iie: Gace BSS OF 54.4054. 
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Now thefe laft two fines bemg evidently in the fame ratio as their ‘arcs, the fines 
of all the lefs fingle minutes will be found by fingle proportion. So the 45th 
part of the fine of 45°, gives 2909 for the fine of 1’; which may be doubleds 
tripled, &c, for the fines of 2’, 3’, &c, up to 45’. é , 

Then, from all the foregoing primary fines, by the theorems for halving, 
doubling, or tripling, and by thofe for the fums and differences, the reft of the 
fines are deduced, to compleat the quadrant. 

But having thus determined the fines and cofines of the fir 30° of the 
quadrant, that is the fines of the firft and laft 30°, thofe of the intermediate Exon 
are, by theor. 4, found by one fingle fubftraction for each fine. 

The fines of ie whole quadrant being thus compleated, the tangents are fowad 
by theor. 18, 19, 20, namely for one half of the quadrant by the 18th and 19th, 
and the other half, by one fingle addition or fubftraction for each, by the 2oth 
theorem. 

And laftly, by theor. 24 and 25, the fecants are deduced from the tangents by 
addition and fubftra¢ction only. 

Among the various means ufed for conftructing the canon of fines, tangents 
and fecants, the writers above enumerated feem not to have been poffeffed of 
the method of differences, fo profitably ufed fince, and firft of all, I believe, by 
Briggs, in computing his trigonometrical canon and his logarithms, as we fhall 
fee hereafter when we come to defcribe thofe works. They took, however, the 
fucceflive differences of the numbers after they were computed, to verify or prove 
the truth of them ; and, if found erroneous, by any irregularity in the laft diffe- 
rences, from thence they had a method of correting the original numbers them- 
felves. Atleaft this method is ufed by Pitifcus, ¢rig. id. 2, where the differences 
are extended to the third order. In pa. 44 of the fame book alfo is defcribed, 
for the firft time that I know of, the common notation of decimal fractions as now 
ufed. And this fame notation was afterwards defcribed and ufed by baron Ne- 
per in pofitio 4 and 5 of his pofthumous work on the conftruction of logarithms, 
publifhed by his fon in the year 1619. But the decimal fraGions themfelves 
may be confidered as having been introduced by Regiomontanus, by his deci- 
mal divifion of the radius &c. of the circle; and from that time oradually 
brought into ufe; but continued long to be denoted after the manner of vulgar 
fractions, by a line drawn between the numerator and denominator, which laft, 
however, was fcon omitted, and only the numerator fet down with the line below 
it ; thus it was firft 31 +24, then 31243 afterwards, omitting the line, it became 
3135, and laftly 31,, or 31.35 or 31°35: As may be traced in the works of 
Vieta, and others fince his time, gradually into the prefent century. 

Having often heard it remarked that the word fie, or in Latin and French 
finus, is of doubtful ortgin ; and as the various accounts which I have feen of its 
derivation, are very different from one another, it may not be amifs here to em- 
ploy a few lines on this matter. Some authors fay this isan Arabic word ; others 
that it is the’ fingle latin word jimus ; and in Montucla’s Hiffeire des Mathema- 
tigues, it is conjectured to bean abbreviation of two Latin words. The conjec- 
ture is thus expreffed by the ingenious and learned author of that excellent hif. - 
tory, at pa. xxxill among the additions and corrections of the firft volume: « A 


Voccafion 





fT RvP GiocN oO Mere er ew ee la ees). &c. xxi 


Poccafion des finus dont on parle dans cette page, comme d’une invention des 
Arabes, voici une étymologie de ce nom, tout-a-fait heureufe et vraifemblable. 

Jela dois a M. Godin, de Académie Royale des Sciences, Directeur de l’Ecole 
de Marine de Cadix. Les finus font, comme I’on fgait, des moitiés de cordes ; 
et les cordes en Latin fe nomment t/cripte. Les finus font donc /emiffes inferipta- 
rum, ce que probablement on écrivit ainfi pour abréger, S. Ins. Dela enfuite s’eft 
fait par abus le mot de finus.” Now, ingenious as this conjecture is, there ap- 
pears to be little or no probability for the truth of it. For, in the firft place, it 
is not in the leaft fupported by quotations from any of the more early books to 
fhew that it ever was the practice to write or print the words thus S. Js. upon 
which the conjecture is founded. Again, it is faid the chords are called in Latin 
inferipte ; and it is true that they fometimes are fo; but 1 think they are more 

frequently called /ubtenfe, and the fines /emiffes fubtenfarun of the double arcs, 

which will not abbreviate into the word fzus. But it may be faid, what reafon 
have we to fuppofe this word to be either a Latin word, or the abbreviation of 
any Jatin words whatever ? that itfeems but proper to feek for the etymology of 
words in the language of the inventors of the ¢bings. For which reafon it is, 

that we find the two other words, ¢angens and fecans, are Latin, as they were in- 
vented and ufed by authors who wrote in that language.. But the fines are ac- 
knowledged to have been invented and introduced by the Arabians, and-thence 
by analogy it would feem probable that this is a word of their language, and from 
them adopted, together with the ufe of it, by the Europeans. And indeed Lanf- 

bergius, in the 2d pa. of his trigonometry above-mentioned, exprefsly fays that 
it zs Arabic: His words are, Vox finus Arabica eff, et proinde: ‘barbara ; fed, cum 

Longo ufu approbata fit, F commodior non fuppetat, nequaquam repudianda of: faciles 
enim in verbis nos effe opportet, cum de rebus convenit.. And Vieta fays fomething 

to the fame purport in pa. 9 of his Univerfalium Infpectionum ad Canonem Mathe- 

maticum Liber : His words are, Breve finus vocabulum, cum fit artis, Saracenis pra- 
fertim quam familiare, nen eft ab artificibus explodendum, ad laterum Jemiffium inferip=. 
torum denotationem, €Se. 

Guarinus alfo is of the fame opinion: in his -Euelides Adauéfus, Sc. tra. xx. pa. 
307. he fays, Stnus vero eff nomen Arabicum ufurpatum in bane fignificationem & ma- 
thematicis ; although he was aware that a Latin origin was afcribed to it by Vita~ 
lis, for he immediately adds, Licet Vitalis in fuo Lexico Mathematico ex eo velit finum 
appellatum, quod claudat curvitatem arcis. 

. Long before I either faw or heard of any conjecture or obfervation concerning 
the etymology of the word fimus, I remember that I imagined it to be taken from 
the fame Latin. word, fignifying breaft or bofom, and that our fine was fo called 
allegorically. I had obferved that feveral of the terms in trigonometry were de- 
rived from a bow:to fhoot with, and its appendages ; as arcus the bow, chorda the 
ftring, and /agi/ta the arrow, by which name the verfed fine which reprefents it 
was fometimes called; alfo that the ¢angens was fo called from its office, being a line 
touching the circle, and the /ecans from its cutting the fame; Itherefore imagined 
that the /iaus was fo called, either from its refemblance to the breatt or bofom, or 
from its being a line drawn within the bofom (/imus) of the arc, or from its being 
that part of the flring (chorda) of a bow (arcus) which is drawn near the breatt 


( finus ) 
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(frnus) in the a&t of fhooting. And perhaps Vitalis’s definition above quoted has 
{ome allufion to the fame fimilitude. , 

Alfo Vieta feems to allude to the fame thing in calling fimus an allegorical 
word, in pa. 417 of his works as publifhed by Schooten, where, with his ufual 
judgment and precifion, he treats of the propriety of the terms ufed in trigono- 
metry for certain lines drawn in and about the circle, of which, as it very well 

- deferves, I fhall here extract the principal part, to fhew the opinion and arguments 
of fo great a man on thofe names. ‘ Arabes autem femiffes infcriptas duplo, 
numieris prafertim eftimatas, vocaverunt allegoricé Stnus, atque ideo ipfam 
femidiametrum, que maxima eft femiffium infcriptarum, Srnum Totum. Et. 
de iis {ua methodo canones exaraverunt qui circumferuntur, fupputante prefer- 
tim Regiomontano bené jufté & accurate, in iis etiam particulis qualium femi- 
diameter adfumitur 10,000,000, 

‘© Ex canonibus deinde finuum derivaverunt recentiores canonem femiffium 
circumf{criptarum, quem dixére Fwcundum; & canonem eductarum é centro, 
quem dixére Fecundifimum et Benefcum, hypotenufis addictum, Atque aded fe- 
miffes circumfcriptas, numeris preefertim z{timatas, vocaverunt Fecundos, Sinus 
numerdfve videlicet ; quanquam nihil vetat Fecundi nomen fubftantivé accipi. 
Hypotenufas autem Beneficas, vel etiam fimpliciter Hypotenufas: quoniam 
hypotenufa in prima ferie finds totius nomen retinet. Itaque ne novitate ver- 
borum res adumbretur, & alioqui fua artificibus, eo nomine debita, preripi- 
atur gloria, prapofita in Canone Mathematico canonicis numeris infcriptio 
candidé admonet primam feriem effe Canonem Sinuum. In fecunda vero, 
partem canonis foecundi, partem canonis foecundiffimi, contineri. In ter- 
tia, reliquam. 

‘¢ Sané preter infcriptas & circumfcriptas, circulum etiam adficiunt aliz linez 
recte, velut Incidentes, Tangentes, & Secantes. Vertim ille voces fubftantive 
funt, non peripheriarum relative. Ac fecare quidem circulum linea recta tunc 
intelligitur, cum in duobus punétis fecat. Itaque non loquuntur bené geo- 
metricé, qui eductas é centro ad metas circumfcriptarum vocant fecantes im- 
proprié, cum fecantes & tangentes ad certos angulos vel peripherias referunt. 


Immo vero artem confundunt, cum his vocibus neceffe habeat uti geometra abs 
relatione. 


<¢ Quare fi quibus arrideat Arabum metaphora; que quidem aut omnino 


retinenda videtur, aut omnino explodenda ; ut femifles infcriptas, Arabes vo- 
cant finus; fic femiffes circumfcripte, vocentur Profinus Amfintfve; et edudte 
é centro, Tranffinuofe. Sin allegoria difpliceat, geometrica fané infcriptarum 
et circumf{criptarum nomina retineantur. Et cum edudcte é centro ad metas cir- 
cumfcriptarum, non habeant hactenus nomen certum neque elegans, vocentur 
fane profemidiametri, quafi protenfe femidiametri, fe habentes ad fuas circum- 
{criptas, ficut femidiametri ad infcriptas.” 

Againft the Arabic origin, however, of this word (fimus) may be urged its be- 
ing varied according to the fourth declenfion of Latin nouns, like manus; aid 
that if it were an Arabic word latinized, it would have been ranked under either 
the firft, fecond, or third declenfion, as is ufual in fuch adopted words. 

So that, upon the whole, it will perhaps rather feem probable, that the term 


Sinus 
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Jinus is the Latin word anfwering to the name by which the Saracens called that 
line, and not their word itfelf. And this conjecture feems to be rendered ftill 
more probable by fome expreffions in pa. 4 and 5 of Otho’s preface to Rheticus’s 
Canon, where it is not only faid that the Saracens called the half-chord of 
double the arc finus, but alfo that they called the part of the radius lying be- 
tween the fine and the arc /inus verfus, vel fagitta, which are evidently Latin 
words, and feem to be intended for the Latin tranflations of the names by which 
the Arabians called thefe lines, or the numbers expreffing the lengths of thems. 
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T° ELE trigonometrical canon, of natural fines, tangents and fecants, being now 

| taetae to a confiderable degree of perfetion ; the great length and accu- 
racy of the numbers, together with the increafing delicacy and number ofvaftro- 
nomical problems and {pherical triangles, to the refolution of which the canon 
was applied, urged many perfons, converfant in thofe matters, to endeavour to 
difcover fome means of diminifhing the great labour and time, requifite for fo 
many multiplications and divifions, in fuch large numbersas the tables then con- 
fifted of. And their chief aim was, to reduce the multiplications and divifions 
to additions and fubftractions, as much as poffible. 

For this purpofe, Nicolas Raymer Urfus Dithmarfus invented an ingenious 
method, which ferves for one cafe in the fines, namely, when radius is the firft 
term in the proportion, and the fines of two arcs are the fecond and third terms; 
for he fhewed that the fourth term or fine, would be found by only taking half 
the fum or difference of the fines of two other arcs, which fhould be the fum and 
difference of the lefs of the two former given arcs and the complement of the 
greater. ‘This is no more in effect than the following well-known theorem in tri- 
gonometry: As half the radius is to the fine of one arc, fo is the fine of another 
arc to the cofine of the difference minus the cofine of the fum of the faid arcs. 
The author publifhed this ingenious device in 1588, in his Fundamentum Aftrono- 
mie. And three or four years afterwards it was greatly improved by Clavius, 
who adapted iv to all proportions in the refolution of {pherical triangles, both for 
fines, tangents, fecants, verfed fines, &c ; and that, whether radius be in the pro- 
portion ornot. All which he explains very fully in lem. 53 Hid. 1. of his treatife 
on the Afrelabe. This method, although ingenious, depends not on any abftract 
property of numbers, but only on the relations of certain lines drawn in and 
about the circle; and it was therefore rather limited, and fometimes attended 
with trouble in the application. | 

After perhaps various other contrivances, inceffant endeavours at length pro- 
duced the happy invention of logarithms, which are of dire¢t and univerfal ap- 
plication to all numbers abftractedly confidered, being derived from a property in- 
herent in themfelves. This property may be confidered, either as the relation be- 
tween a geometrical feries of terms and a correfponding arithmetical one, or as the 
relation between ratios andthe meafures of ratios, which comes to much the fame 
thing, they having been conceived in one of thefe ways by fome of the writers on 
this fubjeét, and in the other by the reft of them, as well as in both ways at diffe- 
rent times by the fame writer. A fummary idea of this property, and of the pro- 
bable reflections made on it by the firft writers on logarithms, may be to the fol- 
Jowing effect. 

The learned calculators, about the clofe of the 16th, and beginning of the 17th 
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century, finding the operations of multiplication and divifion by very long num- 
bers of 7 or 8 places of figures, which they had frequently occafion to perform 
in folving problems relating to geography and aftronomy, to be exceedingly trou- 
blefome, fet themfelves to confider whether it was not poffible to find fome me- 
thod of leffening this labour, by fubftituting other eafier operations in their ftead, 
In purfuit of this object they reflected that, fince in every multiplication by a whole 
number, the ratio, or proportion, of the product to the multiplicand, is the fame 
as the ratio of the multiplier to unity, it will follow that the ratio of the produc& 
to unity (which, according to Euclid’s definition of compound ratios, 1s com- 
pounded of the ratios of the faid product to the multiplicand and of the multipli- 
cand to unity) mutt be equal to the fum of the two ratios of the multiplierto unity, 
and of the multiplicand to unity. Confequently, if they could find a fet of ar- 
tificial numbers that fhould be the reprefentatives of, or fhould be proportional 
to, the ratios of all forts of numbers to unity, the addition of the two artificial 
numbers that fhould reprefent the ratios of any multiplier and multiplicand to 
unity, would anfwer to the multiplication of the faid multiplicand by the faid 
multiplier ; or the fum arifing from the addition of the faid reprefentative num- 
bers, would be the reprefentative number of the ratio of the produ& to unity ; 
and confequently the natural number to which it fhould be found, in the table of 
the faid artificial or reprefentative numbers, that the faid fum belonged, would 
be the product of the faid- multiplicand and multiplier. Having fettled this 
principle, as the foundation of their wifhed-for method of abridging the labour 
of calculations, they refolved to compofe a table of fuch artificial numbers, or 
numbers that fhould be reprefentatives of, or proportional to, the ratios of all 
the common or natural numbers to unity. 

The firft obfervation that naturally occurred to them, in the purfuit of this 
{cheme, was that, whatever artificial numbers fhould be chofen to reprefent the 
ratios of other whole numbers to unity, the ratio of equality, or of unity 
to unity, muft be reprefented by 0; becaufe that ratio has properly no magni- 
tude, fince, when it is added to or fubtracted from any other ratio, it neither in- 
creafes nor diminifhes it. 

The fecond obfervation that occurred to them was, that any number whatever 
might be chofen at pleafure for the reprefentative of the ratio of any given natu- 
ral number to unity : but that, when once fuch choice was made, all the other re- 
prefentative numbers would be thereby determined; becaufe they mutt be great- 
er or lefs than that firft reprefentative number, in the fame proportions in which 
the ratios reprefented by them, or the ratios of the correfponding natural num- 
bers to unity, were greater or lefs than the ratio of the faid given natural number 
to unity. Thus, either 1, or 2, or 3, &c, might be chofen for the reprefentative 
of the ratioof1oto1. Butif 1 be chofen for it, the reprefentatives of the ratios 
of 100 to 1 and 1000 to 1, which are double and triple of the ratio of 10 tor, muft 
be 2 and 3, and cannot be any other numbers ; and, if 2 be chofen for it, the re- 
prefentatives of the ratios of roo to 1 and tooo tox will be 4 and 6, and cannot 
be any other numbers; and, if 3 be chofen for it, the reprefentatives of the raties 
of 100 to 1 and1ooo0 to 1 willbe 6 andg, andcannot be any other numbers ; 
and fo on. 
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The third obfervation that occurred to them was, that, as thefe artificial num- 
pers were reprefentatives of, or proportional to, the ratios of the natura] numbers to 
unity, they muft be expreffions of the numbers of fome fmaller equal ratios that are 

contained in the faid ratios. Thus, if 1 be taken for the reprefentative of the ratio 
of 10 to 1, then 3, which is the reprefentative of the ratio of 1000 to 1, will ex- 
prefs the number of ratios of 10 to i that are contained inthe ratio of 1000 to I. 
And if, infltead of 1, we make 10,000,000, or ten millions, the reprefentative of 
the ratio of 190 to 1 (in which cafe 1 will be the reprefentative of a very fmall ratio, 
or ratiuncula, which is only the ten-millionth part of the ratio of 10 to 1, or will 
be the reprefentative of the ratio of the 10,000,oooth root of 10, or of the firft, or 
{malleft, of 9,999,999 mean proportionals interpofed between 1 and 10, to 1), the 
reprefentative of the ratio of 1000 to 1, which will in this cafe be 30,000,000, will 
exprefs the number of thofe ratiunculz, or {mall ratios of the 10,000, 000th root of 


10 to r, which are contained in the faid ratio of 1000 to 1: and the like may be 


fhewn of the reprefentative of the ratio of any other number to unity. And there- 


fore they thought thefe artificial numbers, which thus reprefent, or are proportional. 


10, the magnitudes of the ratios of the natural numbers to unity, might not impro- 
perly be called the Locaritums of thofe ratios, fince they expreis the numbers. 
of {maller ratios of which they are compofed. And then, for the fake of brevity, 
they called them the /ogarithms of the faid natural numbers themfelves, which are 
the antecedents of the faid ratios to unity, of which they are in truth the repre- 
fentatives, 

The foregoing method of confidering this property, leads to much the fame 
conclufions as the other way, in which the relations between a geometrical feries. 
of terms, and their exponents, or the terms of an arithmetical feries, are contem- 
plated. In this latter way, it readily occurred that the addition of the terms of the 
arithmetical feries correfponded to the multiplication of the terms of the geome- 
trical feries; and that the arithmeticals would therefore form a fet of artificial 
numbers, which, when arranged in tables with their geometricals, would anfwer: 
the purpofes defired, as has been explained above. 

From this property, by affuming four quantities, two of them as two terms in 
a geometrical feries, and the others as the two corre{fponding terms of the arithme- 
ticals, or artificials, or logarithms, it is evident that all the other terms of both the 
two feriefes may thence be generated : and therefore there may be as many fets. 
or fcales of logarithms as we pleafe, fince they depend entirely on the arbitrary 
affumption of the firft two arithmeticals. And all poffible natural numbers may 
be fuppofed to coincide with fome of the terms of any geometrical progreffion. 
whatever, the logarithms or arithmeticals determining which of the terms in that. 
progreffion they are. . 

It was proper, however, that the arithmetical] feries fhould be fo -affumed, as 
that the term o in it might anfwer to the term1 in the geometricals; otherwife 
the fum of the logarithms of any two numbers would be always to’be diminifhed 
by the logarithm of 1, to give the logarithm of the product of thofe numbers : 
for which reafon, making o the logarithm of 1, and afluming any quantity what- 
ever forthe value of the logarithm of any one number, the logarithms of all other 
numbers were thence to be derived. And hence, like as the multiplication of 
two numbers is effected by barely adding their logarithms, fo divifion is per- 
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formed by fubtracting the logarithm of the one from that of the other, raifing of 
powers by multiplying the logarithm of the given number by the index of the 
power, and extraction of roots by dividing the logarithm by the index of the root. 
Itisalfo evident that, in all fcales or fyftems of logarithms, the logarithm ofo willbe 
infinite; namely, infinitely negative if the logarithms increafe with the natural 
numbers, but infinitely pofitive if the contrary: becaufe that, while the geome- 
trical feries mult decreafe through infinite divifions by the ratio of the progref- 
fion, before the quotient come to o or nothing; the logarithms, or arithmeticals, 
will in like manner undergo the correfponding infinite fubtractions or additions 
of the common equal difference; which equal increafe or decreafe, thus indefinite- 
ly continued, muft needs tend to an infinite refult. 

This, however, was no newly-difcovered property of numbers, but what was 
always well known to all mathematicians, being treated of in the writings of 
Euclid, as alfo by Archimedes,-who made great ufe of it in his “renarius, or 
treatife on the number of the fands, namely, in affigning the rank or place of 
thofe terms, of a geometrical feries, produced from the multiplication together of 
any of the foregoing terms, by the addition of the correfponding terms of the 
arithmetical feries, which ferved as the indices or exponents of the former: and 
the reafon why tables of thefe numbers were not fooner compofed, was, that the 
accuracy and trouble of trigonometrical computations had not fooner rendered 
them neceflary. It is therefore not to be doubted that, about the clofe of the 
fixteenth and beginning of the feventeenth century, many perfons had thoughts 
of fuch atable of numbers, befides the few who are faid to have attempted it. 

Longomontanus has, by fome, been {aid to have invented logarithms: but this 
cannot well be fuppofed to have been much more than in idea, fince he never 
publifhed any thing of the kind, nor ever laid claim to the invention, though he 
lived thirty-three years after they were firft publifhed by baron Neper, as he died 
only in 1647, when they had been long known and received all over Europe. 
Some circumftances of this matter are indeed related by Wood in his there 
Oxonien/fes, under the article Briggs, on the authority of Oughtred and Wingate, 
viz. ‘* That one Dr. Craig, a Scotchman, coming out of Denmark into his own 
country, called upon John Neper, baron of Marchefton near Edenburgh, and 
told him, among other difcourfes, of a new invention in Denmark (by Longo- 
montanus, as ’tis faid) to fave the tedious multiplication and divifion in aftrono- 
mical calculations. Neper being folicitous to know farther of him concerning 
this matter, he could give no other account of it, than that it was by proportion+ 
able numbers; which hint Neper taking, he defired him at his return to call 
upon him again. Craig, after fome weeks had paffed, did fo; and Neper then 
fhewed him a rude draught of that he called Canon mirabilis Logarithmorum, 
Which draught, with fome alterations, he printing in 1614, it canie forthwith 
into the hands of our author Briggs, and into thofe of Wall. Oughtred, from 
whom the relation of this matter came.” 

Kepler alfo fays that one Jufte Byrge, affiftant-aftronomer to the Landgrave of 
Heffe, invented, or projected, logaritams long before Neper did, but that they 
had never come abroad on account of the great refervednefs of their author with 
regard tohis owncompofitions. Byrge is alfo faid to have computed a table of 


natural fines for every two feconds of the quadrant. 
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But whatever may have been faid or conjectured concerning any thing that 
may have been done by others, it is certain that the world is indebted, for the firft 
_-publication of logarithms, to John Napier or Nepair *, or in Latin Neper, 
baron of Merchifton, or Markinfton, in Scotland, who died the 3d of April 
1618, at the age of 67 years. Baron Napier added confiderable improvements 
to trigonometry; and the frequent numerical computations he performed in this 
branch, gave oceafion to his invention of logarithms, in order to fave part of the 
trouble attending thofe calculations; and for this reafon he adapted his tables pe- 
culiarly to trigonometrical ufes. 

This difcovery he publifhed in 1614, in his book intitled Mirifici logarithmorum 
canonis defcriptio, referving the conftruCtion of the numbers till the fenfe of the 
learned concerning his invention fhould be Known : and, excepting the con- 
ftruction, this is a perfect work on this kind of logarithms, containing in effect the 
logarithms of all numbers, and the logarithmic fines, tangents, and fecants for 
every minute of the quadrant, together with the defcription and ufes of the tables, 
ws alfo his definition and idea of logarithms. 

Napier explains his notion of logarithms by lines defcribed or generated by 
the motion of points, in this manner: He firft conceives a line to be generated 
by the equable motion of a point which paffes over equal portions of it in equal 
{mall moments or portions of time: he then confiders another line as generated by 
the unequal motion of a point, in fuch manner, that, in the aforefaid equal mo- 
ments or portions of time, there may be defcribed or cut off, from a given line, 


* The origin of which name Crawfurd informs us was from a (lefs) peer/e/s action of one of his an- 
ceftors, viz. Donald, fecond fon of the earl of Lenox, in the time of David the Second. ** Some Englith 
writers, miftaking the import of the term daron, have called this celebrated perfon lord Napier, a Scotch 
nobleman. He was not indeed a peer of Scotland; but the Peerage of Scotland informs us, that he 
was ofavery ancient, honourable, and illuftrious family ; thathis anceftors, for many generations, had been 
poflefled of fundry baronies; and, amongtft others, of the barony of Merchiftoun, which defcended to him 
by the death of his father in 1608. Mr. Briggs, therefore, very properly ftiles him Baro Merchiftonii. 
Now according to Skene, de verborum fignificatione, ‘In this realm (of Scotland) he is called an Barrone, 
quha haldis his landes immediatelie in chiefe of the king, and hes power of Pit and Gallows; Foffa et 
furca; quhilk was firft inftitute and granted be king Malcolme, quha gave power to the Barrones to 
ave ane Pit, quhairin wemen condemned for thieft fuld be drewned, and ane Gallows, where- 
upon men thieves and trefpaflowres fuld be hanged, conforme to the doome given in the Barron 
Court thereanent.’? That is, in our modern Englifh, In this kingdom (of Scotland) a man is called. 
a Baron who holds his lands immediately in chief of the King, and has power of Pit and Gallows, 
Foffa et Furca; which was firft inflituted and granted by king JZalcoln, who gave power to the 
Barons to have a Pit, wherein women condemned for theft fhould be drowned, and a Gallows, 
whereon men-thieves and offenders (guilty of capital offences) fhould be hanged, conformably to the 
judgments given in the court of the Baron concerning the faid crimes.’? So that a Scotch baron, 
though no peer, was neverthelefs a very confiderable perfonage, both in dignity and power. Reid’s 
Lffay on Logarithms.—The name of the illuftrious inventor of logarithms, and his family, has been 
varioufly written at different times, and on different occafions, In his own Latin works, and in (per- 
haps) all other books in Latin, it is Neper, or Neperus Baro Merchiftonii: By Briggs, in a letter to 
Archbifhop Uther, he is called Naper, lord of Markin/fton: In Wright’s tranflation of the logarithms, 
which was revifed by the author himfelf, and publifhed in 1616, he is called Nepair, baron of Marchiftonss 
and the fame by Crawfurd and fome others. But M‘Kenzy and others write it Napier, baron of Merchi- 

fton ; which, being alfo the orthography now ufed by the family, I fhall adopt in this work. I obferve 

alfo that the Scotch Compendium of Honour fays he was only Sir John Napier; and that his fon and 
heir, Archibald, was the firft lord, being raifed to that dignity in 1626. Be this however as it may, 
I fhall conform to the common modes of expreflion, and call him indifferently daroz Napier ox lord 
Napier. 
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parts which fhall be continually in the fame proportion with the refpective re- 
mainders of that line which had before been Jeft : then are the feveral lengths 
of the firft line the logarithms of the correfponding parts of the latter, 
Which defcription of them is fimilar to this, that the logarithms are a feries of 
quantities or.numbers in arithmetical progreffion, adapted to another feries in 
geometrical progreffion. The firft or whole length of the line, which is dimi- 
nifhed in geometrical progreffion, he makes the radius of a circle, and its loga- 
rithm co or nothing, reprefenting the beginning of the firft or arithmetical line; and 
the feveral proportional remainders of the geometrical line, are the natural fines 
of all the other parts of the quadrant decreafing down to nothing, while the fuccef- 
five increafing values of the arithmetical line, are the correfponding logarithms 
of thofe decreafing fines; fo that, while the natural fines decreafe from radius to 
nothing, their logarithms increafe from nothing to infinite. Napier made the 
logarithm of radius to be o, that he might fave the trouble of adding and fub- 
tracing it in trigonometrical proportions, in which it fo frequently occurred ; and 
he made the logarithms of the fines, from the entire quadrant down to 9, to in- 
creafe, that they might be pofitive, and fo in his opinion the eafier to manage, the 
fines being of more frequent ufe than the tangents and fecants, of which the whole 
of the latter, and half the former, would in his way be of a different affection from 
the fines: for it is evident that the logarithms of all the fecants of the quadrant, 
and of all the tangents above 45°, or the half-quadrant, would be negative, being 
the logarithms of numbers greater than the radius whofe logarithm is made equal 
to o or nothing. 

Asto the contents of Napier’s table, it confifts ofthe natural fines and their lo- 
garithms, for every minute of the quadrant. Like moft other tables, the arcs are 
continued to 45 degrees from top to bottom, on theleft-hand fide of the pages ; and 
then returned backwards from bottom to top, on the right-hand fide of the pages : 
fo that the arcs and their complements, with the fines, natural and logarith- 
mic, ftand on the fame line of the page, in fix columns; and in another co- 
lumn, in the middle of the page, are placed the differences between the logarithmic 
fines and cofines, on the fame lines, and in the adjacent columns on the right and 
left ; thus making inall feven columns ineach page. Ofthefe columns, the firft 
and feventh contain the arc and itscomplement, in degrees and minutes; the fe- 
cond and fixth, the natural fine and cofine of each arc ; the third and fifth, the loga- 
rithmic fine and cofine; and the fourth, or middle column, the difference 
between the logarithmic fine and cofine which are in the third and fifth co- 
lumns. 

To elucidate the defcription, the firft page of the table is here inferted. 




























































































































































































XEX Ll F ORT 
Gr. © ah seh 
min. {| Sinus || Logarithmi| Differentia |Logarithmi|| Sinus | 
° o|| Infinitum Infinitum QO ||r0000000 |: 60 
I 2909]| 81425681 | 81425680 I |[10000000 | 59 
2 | 5818] 74494213 | 74494211 2 I} 9999998 | 58 
3 | 8727|| 70439560 | 70439560 4 || 9999996 | 57 
4 | 11636)| 67562746 | 67562739 7 {| 9999993 | 56 
5 1 14644|| 65331315 | 65331304 11 || 9999989 | 55 
6 | 17453|| 63508099 | 63508083 16 || 9999954 | 54 
7 | 20362|| 61966595 | 61966573 22 || 9999980 | 53 
8 | 23271]| 60631284 | 60631266 28 || 9999974 | 52 
9 | 26180]| 59453453 | 59453418 35 || 9999967 | 51 
10 | 29088]| 58399857 | 58399814 43 || 9999959 | 50 
11 | 3199711 57446759 | §7446707 52 || 9999950 | 49° 
12 [ 34906|| 50576046 | 56576584 62 || 9999940 | 48 
13 | 37815] 55776222 | §5776149 73 || 9999928 | 47 
14 | 40724]] §5035148 | 55035064 84 |} 9999917 | 46 
15 | 43632|| 54345225 | 54345129 99 || 9999905 | 45 
16 | 46541]| §3699843 | 53699734 Tog || 9999892 | 44 
17_| 49450l] 53093600 | $3093577 123 I] 9999878 | 43. 
18 -| 52359|| §2522019 raed 138 || 9999863 | 42 
19 | 55268)| 51981356 | 51981202 154 || 9999847 | 41 
20 | 58177]| 51468431 51468361 | 170 || 9999831 | 40 
2 paces 50980537 50980450 187 || 9999813 | 39 
22 1 63995}| 50515342 | 50515137 205 || 9999795 | 38 
3 | 66g0a] 50070827 | 50070603 224 I] 9999776 | 37. 
24 | 69813]| 49645239 | 49644995 244 || 9999756 | 36 
25 | 72721||49237030 | 49236765 265 || 9999736 | 35 
26 | 75630] 48844826 | 48844539 287 || 9999714 | 34 
27 | 78539|| 48467431 | 48467122 309 || 9999692 | 33 
28 | 81448]| 48103763 | 48103431 332 || 9999668 | 32 
29 | 843571147752859 | 47752503 356 |! 9999644 | 31 
30 | 8726511 47413852 | 47413478 | 381 || 9999619 | 30 
min. 
Gr.o 


Befides the columns which are actually contained in this table, as above ex- 
hibited and defcribed, namely, the natural and logarithmic fines, and the diffe- 
rences of thefe, the fame table is made to ferve alfo for the logarithmic tangents 
and fecants of the whole quadrant, and for the logarithms of common numbers. 
For the fourth or middle column contains the logarithmic tangents, being equal 
to the differences between the logarithmic fines and cofines when the logarithm 
of radius is 0, becaufe cofine : fine : : radius : tangent, that is, in logarithms, 
tangent =: fine — cofine. Alfo the logarithmic fines made negative become 

the 
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the logarithmic cofecants, and the logarithmic cofines made negative are the 
logarithmic fecants; becaufe fine : radius :: radius : cofecant, and cofine : 
radius: : radius : fecant; that is, in logarithms, cofecant = 0 — fine = — fine, 
and fecant = o — cofine == —cofine. And to make it anfwer the purpofe of 
a table of logarithms of common numbers, the author direéts to proceed thus : 
A number being given, find that number in any table of natural fines, or tan- 
gents, or fecants, and note the degrees and minutes in its arc; then in his table 
find the correfponding logarithmic fine, or tangent, or fecant, to the fame 
number of degrees and minutes; and it will be the required logarithm of the 
given number. He ; 

After his definitions and defcription of logarithms, Napier explains his table,. 
and illuftrates the precepts with examples, fhewing how to take out the loga- 
rithms of fines, tangents, fecants, and of common numbers; as alfo how to add 
and fubtract logarithms, He then proceeds to teach the ufes of thofe numbers : 
and firft, in finding any of the terms of three or four proportionals, fhewing how 
to multiply and divide, and to find powers and roots, by logarithms : 2dly, in 
trigonometry, both plane and fpherical, but efpecially the latter, in which he is 
very explicit, turning all the theorems for every cafe into logarithms, computing 
examples to each in numbers, and then enumerating a fet of af{tronomical pro- 
blems of the {phere which properly belong to each cafe. Napier here teaches 
alfo fome new theorems in fpherical trigonometry ; particularly that the tangent 
of half the bafe : tang. 3 fum legs : : tang 3 dif. legs: tang. 2 the alternate bafe; 
and the general theorem for what are called his five circular parts, by which he 
condenfes into one rule, in two parts, the theorems for all the cafes of right- 
angled fpherical triangles, which had been feparately demonttrated by Pitifcus, 
Lanfbergius, Copernicus, Regiomontanus, and others. 

The defcription and ufe of Napier’s Canon being in the Latin language, they were 
tranflated into Englifh by Mr. Edward Wright, an ingenious mathematician,. 
and inventor of the principles of what has commonly, though erroneoufly, been 
called Mercator’s Sailing. He fent the tranflation to the author, at Edinburgh, 
to be revifed by him before publication ; who having carefully perufed it, re- 
turned it with his approbation, and a few lines introduced befides into the tranfla- 
tion. But, Mr. Wright dying foon after he received it back, it was after his death 
publifhed, together with the tables, but each number to one figure le(s, in the year 
¥616,accompanied with a dedication, by his fon Samuel Wright, to the Eaft India 
Company; asalfoa preface by Henry Briggs, of whomwe fhall prefently have occa- 
fion to fpeak more at large, on account of the great fhare he bore in perfecting 
the logarithms. In this tranflation Mr. Briggs gave alfo the defcription and: 
draught of a fcale that had been invented by Mr, Wright, and feveral 
other methods of his own, for finding the proportional parts to interme- 
diate numbers, the logarithms having been only printed for fuch numbers as 
were the natural fines of each minute. And the note which baron Napier in- 
ferted in this Englith edition, and which was not in the original, was as fole 
lows: ‘* But becaufe the addition and fubtraétion of thefe former numbers may 
<< feem fomewhat painful, I intend (if it fhall pleafe God) in a fecond edition 
<< to fet out fuch logarithms as fhall make thofe numbers above written to fall v pon. 

“* decimal 
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<¢ decimal numbers, fuch as 10a000000, 200000000, 300000000, &c. which are 
© eafie to be added or abated to or from any other number.” ‘This note had re- 
ference to the alteration of the fcale of logarithms in fuch manner, that 1 fhould: 
become the logarithm of the ratio of 10 to 1, inftead of the number 2°3025851, 
which Napier had made that logarithm in his table; and which alteration had 
before been recommended to him by Briggs, as we fhall fee prefently. Napier 
alfo inferted a fimilar remark in his Rabdologia, which he printed at Edin- 
burgh in 1617. 

The following is the preface to Wright’s book, which, as far as where it 
mentions the change from the Latin into Englifh, is a literal tranflation of the pre- 
face to Napier’s original ; but what follows that, is added by Napier himfelf: 
and I willingly infert it here, as it contains a declaration of the motives which 
led to this difcovery, and as the book itfelf is very fcarce. ‘* Seeing there is 
nothing (right well-beloved ftudents in the mathematics) that is fo troublefome 
to mathematicall practife, nor that doth more moleft and hinder calculators, 
than the multiplications, divifions, fquare and cubical extractions of great 
numbers, which, befides the tedious expence of time, are for the moft part fub- 
ject to many flippery errors; I began therefore to confider in my minde, by 
what certaine and ready art I might remove thofe hindrances. And having 
thought upon many things to this purpofe, I found at length fome excellent 
briefe rules to be treated of (perhaps) hereafter. But amongft all, none more 
profitable than this, which together with the hard and tedious multiplications, 
divifions, and extractions of rootes, doth alfo caft away from the worke it felfe, 
even the very numbers themfelves that are to be multiplied, divided, and re- 
folved into rootes, and putteth other numbers in their place, which performe as 
much as they can do, onely by addition and fubtraction, divifion by two, or 
divifion by three ; which fecret invention, being (as all other good things are) 
fo much the better as it fhall be the more common, I thought good heretofore 
to fet forth in Latine, for the publique ufe of mathematicians. But now fome 
of our countrymen in this Ifland, well affected to thefe ftudies, and the more 
publique good, procured a moft-learned mathematician to tranflate the fame 
into our vulgar Englifh tongue; who, after he had finifhed it, fent the coppy of 
it to me, to bee feene and confidered on by myfelf. I having moft willingly 
and gladly done the fame, finde it to bee moft exact and precifely conformable 
to my minde and the originall. Therefore it may pleafe you, who are inclined 
to thefe ftudies, to receive it from me and the Tranflator, with as much good 
will as we recommend it unto you. Fare yee well.” 

There are alfo extant copies of Wright’s * tranflation, with the date 1618 in the 

title : 

* Of this ingenious man I fhall here infert in a note the following memoirs, as they have been 
tranflated from a Latin piece taken out of the annals of Gonvile and Caius College in Cambridge, 
viz. “ This year (1615) died at London Edward Wright of Garvefton in Norfolk, formerly a fel- 
low of this college; a man refpected by all for the integrity and fimplicity of his manners, and alfo 
famous for his {kill in the mathematical fciences: infomuch that he was defervedly ftiled a moft ex- 
cellent mathematician by Richard Hackluyt, the author of an original treatife of our Englifh naviga- 
tions. What knowledge he had acquired in the fcience of mechanics, and how ufefully he employed 


that knowledge to the public as well as private advantage, abundantly appear both from the writings 
he publifhed, and from the many mechanical operations ftill extant, which are {landing monuments of 


his 
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title; but this is not properly a new edition, but only the old work with a new 
title page adapted to it (the old one being cancelled), together with the addition 
of fixteen pages of new matter, called “ An Appendix to the Logarithms, 
fhewing the practice of the calculation of triangles, and alfo a new and ready 
way for the exact finding out of fuch lines and logarithms as are not precifely 
to be found in the canons.” But we are not told by what author ; probably it 
was by Briggs. 

Betfides the trouble attending Napietr’s canon, in finding the proportional parts, 
when ufed as a table of the logarithms of common numbers, and which was in 
part remedied by the fore-mentioned contrivances of Wright and Briggs, it was 
alfo accompanied with another inconvenience, which arofe from the logarithms 
being fometimes +- or additive, and fometimes — or negative, and which re- 
quired therefore the knowledge of algebraic addition and fubtra¢tion: And this 
inconvenience was occafioned partly by making the logarithm of radius to be o, 
and the fines to decreafe; and partly by the compendious manner in which the 
author had formed the table, making the three columns of fines, cofines, and 
tangents, to ferve alfo for the other three of cofecants, fecants, and cotangents. 

But this latter inconvenience was well remedied by John Speidell in his New 
Logarithms, firft publifhed in 1619, which contained all the fix columns, and in 





his great induftry and ingenuity. He was the firft undertaker of that difficult but ufeful work, by 
which a little river is brought from the town of Ware, in a new canal, to fupply the city of London 
with water ; but by the tricks of others he was hindered from completing the work he had begun. 
He was excellent both in contrivance and execution; nor was he inferior to the moft ingenious me- 
chanic in the making of inftruments, either of brafs or any other matter. To his invention is owing 
whatever advantage Hondius’s geographical charts have above others ; for it was our Wright that 
taught Jodocus Hondius the method of conftru€ting them, which was till then unknown: but the 
ungrateful Hondius concealed the name of the true author, and arrogated the glory of the invention 
to himfelf. Of this fraudulent practice the good man could not help complaining, and juitly enough, 
in the preface to his treatife of the Correction of Errors in the Art of Navigation ; which he com- 
pofed with excellent judgment, and after long experience, to the great advancement of naval affairs. 
For the improvement of this art he was appointed Mathematical Lecturer by the Eaft India Company, 
and read le&tures in the houfe of that worthy knight Sir Thomas Smith, for which he had a yearly 
falary of 50 pounds. This office he difcharged with great reputation, and much to the fatisfaction 
of his hearers. He publifhed in Englifh a book on the dodtrine of the fphere, and another concer- 
ning the conftruétion of fun-dials. He alfo prefixed an ingenious preface to the learned Gilbert’s 
book on the load-ftone. By thefe, and other his writings, he has tranfmitted his fame to lateft potte- 
rity. While he was yet a fellow of this college, he could not be concealed in his private ftudy, but 
was called forth to the public bufinefs of the kingdom, by the queen’s majeity, about the year 1593. 
He was ordered to attend the earl of Cumberland in fome maritime expeditions. One of thefe he 
has given a faithful account of, in the way of a journal or ephemeris, to which he has prefixed an ele- 
gant hydrographical chart of his own contrivance. A little before his death he employed himfelf 
about an Englith tranflation of the Book of Logarithms, then lately found out by the honourable baron 
Napier, a Scotchman, who had a great affection for him. This pofthumous work of his was pub- 
lifhed foon after, by his only fon Samuel Wright, who was alfo a fcholar of this college. He had 
formed many other ufeful defigns, but was hindered by death from bringing them to perfeétion. Of 
him it may be truly faid, that he ftudied more to ferve the public than himfelf; and though he was 
rich in fame, and in the promifes of the great, yet he died poor, to the {candal of an ungrateful age.’” 

Other anecdotes of him, as well as of many other mathematical authors, may be found in the curious 
hiftory of navigation, by Dr. James Wilfon, prefixed to Mr. Robertfon’s excellent treatife on that 
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this order—fines, cofines, tangents, cotangents, fecants, cofecants: and they 
were befides made all pofitive, by being taken the arithmetical complements of 
Napier’s, that is, they were the remainders left by fubtracting each of thefe latter 
from 10,000,000. And the former inconvenience was more effectually removed, 
by the faid Speidell, in an additional table, given in the fixth impreffion of the 
former work, in the year 1624. This was a table of Napier’s logarithms for the 
round or integer numbers 1, 2, 3, 4, 5, &c, to 1000, together with their 
differences and arithmetical complements ; as alfo the halves of the faid logarithms, 
with their differences and arithmetical complements; which halves confequently 
were the logarithms of the {quare roots of the faid numbers. ‘Thefe logarithms 
are however a little varied in their form from Napier’s, namely, fo as to increafe 
from 1, whofe logarithm is o, inftead of decreafing #o 1, or radius, whofe loga- 
rithm Napier made o likewife; that is, Speidell’s logarithm of any number a, 
is equal to Napier’s logarithm of its reciprocal 4: fo that in this laft table of 
Speidell, the logarithm of 1 being o, the logarithm of Io is 2,302,584; the 
logarithm of 100 is twice as much, or 4,605,168; and that of 1000 thrice as 
much, or 6,907,7.53+ 

This table is now commonly called byberbolic logarithms, becaufe the num- 
bers exprefs the areas between the afymptote and curve of the hyperbola, thofe 
areas being limited by ordinates parallel to the other afymptote, the ordinates 
decreafing in geometrical progreffion. But this is an improper method of de- 
nominating them, as fuch areas may be made to denote any fy{tem of logarithms 
whatever, as we fhall fhew more at large in the proper place. 

In the year 1619, Robert Napier, fon of the inventor of logarithms, pub- 
lifhed a new edition of his late father’s Logarithmorum Canonis Defcriptio, together 
with the promifed Logarithmorum Canonis Confiruétio, and other mifcellaneous 
pieces written by his father and Mr. Briggs.—Alfo one Bartholomew Vincent, 
a bookfeller at Lugdunum, or Lyons, in France, printed there an exact copy 
of the fame two works in one volume, in the year 1620; which was four years 


before the logarithms were carried to France by Wingate, wh owas therefore 


erroneoufly faid to have firlt introduced them into that country. But I fhall 
treat more particularly of the contents of this work after 1 have enumerated 
the other writers on this fort of logarithms. 

In 1618 or 1619, Benjamin Urfinus, mathematician to the Elector of Bran- 
denburg, publifhed, at Cologn, his Cur/us Mathematicus, in which is contained 
a copy of Napier’s logarithms, with the addition of fome tables of proportional 
parts. And in 1624 he printed, at the fame place, his Trigonometria, with a 
table of natural fines and their logarithms, of the Napierian kind and form, to 
every ten feconds in the quadrant; which he had been at much pains in 
conmiputing. 

‘In the fame year, 1624, logarithms of nearly the fame kind were alfo pub- 
lifhed at Marpurg, by the famous John Kepler, mathematician to the Em- 
peror Ferdinand the Second, under the title of Chilias Logarithmorum ad totidem 
Numercs Rotundos; pramiffa Demonftratione legitimé Ortis Logarithmorum, eortim- 
gue Ufus, Sc. and, the year following, a f{upplement to the fame; being applied 
to round or integer numbers, and to fuch natural fines as nearly coincide with 

5 them. 
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them. Thefe are exactly the fame fort of logarithms as Napier’s, being the 
fame logarithms of the natural fines of arcs beginning from the quadrant, whofe 
fine or radius is 10,000,000, the logarithm of which is made o; and from thence 
the fines decreafing by equal differences down to 0, or the beginning of the 
guadrant, whilft their logarithms increafe to. infinity: fo that the difference 
between this table and Napier’s confifts only in this, namely, that in Napier’s 
table the arc of the quadrant is divided into equal parts, differing by one mi- 
nute each, and confequently their fines, to which the logarithms are adapted, 
are irrational or interminate numbers, and only exprefled by approximate deci- 
mals; whereas, in Kepler’s table, the radius is divided into ¢qual parts, which 
are confidered. as perfect and terminate fines, having equal differences, and to 
which terminate fines the logarithms are here adapted. By this means indeed 
the proportions for intermediate numbers and logarithms are eafier made ; but 
then the correfponding arcs are not terminate, but irrational, and only fet down 
to an approximate degree: fo that Kepler’s table is more convenient as a 
table of the logarithms of common numbers, and Napier’s as the logarithmic 
fines of the arcs of the quadrant. In both tables the logarithm of the ratio of 
10 to 1 is the fame quantity, namely, 23,025,852; and as the radius, or greateft 
fine, is 10,000,000, whofe logarithm is made o, the logarithms of the decuple 
parts of it will be found by adding 23,025,852 continually, or multiplying this 
logarithm by 2, 3, 4, &c. and hence the logarithm of 1, the firft number, or 
{fmalleft fine, inthe table, is 161,180,959, or 7 times 2302, &c. 

Befides the two columns of the natural fines and their logarithms, with the 
differences of the logarithms, this table of Kepler confifts alfo of three other 
columns; the firft of which contains the neareft arcs belonging to thofe fines, 
exprefled in degrees, minutes, and feconds; and the other two éxprefs what 
parts of the radius each fine is equal to, namely, the one of them in 24th parts 
of the radius, and minutes and feconds of them; andthe other in 60th parts 
of the radius, and minutes of them. Asa f{pecimen J have here extracted the 


laft page of the table, printed exactly as in the work. 
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ARCUS Sinus, | Partes vice- |LocaritHmi| Partes 
Circuli, cum | feu numeri | fimee-quarte. jcum differentiis|fexagena- 
differentiis. | abfoluti. . rie 
1G. 19 earner 101.58 ee 

80. 3. 46] 98500.00|23. 38. 24) 1511.36,+ 150. 6 
210.t aa 101.47 

80. 23. 58] 98600.00 |23. 39. sol 1409.89 +1509. 10 

———-20 5 3\— oon 101.37 fe 

80. 44. 51] 98700.00|23. 41. 17] 1308.52 +]59. 13 
216 2 101.26 

81. 6. 33]. 98800.00 |23- 42. 43} 1207-26 SOs 7 

———22. 5 3|———_-——— — 101.17 Bia 

81.29. 26] 98900.00|23. 44. 10} 1106.09 +] 59. 20 
2a. 6 101.06 

81. 53... 32] 99000.00 23. 45. 36) 1005.03 4+ | 59.- 24 
2\651ma°O 100.96 ————— 

822-48. (38.1309 100.00 123. 647.1, 2 904.07 +| 59. 28 
20.1.2 8 100.85 

$2. 6s 6.11) 09200.00 |23.) 48.5 20) 0O.2a seo ator 

——27 54.——_— I 00.76 —_—_ 

83.13. O | 99300.00|23. 49. 55 702.46 BOL, a's 
20, A290 100.65 

83.143. 20]. 994000023. 51.) 22) .) OOEsOT 59. 38 

——-32. 40 ——— 100.56 mai 

8416. 40 4 99500,00 |23. 152. 48) §O1-25°4- | 60. 1.42 
2.6... 43.0 100.45 

84. 52. 30] 99600.00|23. 54. 14| 400.80 59. 46 

—$41. QF 100,35 erent 

85. 33. 39] 99790.00]23- 55+ 41) 300-45 | 59. 49 
48. $4 : 100.25 

80,22, 09 08 1 "OO6C0,00 128. ara ee 200.20 BOs 158 

ened ft Bale, 42\|-— _—— 1015 ——— 

84,26. 1. 161 (99900,00 (2:3, (15.11 841 ail O05 BO. 156 

22 eB Bk MATS 100.0 5 

gO. ©. O]100000.00]24. 0. 01000000.00 60. 10 


To the table Kepler prefixes a pretty confiderable tract, containing the con- 
ftruction of the logarithms, and a demonftration of their properties and ftruc- 
ture, in which he confiders logarithms, in the true and legitimate way, as the 
meafures of ratios; as fhall be fhewn more particularly hereafter, in the next part, 
where I fhall treat of the conftruction of logarithms. 

Kepler alfo introduced the logarithmic calculus into his Rudolphine tables, 
publifhed in 1627, and inferted in that work feveral logarithmic tables ; as, firft, 
a table fimilar to that above defcribed, except that the fecond, or column of 
fines, or of abfolute numbers, is omitted, and inftead of it another column is 
added, fhewing what part of the quadrant each arc is equal to, namely the 
quotient, expreffed in integers and fexagefimal parts, arifing from the dividing 
the whole quadrant by each given arc; 2dly, Napier’s table of logarithmic fines 
to every minute of the quadrant; alfo two other fmaller tables adapted for the 
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purpofes of eclipfes and the latitudes of the planets. In this work alfo Kepler 
gives a fummary account of logarithms, with the defcription and ufe of thofe 
that are contained in thefe tables: and here it is that he mentions Juftus Byr- 
gius, as having had logarithms before Napier publifbed them. 

Befides the above, fome few others publifhed logarithms of the fame fort 
about this time.—But let us now return to treat of the hiftory of the common 
or Briggs’s logarithms, fo called becaufe he firft computed them, and firft men- 
tioned them, and recommended them to Napier, inftead of the firft fort by him 
invented. . 

Mr. Henry Briggs, not lefs efteemed for his great probity and other eminent 
virtues than for his excellent fkill in mathematics, was, at the time of the 
publication of Napier’s logarithms, in 1614, profeflor of geometry in Grefham 
college in London, having been appointed the firft profeflor after its inftitution ; 
which appointment he held till January 1620, when he was chofen alfo. the 
firft Savilian profeffor of geometry at Oxford, where he died January the 26th, 
1632, aged about 74 years. 

On the publication of Napier’s logarithms, Briggs immediately applied him- 
felf to the ftudy and improvement of them. In a letter to Mr. (afterwards 
archbifhop) Uther, dated the 10th of March 1615, he writes ‘‘ that he was 
wholly taken up and employed about the noble invention of logarithms lately 
difcovered:” and again, ‘* Napier, lord of Markinfton, hath fet my head and 
hands at work with his new and admirable logarithms; I hope to fee him this 
{ummer, if it pleafe God; for I never faw a book which pleafed me better, 
and made me more wonder.” ‘Thus we find that Briggs began very early 
to compute logarithms: but thefe were not of the fame kind with Napier’s, in 
which the logarithm of the ratio of 10 to 1 was 2°302,585,1, &c3; for in Briggs’s 
firft attempt he made 1 the logarithm of that ratio; and, from the evidence we 
have, he appears to be the firft perfon who formed the idea of this change in 
the fcale, which he prefently and generoufly communicated both to the public 
in his lectures, and to lord Napier himfelf, who afterwards faid that he alfo 
had thought of the fame thing; as appears by the following extract, tranflated 
from the preface to Briggs’s Arithmetica Logarithmica: ‘* Wonder not (fays 
he) that thefe logarithms are different from thofe which the excellent baron of 
Marchifton publifhed in his Admirable Canon. For when I explained the doc- 
trine of them to my auditors at Grefham College in London, | remarked that 
it would be much more convenient, the logarithm of the fine total or radius 
being o (as inthe Canon Mirificus), it the logarithm of the roth part of the 
faid radius, namely of 5° 44’ 21%, were 100000 &c. and concerning this | 
prefently wrote to the author ; alfo as foon as the feafon of the year, and my 
public teaching, would permit, I went to Edinburgh, where being kindly re- 
ceived by him, I ftaid a whole month. But when we began to converfe about 
the alteration of them, he faid that he had formerly thought of it, and withed 
it; but that he chofe to publith thofe that were already done, till fuch time 
as his leifure and health would permit him to make others more convenient. 
And as to the nature of the change, he thought it more expedient that o fhould 
be made the logarithm of 1, and 100000, &c, the logarithm of ee ers 
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I could not but acknowledge was much better. Therefore rejecting thofe 
which I had before prepared, I proceeded at his exhortation to calculate thefe ; 
and the next fummer 1 went again to Edinburgh, to fhew him the principal of 
them; and fhould have been glad to do the fame the third fummer, if it had 
pleafed God to fpare him fo long.” 

So that it is plain that Briggs was the inventor of the prefent fcale of loga- 
rithms, in which 1 is the logarithm of the ratio of ro to 1, and 2 that of 100 
to 1, &c. and that the fhare which Napier had in them was only advifing Briggs 
to begin at the loweft number 1, and make the logarithms, or artificial num- 
bers, as Napier had alfo called them, to icreafe with the natural numbers 
inftead of decreafing 3; which made no alteration im the figures that ex prefled 
Briggs’s logarithms, but only in their affection or fgns, changing them from ne- 
gative to pofitive; fo that Brggs’s firft logarithms to the 
numbers in the fecond column of the annexed tablet, would B |JNum.}| N 
have been as in the firft column; but, after they were 


changed, as they are here in the third column; which is a nm| 10° |— 2” 
change of no eflential difference, as the logarithm of the 3| Col |— 3 
ratio of 10 to 1, the radix of the natural fyftem of numbers, 2} ‘or |— 2 
continues the fame, a change in the logarithm of that ratio I} sr [—1 
being the only circumftance that can effentially alter the VO] Et O 
fyftem of logarithms, the logarithm of 1 being o. And |—1] 10 I 
tke reafon why Briggs, after that interview, rejected what |— 2] 100} 2 
he had before done, and began anew, was probably becaufe |— 3]1000] 3 


he had adapted his new logarithms to the approximate 
fines of arcs, inftead of the round or integer numbers; and |—~”|{ Io 
not from their being logarithms of another fyftem, as were 
thofe of Napier. 
On Briggs’s return from Edinburgh to London the fecond time, namely in 
1617, he printed the firft thoufand logarithms, to eight places of figures befides 
the index, under the title of Logarithmorum Chilias Prima. But thefe feem not 
to have been publifhed till after the death of Napier, which happened on 
the third of April 1618, as before faid; for in the preface to them Briggs 
fays, ‘© why thefe logarithms differ from thofe fet forth by their moft illuftrious 
inventor, of ever refpectful memory, in his Canon Mirificus, 1y 1s TO BE HOPED 
his pofthumous work will fhortly make appear.” And as Napier, after com- 
munication had with Briggs on the fubject of altering the fcale of logarithms, 
had given notice, both in Wright’s tranflation and in his own Rabdologia, 

rinted in 1617, of his intention to alter the fcale (though it appears very 
plainly that he never intended to compute any more), without making any 
mention of the fhare which Briggs had in the alteration, this gentleman modeftl 

gave the above hint. But not finding any regard paid to it in the faid poft- 
humous work, publifhed by lord Napier’s fon in 1619, where the alteration is 
again adverted to, but ftill without any mention of Briggs; this gentleman 
thought he could not do lefs than ftate the grounds of that alteration himfelf, 
as they are above extracted from his work publifhed in 1624. 

Thus, upon the whole matter, it feems evyidentthat Mr, Briggs, whether 

he 
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he had thought of this improvement in the conftruction of logarithms, of 
making 1 the logarithm of the ratio of ro to 1, before lord Napier, or not, 
(which is a fecret that could be known only to Napier himfelf), was the firft 
perfon who communicated the idea of fuch an improvement to the world ; 
and that he did this in his leftures to his auditors at Grefham College, in the 
year 1615, very foon after his perufal of Napier’s Canon Mirificus Logarithmorum 
in the year 1614. He alfo mentioned it to Napier, both by letter in the fame 
year, and on his firft vifit to him in Scotland in the fummer of the year 1616; 
when Napier approved the idea, and faid it had already occurred to himfelf, 
and that he had determined to adopt it. It would therefore have been more 
candid in lord Napier to have told the world, in the fecond edition of this book, 
that Mr. Briggs had mentioned this improvement to him, and that he had 
thereby been confirmed in the refolution he had already taken, before Mr. 
Briggs’s communication with him, to adopt it in that his fecond edition, as being 
better fitted to the decimal notation of arithmetic which was in general ufe. 
Such a declaration would have been but a piece of juftice to Mr. Briggs; and 
the not having made it, cannot but incline us to fufpect that lord Napier was 
defirous that the world fhould afcribe to him alone the merit of this very ufeful 
improvement of the logarithms, as well as that of having originally invented 
them; though, if the having firft communicated an invention to the world be 
fufficient to entitle a man to the honour of having firft invented it, Mr. Briggs 
had the better title to be called the firft inventor of this happy improvement of 
logarithms. 

In 1620, two years after the Chilias Prima of Briggs came out, Mr. Edmund 
Gunter publithed his Canon of Triangles, which contains the artificial or loga- 
rithmetic fines and tangents, for every minute, to feven places of figures, 
befides the index, the logarithm of radius being too &c. Thefe logarithms 
are of the kind laft agreed upon by Napier and Briggs, and they were the 
firt tables of logarithmic fines and tangents that were publifhed of this fort. 
Gunter alfo in 1623 reprinted the fame in his book De Seéfore et Radio, together 
with the Chilias Prima of his old colleague Mr. Briggs, he being profeffor of 
Aftronomy at Grefham College when Briggs was profeflor of Geometry there ; 
Gunter having been elected to that office the 6th of March 1619, and enjoyed 
it till his death, which happened on the 1oth of December 1626, about the 
forty-fifth year of his age. In 1623 alfo Gunter applied thefe logarithms of 
numbers, fines, and tangents, to ftraight lines drawn on a ruler; with which 
proportions in common numbers and trigonometry were refolved by the mere 
application of a pair of compafies; a method founded on this property, that 
the logarithms of the terms of equal ratios are equidifferent. This inftrument, 
in the form of a two-foot fcale, is now in common ufe for navigation afl other 
purpofes, and is commonly called the Gunter. He alfo greatly improved the 
feGror for the fame ufes.. Gunter was the firft who ufed the word co-fize for the 
fine of the complement of an arc. He alfo introduced the ufe of arithmetical 
complements into the logarithmical arithmetic, as is witneffed by Briggs, 
chap. xv. Arith, Log. And it has been faid that he ftarted the idea of the 
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logarithmic curve, which was fo called becaufe the fegments of its axis are the 
logarithms of the correfponding ordinates. 

The logarithmic lines were afterwards drawn in various other ways. In 1627 
they were drawn by Wingate, on two feparate rulers, fliding againft each 
other, to fave the ufe of compaffes in refolving proportions. They were alfo 
in 1627 applied to concentric circles, by Oughtred. Then in a fpiral form by 
a Mr. Milburne of Yorkfhire, about the year 1650. And laftly, in 1657, on 
the prefent fliding rule, by Seth Partridge. 

The difcoveries relating to logarithms were carried to France by Mr. Ed- 
mund Wingate; but not firft of all, as he erroneoufly fays in the preface to his 
book. He publithed at Paris, in 1624, two {mall tracts in the French Jan- 
guage; and afterwards at London, in 1626, an Englith edition of the fame, 
with improvements. In the firit of thefe he teaches the ufe of Gunter’s ruler; 
and in the other that of Briggs’s logarithms, and the artificial fines and tan- 
gents. Here are contained alfo tables of thofe logarithms, fines, and tan- 
gents, copied from Gunter. The edition of thefe logarithms printed at London 
in 1635, and the former editions alfo I fuppofe, have the units figures difpofed 
along the tops of the columns, and the tens down the margins, like our tables 
at prefent; but the whole logarithm, which was only to fix places of figures, 
in the angle of meeting:- which is the firft inftance that 1 have feen of this 
mode of arrangement. 

But proceed we now to the larger ftru€ture of logarithms. | 

Briggs had continued, from the beginning, to labour with great induftry at 
the computation of thofe logarithms of which he before publifhed a fhort {pe- 
cimen in fmall numbers: and in 1624 he produced his 4rithmetica Logarith- 
mica, a {tupendous work for fo fhort a time! containing the logarithms of 30000 
natural numbers, to fourteen places of figures befides the index, namely from 
I to 20000, and from g0o000 to 100000; together with the differences of the 
logarithms. Some writers fay that there was another chiliad, namely from 
100000 to 101000; but none of the copies that I have feen have more than 
the 30000 above mentioned, and they were all regularly terminated in the 
ufual way with the word Finis. The preface to thefe logarithms contains, 
among other things, an account of the alteration made in the fcale by Napier 
and himfelf, from which we before gave an extract; andan earneft folicitation 
to others to undertake the computation for the intermediate numbers, offering 
to give inftructions, and paper ready ruled for that purpofe, to any perfons fo 
inclined to contribute to the completion of fo valuable a work. In the intro- 
duction he gives alfo an ample treatife on the conftruction and ules of thefe 
logarithms, which will be particularly defcribed hereafter. By this invita- 
tion, and other means, he had hopes of colleCting materials for the logarithms 
of the intermediate 70000 numbers, whilft he fhould employ his own labour more 
immediately upon the canon of logarithmic fines and tangents, and {fo carry 
on both works at once; as indeed they were both equally neceflary, and he 
himfelf was now pretty far advanced in years. 
~ Soon after this Adrian Vlacq, or Flack, of Gouda in Holland, completed 
the intermediate feventy chiliads, and republifhed the “vithmetica Logarithmica 
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at that place, in 1627 and 1628, with thofe intermediate numbers, making in 
the whole the logarithms of all numbers to 10000, but only to ten places of 
figures. To thefe was added a table of artificial fines, tangents, and fecants, 
to every minute of the quadrant. 

Briggs himfelf lived alfo to complete a table of logarithmic fines and tan- 
gents for the hundredth part of every degree, to fourteen places of figures 
befides the index ; together with a table of natural fines for the fame parts to 
fifteen places, and the tangents and fecants for the fame to ten places; with the 
conitruction of the whole. Thefe tables were printed at Gouda, under the care 
of Adrian Vlacq, and moftly finifhed off before 1631, though not publithed 
till 1633. But his death, which then happened, prevented him from com- 
pleting the application and ufes of them. However, the performing of this 
office, when dying, he recommended to his friend Henry Gellibrand, who was 
then Profeffor of Aftronomy inGrefham College, having fucceeded Mr. Gunter 
in that appointment. Gellibrand accordingly added a preface, and the applica- 
tion of the logarithms to plane and fpherical trigonometry, &c. and the whole 
was printed at Gouda, by the fame printer, and brought out in the fame year, 
1633, as the Trigonometria Artificialis of Vlacq, who had the care of the prefs, 
as abovefaid. T..is work was called Trigonometria Britannica; and befides the 
arcs in degrees, and centefms of degrees, it has another column containing the 
minutes and feconds, anfwering to the feveral centefms in the firft column. 

In 1633, as mentioned above, Vlacq printed, at Gouda in Holland, his 
Trigonometria Artificialis, five Magnus Canon Triangulorum Logarithmicus ad De- 
cadas Secundorum Scrupulorum confiruéius. This work contains the logarithmic 
fines and tangents to 10 places of figures, with their differences, for every 10 
feconds inthe quadrant. To them is alfo added Briggs’s table of the firft 
20000 logarithms, but carried only to ro places of figures befides the index, 
with their differences. The whole is preceded by a defcription of the tables, 
and the application of them to plane and fpherical trigonometry, chiefly ex- 
tracted from Briggs’s Lrigonometria Britannica, mentioned above. 

Gellibrand publifhed alfo, in 1635, 4x Inflitution Trigonometricall, contain- 
ing the logarithms of the firft 10000 numbers, with the natural fines, tangents, 
and fecants, and the logarithmic fines and tangents, for degrees and minutes, 
all to feven places of figures, befides the index ; as alfo other tables proper for 
navigation ; with the ufes of the whole. Gellibrand died the gth of February 
1636, in the goth year of his age, to the great lofs of the mathematical 
world. 

Befides the perfons hitherto mentioned, who were moftly computers of lo- 
earithms, many others have alfo publifhed tables of thofe artificial’ numbers, 
more or lefs complete, and fometimes improved and varied in the manner 
and form of them. I fhall here juft advert to a few of the principal. 

In 1626, D. Henrion publifhed, at Paris, a treatife concerning Briggs’s 
logarithms of common numbers from 1 to 20000, to eleven places of figures ; 
with the fines and tangents to eight places only. 

In 1631 was printed at London, by one George Miller, a book containing 
Briggs’s logarithms, with their differences, to ten places of figures, befides the 
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index, for all numbers to 100000 ; as alfo the logarithmic fines, tangents, and 
fecants for every minute of the quadrant; with the explanation and ufes in 
Englith. 

The fame year, 1631, Richard Norwood publifhed his Yrigonometrie; in 
which we find Briggs’s logarithms for all numbers to 10000, and for the fines, 
tangents, and fecants to every minute, both to feven places, befides the index.— 
In the conclufion of the trigonometry, he complains of the unfair practices of 
printing Vlacq’s book in 1627 or 1628, and the book mentioned in the laft 
article. His words are, ‘‘ Now whereas I have here, and in fundry places in 
this book, cited Mr. Briggs his Arithmetica Logarithmica (left 1 may feem to 
abufe the reader), you are to underftand not the book put forth about a month 
fince in Englith, as a tranflation of his, and with the fame title; being nothing 
like his, nor worthy his name; but the book which himfelf put forth with 
this title in Latin, being printed at London, anno 1624. And here I have jutt 
occafion to blame the ill dealing of thefe men, both in the matter before- 
mentioned, and in printing a fecond edition of his Arithmetica Logarithmica in 
Latin, whilft he lived, againft his mind and liking; and brought them over 
to fell when the firft were unfold ; fo fruftrating thofe additions which Mr. 
Briggs intended in his fecond edition, and moreover leaving out fome things 
that were in the firft edition of {pecial moment. A practice of very ill con- 
fequence, and tending to the great difparagement of fuch as take pains in this 
kind.” 

Francis Bonaventure Cavalerius publifhed at Bologna, in 1632, his Direéfo- 
rium Generale Uranometricum, in which are tables of Briggs’s logarithms of fines, 
tangents, fecants, and verfed fines, each to eight places, for every fecond of 
the firft five minutes, for every five feconds from five to ten minutes, for every 
ten feconds from ten to twenty minutes, for every twenty feconds from twenty 
to thirty minutes, for every thirty feconds from 30° to 1° 30’, and for every 
minute in the reft of the quadrant; which is the firft table of logarithmic verfed 
fines that I know of. In this book are contained alfo the logarithms of the 
firft ten chiliads of natural numbers, namely from 1 to 1oooc, difpofed in 
this manner, all the twenties at top, and from 1 to rg on the fide, the logarithm 
of the fum being in the fquare of meeting. In this work alfo I think Cava- 
lerius firft gave the method of finding the area or fpherical furface contained 
by various arcs detcribed on the furface of a {phere. 

Alfo in the Trigonometria of the fame author, printed in 1643, befides the 
logarithms of numbers from 1 to 1000, to eight places, with their differences, 
we find both natural and logarithmic fines, tangents, and fecants, the former 
to feven and the latter to eight places; namely, to every 10% of the firft 30 
minutes, to every 30” from 3o’ to 1°; and the fame for their complements, or 
backwards through the laft degree of the quadrant; the intermediate 88° being 
to every minute only. 

Mr. Nathaniel Roe, ‘ Paftor of Benacre in Suffolke,” alfo reduced the loga- 
rithmic tables to a contracted form, in his Tabule Logarithmice, printed at 
London in 1633. Here we have Briggs’s logarithms of numbers from 1 to 
100000, to eight places; the fifties placed at top, and from 1 to 50 on the 
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fide; valfo the firft four figures of the logarithms at top, and the other four down 
the columns. They contain alfo the logarithmic fines and tangents to every 
aooth part of the feveral fucceffive degrees, to ten places. 

Ludovicus Frobenius publithed at Hamburgh, in 1634, his Clavis Univerfa 
Trigonometrie, containing tables of Briggs’s logarithms of numbers from 1 to 
2000; and of fines, tangents, and fecants, tor every minute; both to feven 

laces. 

f But the table of logarithms of common numbers was reduced to its moft 
convenient form by John Newton, in his Trigonometria Britannica, printed at 
London in 1658, having availed himfelf of both the improvements of Win- 
gate and Roe, namely, uniting Wingate’s difpofition of the natural numbers 
with Roe’s contracted arrangement of the logarithms ; the numbers being all 
difpofed as in our beft tables at prefent, namely, the units along the top of 
the page, and the tens down the left-hand fide; alfo the firft three figures of 
each logarithm in the firft column, and the remaining five figures in the other 
columns, the logarithms being to eight places. This work contains alfo the 
logarithmic fines and tangents, to eight figures befides the index, for every 
rooth part of a degree, with their differences, and for 1oooth parts in the 
firft three degrees.—In the preface to this work, Newton takes occafion, as 
Wingate and Norwood had done before, as well as Briggs himfelf, to cenfure 
the unfair practices of fome other publifhers of logarithms. He fays, « In the 
fecond part of this inftitution, thou art prefented with Mr. Gellibrand’s Tri- 
gonometrie, faithfully tranflated from the Latin copy, that which the author 
himfelf publifhed under the title of Trigonometria Britannica, and not that 
which Vlacq the Dutchman ftyles Trigonometria Artificialis, from whofe corrupt 
and imperfect copy that feems to be tranflated, which is amongft us generally 
known by the name of Gellibrand’s Trigonometry; but thofe who either knew 
him, or have perufed his writings, can teftify that he was no admirer of the 
old fexagenary way of working; nay, that he did preferre the decimal way 
before it, as he hath abundantly teftified in all the examples of this his Tri- 
gonometry, which differs from that other which Vlacq hath publithed, and 
that which hath hitherto borne his name in Englifh, as in the form, fo like- 
wife in the matter of it; for in the two laft-mentioned editions there is fome- 
thing left out in the fecond chapter of plain triangles, the third chapter wholly 
omitted, and a part of the third in the {pherical, but in this edition nothing; 
fomething we have added to both, by way of explanation and demontftration.” 

In 1670, John Caramuel publifhed his Marhefis Nova, in which are con- 
tained 1000 logarithms both of Napier’s and Briggs’s form, as alfo rooo of 
what he calls the Perfect Logarithms, namely, the fame as thofe which Briggs 
firft thought of ; which differ from the laft only in this, that the one increafes 
while the other decreafes ; the radix, or logarithm of the ratio of 10 to 1, being 
the fame in both. 

The books of logarithms have fince become very numerous; but the loga- 
rithms are moftly of that fort invented by Briggs, and which are now in 
common ufe. Of thefe the moft noted for their accuracy or ufefulnefs, befides 


the works above mentioned, are Vlacq’s {mall volume of tables, particularly 
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that edition printed at Lyons in 1670; alfo tables printed at the fame place in 
17603; but moft efpecially the tables of Sherwin and Gardiner. Of thefe, 
Sherwin’s Mathematical Tables in 8vo. form the moft complete collection of 
any ; containing, befides the logarithms of all numbers to 101,000, the fines, 
tangents, fecants, and verfed fines, both natural and logarithmic, to every 
minute of the quadrant. The firft edition was in 1706; but the third edition, 
in 1742, which was revifed by Gardiner, is efteemed the moft correct of any : 
as to the laft or fifth edition, in 1771, it is fo erroneoufly printed, that no 
dependence can be placed in it, and it is the moft inaccurate book of tables I 
ever knew; I have a lift of feveral thoufand errors which I have corrected 
in it. 

Gardiner alfo printed at London, in 1742, a quarto volume of ‘* Tables. 
of Logarithms, for all numbers from 1 to 102,100, and for the fines and tan- 
gents to every ten feconds of each degree in the quadrant; as alfo, for the 
fines of the firft 72 minutes to every fingle fecond: with other ufeful and ne- 
ceflary tables ;” namely, a table of Logiftical Logarithms, and three fmaller 
tables to be ufed for finding the logarithms of numbers to twenty places of 
figures. Of thefe tables of Gardiner, only a fmall number was printed, and 
that by fubfcription ; and they are now in the highelft eftimation of any loga- 
rithms for their accuracy and ufefulnefs. 

An edition of Gardiner’s collection was alfo elegantly printed at Avignon 
in France, in 1770, with fome additions, namely, the fines and tangents for 
every fingle fecond in the firft four degrees; and a {mall table of hyperbolic 
logarithms, copied from a treatife on Fluxions by the late ingenious Mr. Thomas 
Simpfon : but this is not quite fo correct as Gardiner’s own edition. The tables 
in all thefe books are to feven places of figures. . 

«* The logarithmic canon ferves to find readily the logarithm of any affigned 
number; and we are told by Dr. Wallis, in the fecond volume of his Mathe- 
matical Works, that an antilogarithmic canon, or one to find as readily the 
number correfponding to every logarithm, was begun he thinks by Mr. Harriot 
the algebraift (who died in 1621), and completed by Mr. Walter Warner, the 
editor cf Harriot’s works, before 1640; which ingenious performance it feems 
was loft, for want of encouragement to publifh it.” 

«© A {mall fpecimen of fuch numbers was publifhed in the Philofophical 
Tranfactions, for the year 1714, by Mr. Long of Oxford; but it was not 
till 1742 that a complete antilogarithmic canon was publifhed, by Mr. James 
Dodfon, wherein he has computed the numbers correfponding to every loga- 
rithm from 1 to 100,000, to 11 places of figures.” 

Since the preceeding account was written, and whilft it was in the prefs, there. 
has been printed at Paris, ‘ Tables Portatives de Logarithmes, publiées & 
Londres par Gardiner,” &c. ‘This work is moft beautifully printed in a neat 
portable 8vo. volume, and contains all the tables in Gardiner’s 4to. volume, 
with fome additions and improvements; but with what degree of accuracy 
remains yet to be determined. And on this, as well as feveral other occafions,. 
it is but juftice to remark the extraordinary fpirit and elegance with which the 
learned men anc the artifans of the French nation undertake and execute works 
of merit. . 

THE 
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AVING defcribed the feveral forts of logarithms, their rife and inven- 

tion, their nature and properties, and given fome account of the prin- 

cipal early cultivators of them, with the chief collections that have beert 

publifhed of fuch tables; I proceed now to deliver a more particular account 

of the ideas and methods employed by each author, and the peculiar modes of 
conftruction which they made ufe of. 

And firft of the great inventor himfelf, lord Napier. 

| Napier’s Confiruétion of Logarithms. 

The inventor of logarithms did not adapt them to the feries of natural 
numbers 1, 2, 3, 4, 5, &c, as it was not his principal idea to extend them 
to all arithmetical operations whatever ; but he confined his labours to that cir- 
cumftance which firft fuggefted the neceffity of the invention, and adapted his 
logarithms to the approximate numbers exprefling the natural fines of every 
minute in the quadrant, as they had been fet down by former writers on tri- 
gonometry. 

The fame reftritted idea was purfued through his method of conftructing 
the logarithms. As the lines of the fines of all arcs are parts of the radius 
or fine of the quadrant, therefore called the fizus totus or whole fine, he con- 
ceived the line of the radius to be defcribed, or run over, by a point moving 
along it in fuch manner, that in equal portions of time it generated, or cut 
off, parts in a decreafing geometrical progreffion, leaving the feveral remaind- 
ers, or fines, in geometrical progreffion alfo; whilft another point, in an in- 
definite line, defcribed equal parts of i# in the fame equal portions Sines. Log. 
of time; fo that the refpective fums of thefe, or the whole line 4° 4/9 
generated, were always the arithmeticals or logarithms of thofe fines. J, J, 
Thus, az is the given radius upon which all the fines are to be 
taken, and A &c the indefinite line containing the logarithms; 
thefe lines being each generated by the motion of a point, Me 


beginning at A, a. Now at the end of the 1ft, 2d, 3d, &c, “3 

moments, or equal fimall portions of time, let the moving points  -/4 

be found at the places marked 1, 2, 3, &c; then za, zr, z2, "3 “\4 

z3, &c, will be the feries of natural fines, and Ao (or 0), Az, ben |e 
&e~ 


A2, A3, &c, will be their logarithms ; fuppofing the point which 
generates az to move every where with a velocity decreafing in - 
proportion to its diftance from z, namely, its velocity in the points re 
O, I, 2, 3, &c, to be refpectively as the diftances ZO ZA Ts Zoe z 7 
23, &c; whilft the velocity of the point generating the logarithmic 
line A &c remains conftantly the fame as at firft in the point 


A or 0. 
Hitherto 
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Hitkerto the author had not fully limited his fyftem or fcale of logarithms, 
having only fuppofed one condition or limitation, namely, that the logarithm 
of the radius az fhould be o. But two independent conditions, no matter what 
they are, were neceliary to limit the {cale, or fyftem, of logarithms, » It did not 
occur to him, that it was proper to form the other limit by affixing fome par- 
ticular logarithm to an afligned number, or part of the radius: but as another 
condition was neceflary, he atlumed sis for it, namely, that the two generating 
points fhould begin to move at a, A, with equal velocities; or that the incre- 
ments a1, At, defcribed in the firtt moments, fhould be equal; as he thought 
this circumftance would be attended with fome little eafe in the computation ; 
and this is the reafon that, in his table, the natural fines and their logarithms, 
at the complete quadrant, have equal differences; and this is alfo the reafon 
why his feale of logarithms happens accidentally to agree with what have fince 
been called the hyperbolic logarithms, which have numerical differences equal 
to thofe of their natural numbers at the beginning; except only that thefe 
latter increafe with the natural numbers, and his on the contrary decreafe; 
the logarithms of the ratio of 10 to i being the fame in both, namely, 
2° 3025585,00. 

And here by the way it may be obferved, that Napier’s manner of conceiving 
the generation of the lines of the natural numbers and their logarithms, by the 
motion of points, is very fimilar to the manner in which Newton afterwards 
confidered the generation of magnitudes in his doctrine of fluxions; and it is 
alfo remarkable that, in Art. 2. of the Haditudines Logarithmorum &F Juorum na- 
turalium numerorum invicem, in the appendix to the Confiructio Logarithmorum, 
Napier {peaks of the velocities of the increments or decrements of the loga- 
rithms, in the fame way as Newton does of his fluxions, namely, where he 
fhews that thofe velocities, or fluxions, are inverfely as the fines, or natural 
numbers of the logarithms; which is a neceflary confequence of the nature of 
the generation of thofe lines, as defcribed above; with this alteration, however, 
that now the radius az muft be confidered as generated by an equable motion 
of the point, and the indefinite line A &c by a motion increafing in the fame 
ratio as the other before decreafed; which is a fuppofition that Napier mutt 
have had in view when he ftated that relation of the fluxions, 

Having thus limited his fyftem, Napier proceeds, in the pofthumous work 
of 1619, to explain his conftruction of the logarithmic canon: and this he 
effects in various ways; but chiefly by generating, in a very eafy manner, a 
feries of proportional numbers and their arithmeticals, or logarithms; and 
then finding, by proportion, the logarithms to the natural fines, from thofe of 
the neareft numbers among the original proportionals. 

_ After defcribing the neceflary cautions he made ufe of to preferve a fufficient 
degree of accuracy, in fo long and complex a procefs of calculation; fuch as 
annexing feveral cyphers, as decimals feparated by a point, to his primitive 
numbers, and rejecting the decimals thence refulting after the operations were 
completed, fetting the numbers down to the neareft unit in the laft figure ; 
and teaching the arithmetical procefles of adding, fubtracting, multiplying, 
and dividing the limits between which certain unknown numbers muft lie, fo 

as 
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as to obtain the limits between which the refults muft alfo fall; I fay, after 
defcribing fuch particulars, in order to clear and {mooth the way, he enters on 
the great field of calculation itfelf. Beginning at radius 10,000,000, he firft 
conftructs feveral defcending geometrical feries, but of fuch a nature that they 
are all quickly formed by an eafy continual fubtraction, and a divifion by 2, 
or by 10, or 100, &c, which is done by only removing the decimal point fo 
many places towards the left hand, as there are cyphers in the divifor. He 
conftructs three tables of fuch feries: The firft of thefe confifts of 100 numbers, 
in the proportion of radius to radius minus 1, or of 10,000,000 to 9,999,999; all 
which are found by only fubtracting from each its 10,000,000th part, which part 
is alfo found by only removing each figure 7 places lower: the laft of thefe 
100 proportionals is found to be 9,999,900°000,49 5,0. 

The 2d table contains 50 numbers, which are in the continual proportion of 
the firft to the laft in the firft table, namely, of 10,000,000.000,000,0 to 
95999;900.000,495,0, or nearly the proportion of 100,000 to 99,999; thefe 
therefore are found by only removing the figures of each number 5 places 
lower, and fubtracting them from the fame number: the lait of thefe he finds 
to be 9,995,001.222,927. And a f{pecimen of thefe two tables is here annexed. 
Firft Table. 2d Table. 

I }10,000,000.000,000,0]10,000,000.000,000 
2 | 9:999,999-000,000,0] 9,999,900.000,000 
3 | 95999,998.000,000, 1} 9,999,800.001,000 
4 | 95999;997-000;000,3] 9,999,700.003,;000 
&c} &ctillthe rooth | &ctothe soth term 
50} term, which willbe | 9,995,001.222,927 
100} 95999,900:000,495,0 

The 3d table confifts of 69 columns, and each column of twenty-one num- 
bers or terms; which terms, in every column, are in the continual proportion 
of 10,000 to 9,995, that is, nearly as the firft is to the laft in the 2d table; 
and as 10,000 exceeds 9,995 by the 2oooth part, the terms in every column 
will be conftructed by dividing each upper number by 2, removing the figures 
of the quotient 3 places lower, and then fubtracting them; and in this way 
it is proper to conftruct only the firft column of 21 numbers, the laft of which 
will be 9,900,473.578,0: but the rft, 2d, 3d, &c, numbers in all the columns, 
are inthe continual proportion of 100 to 99, or nearly the proportion of the 
firft to the laft in the firft column; and therefore thefe will be found by re- 
moving the figures of each preceeding number 2 places lower, and fubtracting 
them, for the like number inthe next column. A {pecimen of this 3d table 
is as here below. 









The 3d ‘Table. 
Terms| ft Column. 2d Column. 3d Column. &c. till the 69 Column. 
I | 10,000,000.000,0]9,900,000.000,0}9,801,000.000,0] &c for the [5,048,858.890,0 
2 | 93995,0C0.000,019,895,050.000,0]9,796,099.500,0]4th, 5th, Oth,/5,046,334.460, 5 
3 94990,002.500,0)9,890, 102.475,0]95791,201.450,31 7th, &c, cdl. }5,043,811.293,2 
4 | 9,985,007-4.98,7/95885,1.57-423,719,780,305.84g,5| till the lait |5,041,289.387,9 
5 











9,980,01 4.99 5,0|9,880, 214.845, 119,781,412.696,7 or 5:038,768.743,5 
&c &e till &e &e &e 
2E | 9,900,4.73-578,0]9,801,468.842,3(9, 703945 4-15 359 4,998,609-403,4 
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Thus he had, in this 3d table, interpofed between the radius and its half, 
68 numbers in the continual proportion of 100 to 99; and interpofed between 
every two of thefe 20 numbers in the proportion of 10,000 to 9,995 : andagain, 
in the 2d table, between 10,000,000 and 9,995,000, the two firft of the 3d table, 
he had 50 numbers in the proportion of 100,000 to 99,999: And Jaftly, in the 
1ft table, between 10,c00,000 and 9,999,900, or the 2 firft of the 2d table, 
too numbers in the proportion of 10,000,000 to 9,999;999. ‘That is, in all 
about 1600 proportionals ; all found in the moft fimple manner by little more 
than eafy fubtractions ; which proportionals nearly coincide with all the natural 
fines from go° down to 30°. 

To obtain the logarithms of all thofe proportionals, he demonftrates feveral 
properties and relations of the numbers and Jogarithms, and illuftrates the man- 
ner of applying them. The principal of thefe properties are as follows: 1ft, 
that the logarithm of any fine is greater than the difference between that fine 
and the radius, but lefs than the faid difference when increafed in the propor- 
tion of the fine to radius* ; and 2dly, that the difference between the logarithms 
of two fines, is lefs than the difference of the fines increafed in the proportion 
of the lefs fine to radius, but greater than the faid difference of the fines in- 
creafed in the proportion of the greater fine to radius +. 

Hence, by the ift theorem, the logarithm of 10,000,000, the radius or firft 
term in the firft table, being 0, the logarithm of 9,999,999, the 2d term, will 
be between 1 and 1.000,000,1, and will therefore be equal to 1.000,000.05 very 
nearly: and this will be alfo the common difference of all the terms or propor- 
tionals in the firft table; and therefore by the continual addition of this loga- 
rithm, there will be obtained the logarithms of all thefe 100 proportionals : 
confequently 100 times the faid firft logarithm, or the laft of the above fums, 
will give 100.000,005, for the logarithm of 9,999,900.000,495,0, the laft of the 
faid 100 proportionals. 

Then, by the 2d theorem, it eafily appears that .000,495,0 is the difference 
between the logarithms of 9,999,900.000,495,0 and 9,999,900, the laft term of 
the firft table and the 2d term of the fecond table; this then being added to 





, : : A ; : —s 
* By this firft theorem, r being radius, the logarithm of the fine s, is between r—s and fare ; 
s 


and therefore, when s differs but little from r, the logarithm of s will be nearly equal to 


r+sxr—s 


: 4 Sr r—s ; 
cate the arithmetical mean between the limits r—s and rane ee but ftill nearer to 








—— r a 5 . sa GL 
te AVA POL a rarT ,/ rs, the geometrical mean between the faid limits. 
5 


} By this fecond theorem, the difference between the logarithms of the two fines S and s, lying 
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between the limits r and = r, will, when thofe fines differ but little, be nearly equal to 
S2 — 32 S+5 xX S—s t ste: : S—s , 
3 eee ry, their arithmetical mean ; or nearly = =r, the geometrical mean; or 
sal aos oe ‘ J gha/ ai howe te ; 


nearly == an hy fubflituting, in the lait denominator, %+S+s for 4/Ss, to which it is 


nearly equal. 
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the laft logarithm, gives 100.0005000 for the logarithm of the faid ad term, 
as alfo the common difference of the logarithms of all the proportionals in the 
ad table; and therefore by continually adding it, there will be generated the 
logarithms of all thefe proportionals in the 2d table; the laft of which 1S 
$000.025, anf{wering to 9995001.222927 the laft term. of that table. 

Again, by the 2d theorem, the difference between the Jogarithms of this 
laft proportional of the 2d table, and the 2d term’in the firft column of the 
3d table, is found to be 1.223,538,73 which being added to the laft logarinhm, 
gives 5001.248,5 38,7 for the logarithm of 9,995,00 0,the faid 2d term of the 3d 
table, as alfo the common difference of the logarithms of all the proportionals 
in the firft column of that table; and this therefore, being continually added, 
gives all the logarithms of that firft column, the laft of which is 100,024.970,775 
the logarithm of 9,900,473.5780, the laft term of the faid colurmn. 

Finally, by the 2d theorem again, the difference between the logarithms of 
this laft number and 9,900,000, the firft term in the 2d column, is 478.3502 ; 
which being added to the laft logarithm, gives 100,503.3210 for the logarithm 
of the faid firft term in the 2d column, as well as the common difference of 
the logarithms of all the numbers on the fame line in every line of the table, 
namely, of all the 1ft terms, of all the 2d, of all the 9d, of all the 4th, &c. 
terms in all the columns; and which therefort, being continually added to the 
logarithms in the firft column, will give the correfponding logarithms in all 
the other columns, 

And thus is compleated what the author calls the radical table, in which he 
retains only one decimal place in the logarithms (or artijicials, as he always calls 
them in his tract on the conftruction), and four in the naturals. A {pecimen 
of the table is as here follows: 





Radical Table. 
Terms ift Column. 2d Column. Ggth Column. 

Naturals. Artificials. Naturals. Artificials. Naturals. Artificials. 
10,000,000.0000 © |19,900,000.0000} 100, 503.3 |15,048,858.8900]6,83 4,225." 
9199§;000.0000] 5001.2 |19,895,050.0000] 105, 504.6 )15,0 16, 333.460516, 339,227. 

91990,002-50C0] 10,002-5 |i9,890, 102.4750/110,505.8 ||5,043, 911.2932 6,844,22 
9985,007.4987 15,003.7 | 885,15 7-4237|1L1§,507+11|5,041,289-3879|0,849,2 
9,980,014.9950] 20,005.0]i9,880, 214.845 141 20,508.3 |{5,038,708.7435/0,854 
&e &c till oe &e 3 &e &c 
93900; 473.5780] 100,025.0|(9,801,468.842 3} 200, 5 28.2 |14,998,609.40346,934,2 50.8 





I 
2 1 
3 8.3 
4 29.6 
5 30.8 


92 
~ 
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Having thus, in the moft eafy manner, compleated the radical table, by little 
more than mere addition and fubtra&tion, both for the natural numbers and 
logarithms ; the logarithmic fines were eafily deduced from it by means of the 
ad theorem, namely, taking the fum and difference of each tabular fine and 
the neareft number in the radical table, annex 7 ciphers to the difference, divide 
the refult by the fum, and half the quotient will be the difference between the 
logarithms of the faid numbers, namely, between the tabular fine and radical 
number; confequently, adding or fubtracting this difference, to or from the 
given logarithm of the radical number, there will be obtained the logarithmic 
fine required. And thus the logarithms of all the fines from radius to the half 
of it, or from go®to 30°, were perfected. 

Vowal, h Next, 
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Next, for determining the fines of the remaining 30 degrees, he delivers 
two methods. In the firft of thefe he proceeds in this manner: Obferving 
that the logarithm of the ratio of 2 to 1, or of half the radius, is 6,931,469.225 
of 4 to one is the double of this, of 8 to 1 is triple of it, &c3; that of 10 to 
1 is 23,025,842.34, of 20 to 1 is the fum of the logarithms of 2 and 10, and 
fo on by compofition for the logarithms of the ratios between 1 and 40, 80, 
100, 200, &c. to 10,000,000; he multiplies any given fine, for an arc lefs than 
30 degrees, by fome of thefe numbers, till he finds the produé nearly equal 
to one of the tabular numbers; then by means of this and the fecond theorem, 
the logarithm of this product is found ; to which adding the logarithm that 
anfwers to the multiple abovementioned, the fum is the logarithm fought. But 
the other method is ftill much eafier, and is derived from this property, which 
he demontftrates, namely, as half radius is to the fine of half an arc, fo is the 
cofine of the faid half arc to the fine of the whole arc; or as 2 radius : fine of 
an arc :: cofine of the arc : fine of double the arc; hence the logarithmic 
fine of an arc is found, by adding together the logarithms of half radius and 
of the fine of the double arc, and then fubtracting the logarithmic cofine from 
the fum. 

And thus the remainder of the fines, from 30° down to o, are eafily ob- 
tained. But in this latter ways the logarithmic fines for full one half of the 
quadrant, or from o to 45 degrees, he obferves, may be derived; the other 
half having already been made by the general method of the radical table, by 
one eafy divifion and addition or fubtraction for each, 

1 have dwelt the longer on this work of the inventor of logarithms, becaufe 
I have not feen in any author an account of his method of conftructing his 
table, although it is perfectly different from any other method ufed by the later 
computers, and indeed almoft peculiar to his {pecies of logarithms. The whole 
of this work manifefts great ingenuity in the defigner, as well as much accuracy. 
But notwithftanding the caution he took to obtain his logarithms true to the 
neareft unit in the Jaft figure fet down in the tables, by extending the num- 
bers in the computations to feveral decimals, and other means; he had been 
difappointed of that end, either by the inaccuracy of his affiftant computers or 
tranfcribers, or through fome other caufe ; as the logarithms in the table are 
commonly very inaccurate. It is remarkable too that in this tract on the con- 
ftruétion of the logarithms, Lord Napier never calls them logarithms, bu 
every where artificials, as oppofed in idea to the natural numbers: and this 
notion of natural and artificial numbers I take to have been his firft idea of this 
“matter, and that he altered the word ariificials to logarithms in his firft book, on 
the.defcription of them, when he printed it, in the year 1614, and that he 
would alfo have altered the word every where in this pofthumous work if he 
had lived to print it: for in the two or three pages of appendix, annexed 
to the work by his fon from Napier’s papers, he again always calls them loga- 
rithms. This appendix relates to the change of the logarithms to that fcale in 
which 1 is the logarithm of the ratio of 10 to 1, the logarithm of 1, with or 
without ciphers, being 03 and it appears to have been written after Briggs 
had communicated to him his idea of that change, 
: Napier 


LOGARITHM S- li 


Napier here in this appendix alfo briefly defcribes fome methods by which 
this new fpecies of logarithms may be conftruéted. Having fuppofed o to 
be the logarithm of 1, and 1 with any number of ciphers, as 10,000,000,000, 
the logarithm of 1o; he directs to divide this logarithm of to, and the 
fucceffive quotients, ten times by 5, by which divifions there will be obtained 
thefe other. ten logarithms, namely 2,000,000,000, 400,000,000, 80,000,000, 
16,000,000, 3,200,000, 640,000, 128,000, 25,600, §,120, 1024: then this laft 
logarithm, and its quotients, being divided ten times by 2, will give thefe 
other ten logarithms 512, 256, 128, 64, 32, 16, 8, 4, 2, 1. And the num- 
bers anfwering to thefe twenty logarithms, we are directed to find in this man- 
ner; namely, extract the 5th root of 10 (with ciphers), then the sth root of 
that root; and fo on for ten continual extractions of the 5th root; fo thall thefe 
ten roots be the natural numbers belonging to the firft ten logarithms, above 
found in continually dividing by 5: Next, out of the laft 5th root we are to 
extract the fquare root, then the {quare root of this laft root, and fo on for ten 
fucceffive extractions of the f{quare root ; fo fhall thefe laft ten roots be the na- 
tural numbers correfponding to the logarithms or quotients arifing from the laft 
ten divifions by the number 2. And from thefe twenty logarithms, 1, 2, 4, 
8, 16, &c. and their natural numbers, the author obferves that other logarithms 
and their numbers may be formed, namely, by adding the logarithms and mul- 
tiplying their correfpondent numbers. It is evident that this procefs would oe- 
nerate rather an antilogarithmic canon, fuch as Dodfon’s, than the table of 
Briggs; and that the method would alfo be very laborious, fince, befides the 
very troublefome original extractions of the sth roots, all the numbers would 
be very large, by the multiplication of which the fucceflive {econdary natural 
numbers are to be found. 

Our author next mentions another method of deriving a few of the primitive 
numbers and theirlogarithms, namely, by taking continually geometrical means, 
firft between 10 and 1, then between 10 and this mean, and again between 10 
and the laft mean, and fo on; and taking the arithmetical means between their 
corre{ponding logarithms. He then lays down various relations between num- 
bers and their logarithms, fuch as that the products and quotients of numbers 
anfwer to the fums and differences of their logarithms; and that the powers 
and roots of numbers anfwer to the produ€ts and quotients of the logarithms 
by the index of the power or root, &c; as alfo that, of any two numbers, 
whofe logarithms are given, if each number be raifed to the power denoted 
by the logarithm of the other, the two refults will be equal. He then delivers 
another method of making the logarithms toa few of the prime integer num- 
bers, which is well adapted for conftru€ting the commen table of logarithms, 
This method eafily follows from what has been faid above, and it depends on 
this property, ‘‘ that the logarithm of any number in this fcale, is 1 lefs than the 
number of places or figures contained in that power of the given number whofe 
exponent is 10,000,000,000, or the logarithm of 10, at lea{t as to integer num- 
bers,” for they really differ by a fraction, as is {hewn by Mr. Briggs in his il- 
luftrations of thefe properties, printed at the end of this appendix to the con- 
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ftruction of logarithms. I fhall here fet down one more of thefe relations, as 
the manner in which it is expreffed is exactly fimilar to that of fluxions and 
fluents, and iteis this: Of any two numbers, as the greater is to the lefs, fo is 
the velocity of the increment or decrement of the logarithms at the lefs, to the 
velocity of the increment or decrement of the logarithms at the greater: that 
is, in our modern notation, as X¥: 7:: ¥ to x, where « and y are the fluxions 
of the logarithms of X and 2. 


Kepler’s Conftruction of Logarithms. 


The logarithms of Briggs and Kepler were both printed the fame year, 1624; 
but as the latter are of the fame fort as Napier’s, | fhall here give the author’s 
conftruction of them, before we proceed to that of Briggs’s. 

We have already (p. 34 G/eq ) defcribed the nature and form of Kepler’s loga- 
rithms, fhewing that they are of the fame kind as Napier’s, but only a little varied 
in the formn of thetable. It may alfo be added that, in general, the ideas which 
thefe two matters had on this fubject, were of the fame nature, only it was more 
fully and methodically laid down by Kepler, who expanded, and delivered in 
the form of a regular fcience, the hints that were given by the illuflrious inventor. 
The foundation and nature of their methods of conftruction are alfo the fame, 
but only a little varied in their modes of applying them. Kepler here firft of any 
treats of Jogarithms in the true and genuine way of the meafures of ratios, or pro- 
portions *, as he calls them, and that in a very full and {cientific manner: and this 
method of his was afterwards followed and abridged by Mercator, Halley, Cotes, 
and others, as we fhall fee in the proper places. Kepler firft erects a regular and 
purely mathematical fy{tem of proportions, and the meafures of proportions, 
treated at confiderable length in a number of propofitions, which are fully and 
chaftely demonftrated by genuine mathematical reafoning, and illuftrated by 
numerical examples. This part contains and demonftrates both the nature and 
the principles of the ftructure of logarithms. And in the fecond part he applies 
thofe principles in the actual conftruGtion of his table, which contains only 1000 
numbers and their logarithms, in the form which we before defcribed : and in this 
part he indicates the various contrivances made ufe of in deducing the logarithms 
of proportions one from another, after a few of the leading ones had been firft 
formed by the general and more remote principles. He ufes the name /ogarithms, 
given them by the inventor, being the moft proper, as exprefling the very na- 
ture and effence of thofe artificial numbers, and containing, as it were, a defini- 
tion in the very name of them; but without taking any notice of the inventor, 
or of the origin of thofe ufeful numbers. 7 





* Kepler almoft always ufes the term proportion inftead of ratio, which I alfo fhall do in my account 
of his work, as well as conform in expreffions and notations to his other peculiarities. It may alfo be 
here remarked, that I obferve the fame practice in defcribing the works of other authors, the better 
to convey the idea of their feveral methods and ftyle, And this may ferve to account for fome feem- 
ing inequalities in the language of this hiftory. 

As 
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As this tract is very curious and important in itfelf, and is befides very rare 
and little known, inftead of a particular defcription only, I fhall here Give a 
brief tranflation of both the parts, omitting only the demonftrations of the pro- 
pofitions, and fome rather long illuftrations of them. 

The book is dedicated to Philip, landgrave of Heffe, but 1s without either 
preface or introduction, and commences immediately with the fubject of the 
firft part, which is intitled Tse. Demonftration of the Struclure of Logarithms ; 
and the contents of it are as follows : 

Poftulate 1. That all proportions equal among themfelves, by whatever va- 
riety of couplets of terms they may be denoted, are meafured or exprefled by 
the fame quantity. 

Axiom 1. \f there be any number of quantities of the fame kind, the pro- 
portion of the extremes is underftood to be compofed of “all the proportions of 
every adjacent couplet of terms, from the firft to the laft. 

1 Propofition. “Vhe mean proportional between two terms divices the pro- 
portion of thofe terms into two equal proportions. 

Axiom 2.. Of any number of quantities, regularly increafing the means, di- 
vide the proportion of the extremes into one proportion more than the number 
of the means. 

Poftulate 2. ‘That the proportion between any two terms Is divifible into 
any number of parts, until thofe parts become lefs than any propofed quantity, 

An example of this fe€tion is then inferted in a {mall table, individing the proportion which is be- 
tween ro and 7 into 1,073,741,824 equal parts, by as many mean proportionals wanting one, namely, 
by taking the mean proportional between 10 and 7, then the mean between 10 and this mean, and the 
mean between 10 and the laft, and fo on for 30 means, or 30 extractions of the fquare-root, the laft, . 
or 30th, of which roots is 9.999,999,996,678,205,690,0 and the 30th power of 2, which is 
1,073,741,824, fhews into how many parts the proportion between 10 and 7, or between 1000 &c 
and 700 &c, is divided by 1,073,741,824 means, each of which parts is equal to the proportion be- 
tween 10.co &c, and the 30th mean 9.99 &c, that is, the proportion between 1c.00 &cand ¢.99 &c, 
is the 1,073,741,824th part of the proportion between 10 and 7. Then by'affuming the fmall dif- 
ference 0,000,000,C03,321,7945310,0,for the meafure of the very fmall element of the proportion of 
tc to 7, or for the meafure of the proportion of 10.co &c to 9.99 &c, or for the logarithm of this 
laft term, and multiplying it by 1,073,741,824 the number of parts, the product will give 
3-566, 749,481,372,221,440,0 for the logarithm of the lefs term 7 or 700 &e. 


Pcftulate 3. That the extremely {mall quantity or element of a proportion, 
may be meafured or denoted by any quantity whatever ; as for inftance, by the 
difference of the terms of that element. 

2. Propofition. Of three continued proportionals, the difference of the two 
firft has to the difference of the two latter, the fame proportion which the firft 
term has to the 2d, or the 2d to the 3d. 

3 Prep. Of any continued proportionals, the greateft terms have the greateft 
difference, and the leaft terms the leaft. 

4 Prop. In any continued proportionals, if the difference of the greateft 
terms be made the meafure of the proportion between them, the difference of 
any other couplet will be lefs than the true mea‘ue of their proportion. 

3 Prop. In continued proportionals, if the difference of the greateft terms 
be made the meafure of their proportion, then the meafure of the proportion of 
the greateft to any other term will be greater than ¢heir difference. 

6 Prop. 
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6 Prop. In continued proportionals, if the difference of the greateft term and 
any one of the lefs, taken not immediately next to it, be made the meafure of 
their proportion ; then the meafure of the proportion which is between the greateft 
and any other term greater than the one before taken, will be lefs than the dif- 
ference of thofe terms; but the meafure of the proportion which is between the 
greateit term and any one lefs than that firft taken, will be greater than their 
difference. 

7 Prop. Of any quantities placed according to the order of their magnitudes, 
if any two fucceflive proportions be equal, the three fucceffive terms which 
conftitute them, will be continued proportionals. 

8 Prop. Of any quantities placed in the order of their magnitudes, if the 
intermediates lying between any two terms, be not among the mean propor- 
tionals which can be interpofed between the faid two terms, then fuch interme- 
diates do not divide the proportion of thofe two terms into commenturable pro- 
portions. 

Befides the demonftrations, as ufual, feveral definitions are here given ; as of commenfurable pros 
portions, &c. 

9 Prop. When two expreffible lengths are not to one another as two figurate 
numbers of the fame fpecies, fuch as two fquares, or two cubes; there cannot 
fall between them other expreffible lengths, which fhall be mean proportionals, 
and as many in number as that {pecies requires, namely, one in the fquares, 
two in the cubes, three in the biquadrates, &c. 

10 Prop. Of any expreflible quantities, following in the order of their mag- 
nitudes, if the two extremes be not in the proportion of two fquare numbers, 
or two cubes, or two other powers of the fame kind; none of the intermediates 
divide the proportion into commenfurables. 

11 Prop. All the proportions, taken in order, which are between expreffible 
terms that are in arithmetical proportion, are incommentfurable to one another. 
As between 8, 13, 18. 

12 Prop. Of any quantities placed in the order of magnitude, if the difference 
of the greateft terms be made the meature of their proportion, then the differ- 
ence between any two others will be lefs than the meafure of their propor- 
tion; and if the difference of the two leait terms be made the meafure of their 
proportion, then the differences of the reft will be greater than the meafure of 
the proportion between their terms. 

Corol. \f the meafure of the proportion between the greateft exceed their 
difference, then the proportion of this meafure to the faid difference, will be 
lefs than that of a following meafure to the difference of its terms. Becaufe 
proportionals have the fame ratio. 

13 Prop. If three quantities follow one another in the order of magnitude; 
the proportion of the two laft will be contained in the proportion of the ex- 
tremes, a lefs number of times than the difference of the two leaft is contained 
in the difference of the extremes: And on the contrary, the proportion of the 
two greateft will be contained in the proportion of the extremes, oftener than 
the difference of the former is contained in that of the latter. 

Corol. Hence if the difference of the two greater be equal to the difference 

of 
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of the two lefs terms, the proportion between the two greater will be lefs than 
the proportion between the two tefs. 

14 Prop. Of three equidifferent quantities taken in order, the proportion be- 
tween the extremes is more than double the proportion between the two greater 
terms. 

Corol. Hence it follows, that half the proportion of the extremes, is greater 
than the proportion of the two greateft terms, but lefs than the proportion of 
the two leaft. 

15 Prop. If two quantities conftitute a proportion, and each quantity be lef- 
fened by half the greater; the remainders will conftitute a proportion greater 
than double the former. 

16 Prop. The aliquot parts of incommenfurable proportions, are incommen 
furable to each other. 

17 Prop. If one thoufand numbers follow one another in the natural order, 
beginning at 1000, and differing all by unity, viz. 1000, 999, 998, 997, &c; 
and the proportion between the two greateft 1000, 999, by continual bifeétion, 
be cut into parts that are {maller than the excefs of the proportion between the 
next two 999, 998, over the faid proportion between the two greateft 1ooo, 
999; and then for the meafure of that {mall element of the proportion between 
1000, 999, there be taken the difference of 1000 and that mean proportional 
which is the other term of.the element. Again, if the proportion between 
1000, 998, be likewife cut into double the number of parts which the former 
proportion between 1000, 999, was cut into; and then for the meafure of the 
{mall element in this divifion, be taken the difference of its terms, of which 
the greater is 1000. And, in the fame manner, if the proportion of 1000 
to the following numbers, as 997, &c, by continual bifection, be cut into par- 
ticles of fuch magnitude as may be between 3 and 3 of the element arifing 
from the fection of the firlt proportion between 1000 and 999; the meafure of 
each element will be given from the difference of its terms. Then, this bein 
done, the meafure of any one of the 1c00 proportions, will be compoted of as 
many meafures of its element, as there are of thofe elements in the faid divided 
proportion. And all thefe meafures, for all the proportions, will be fufficiently 
exact for the niceft calculations. 

All thefe fections and meafures of proportions are performed in the manner of that defcribed at 
poftulate 2, and the operation is abundantly explained by numerical calculations. 


18 Prop. The proportion of any number to the firft term 1000 being known; 
there will alfo be known the proportion of the reft of the numbers in the fame 
continued proportion, to the faid firft term. 

So from the known proportion between 1000 and goo, 

there is alfo known the proportion of 1000 to 81v, and to 729; 
And from 1000 to 800, alfo 1000 to 640, and to 512; 
And from 1000 to 700, alfo 1000 to 490, and to 3433 
And from 1000 to 600, alfo 1000 to 360, and to 216; 
And from 1000 to 500, alfo 1000 to 250, and to 1265. 


Corol. Hence arifes the precept for fquaring, cubing, &c; as alfo for ex- 
tracting the fquare root, cube root, &c, out of the firft figures of numbers, 
5 For 
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For it will be, as the greateft number of the chiliad as a denominator, is to the 
number propofed as a numerator, fo is this to the {quare of the fraétion, and fo 
is this to the cube. , ‘ 

19 Prop. The proportion of a number to the firft, or toco, being known; 
if there be two other numbers in the fame proportion to each other, then the 
proportion of one of thefe to 1000 being known, there will alfo be known the 
proportion of the other to the fame 1000. 

Corcl. 1. Hence from the 15 proportions mentioned in prop. 18, will be 
known 120 others below 1000, to the fame 1oco. 

For fo many are the proportions, equal to fome one or other of the faid 15, that are among the 
other integer numbers which are lefs than 1000. 

Corol, 2. Hence arifes the method of treating the Rule-of-Three, when 1000 
is one of the given terms. 


For this is effected by adding to, or fubtraGting from, each other, the meafures of the two pro- 
portions of 1000 to each of the other two given numbers, according as 1000 is, or is not, the firft 
term in the Rule-of-Three. 


20 Prop. When four numbers are proportional, the firft to the fecond as the 
third to the fourth, and the proportions of 1000 to each of the three former 
are known, there will alfo be known the proportion of 1000 to the fourth 
number. 

Corol. 1. By this means other chiliads are added to the former. 

Corol. 2. Hence arifes the method of performing the Rule-of-Three, when 
1000 is not one of the terms. Namely, from the fum of the meafures of the 
proportions of 1000 to the fecond and third, take that of 1oco to the firft, 
and the remainder is the meafure of the proportion of 1000 to the fourth 
term. 

Definition. ‘The meafure of the proportion between 1000 and any lefs num- 
ber, as before defcribed, and expreffed by a number, is fet oppofite to that 
lefs number in the chiliad, and is called its togarrrHM, that is, the number 
(ce1940¢) indicating the proportion (Avyev) which tooo bears to that number, to 
which the logarithm is annexed. 

a1 Prop. If the fir or greateft number be made the radius of a circle, or 
finus totus ; every lefs number, confidered as the cofine of fome arc, has a lo- 
garithm greater than the verfed fine of that arc, but lefs than the difference 
between the radius and fecant of the arc; except only in the term next after 
the radius, or greateft term, the logarithm of which by the hypothefis is made 
equal to the verfed fine. 


That is, if CD be made the logarithm of AC, or the meafure of the pro- reer 
portion of AC to AD; then the meafure of the proportion of AB to AD, K 
that is the logarithm of A B, will be greater than BD, but lefs than EF. And | ‘ 
this is the fame as Napier’s firft rule in page 45. J {\ 

A Gp 


22 Prop. The fame things being fuppofed ; the fum of the verfed fine and 
excefs of the fecant over the radius, is greater than double the logarithm of the 
cofine of an arc. 


Coral. 
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Coro]. The log. cofine is lefs than the arithmetic mean between the verfed 
fine arid the excefs of the fecant. 

Precept 1. Any fine being found in the canon of fines, and its defect below 
radius to the excefs of the fecant above radius; then fhall the logarithm of the 
fine be lefs than half that fum, but greater than the faid defect or co-verfed 
fine. 


Let there be the fine 99:970-1490 of an arc : F 
Its defe& below radius is 29.8510 the co-vers, and lefs than logarithm fine ; 


Add the excefs of the fecant 29.8599 





Sum 59.7109 
its half or 29.8555 greater than the logarithm, 


Therefore the logarithm is between HO a 

Precept 2. The logarithm of the fine being found, you will alfo find nearly 
the logarithm of the round or integer nnmber which is next lefs than your fine 
with a fraction, by adding that fractional excefs to the logarithm of the faid , 
fine. 

Thus the logarithm of the fine 99,970.149 is found to be about 29.854; if now the logarithm 
ef the round number 99,970.000 be required, add 149 the fra¢tional part of the fine to its logarithm, 
obferving the point, thus 29.854 

RSet? is the logarithm of the round number 99,9",0.000 nearly. 
the fum 30.003 


23 Prop. Of three equidifferent quantities, the meafure of the proportion 
between the two greater terms, with the meafure of the proportion between the 
two leffer terms, will conftitute a proportion, which will be greater than the pro- 
portion of the two greater terms, but lefs than the proportion of the two 


leffer terms. 





Thus if AB, AC, AD be three quantities having the equal differences a 
BC, CD; and if the meafure of the proportion of AD, AC be cd, and A ‘9 rs es 
that of AC, AB be be; then the proportion of cd to cb will be greater Sei dag i 
than the proportion of AC to AD, but lefs than the proportion of AB 
to AC. 


24 Prep. The faid proportion between the two meafures, is lefs than half the 
roportion betweenthe extreme terms. ‘That is, the proportion between be, cd, 
is lefs than half the proportion between 4B, ap. 

Corel. Since therefore the arithmetical mean divides the proportion into une- 
qual parts, of which the one is greater, and the other lefs, than half the whole ; 
if it be enquired what proportion is between thefe proportions, the anfwer is, 
that it isa little lefs than the faid half, 


An example of finding nearly the limits, greater and le/s, to the meafure of any pro- 
pofed proportion. Ls 


It being known that the meafure of the proportion between 1000 and g00 is 10,536.05, required 


the meafure of the proportion 900 to 800, where the terms 1000, 900, 800, have equal differences, 
i Therefore 
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Therefore as 9 is to 10 fo is 10,535.05 to 11,706.72, which is lefs than 11,778.30 the meafure of the 
proportion 9 to 8. Again, as the mean proportional between 8 and 10 (whichis 8.944,271,9) is to 10 
{o is 10,536.05 to 11,779.66, which is greater than the meafure of the proportion between g and 8. 


Axiom. Every number denotes an expreflible quantity. 


25. Prop. If the 1000 numbers, differing by 1, follow one another in the 
natural order; and there be taken any two adjacent numbers, as the terms of 
fome proportion; the meafure of this proportion will be to the meafure of the 
proportion between the two greateft terms of the chiliad, in a proportion ereater 
than that which the greateft term 1000 bears to the greater of the two terms 
firft taken, but lefs than the proportion of 1000 to the lefs of the faid two fe- 
lected terms. 


So of the firft 1000 numbers taking any two fucceflive terms, as 501 and 500, the logarithm of the for= 
mer being 69414.92, and of the latter{69314.72, thedifference of which is 199.80. Wherefore by the 
definition, the meafure of the proportion between sot and 500 is 199.80. In like manner, becaufe 
the logarithm of the greateft term 1000 is 0, and of the next 999 is 100.05, the difference of thefe 
logarithms, and the meafure of the proportion between 1000 and 999, is 100.05. Couple now the 
greateft term 1000 with each of the feleted terms 501 and 500; couple alfo the meafure 199.80 with 
- the mzafure 100.05; fo fhall the proportion between 199.80 and 100.05 be greater than the propor- 
tion between 1000 and 501, but lefs than the proportion between 1000 and 500. 


Corol. 1. Any number below the firft 1000 being propofed, as alfo its loga- 
rithm; the differences of any logarithms antecedent to that propofed, towards 
the beginning of the chiliad, are to the firft logarithm (viz. that which is af. 
figned to 999), 1n a greater proportion than rooo to the number propofed ; but 
of thofe which follow towards the laft logarithm, they are to the fame in a lefs 
proportion. 

Corol. 2. By this means the places of the chiliad may eafily be filled up, 
which have not yet had logarithms adapted to them by the former propofitions. 

26 Prop. The difference of two logarithms, adapted to two adjacent numbers, 
is to the difference of thefe numbers, in a proportion greater than 1000 bears to 
the greater of thofe numbers, but lefs than that of 1000 to the lefs of the two 
numbers. 


This 26 prop. is the fame as Napier’s fecond rule at page 476 


24 Prip. Having given two adjacent numbers of the rooc natural numbers, 
with their logarithmic indices, or the meafures of the proportions which thofe 
abfolute, or round, numbers conftitute with 1000 the greateft ; the increments or 
differences of thefe logarithms will be to the logarithm of the fmall element of 
the proportions, as the fecants of the arcs whofe cofines are the two abfolute 
numbers, are to the greateft number, or the radius of the circle: fo that, how- 
ever, of the faid two fecants, the lefs will have to the radius a lefs proportion, 
than the propofed difference has to the firft of all, but the greater will have a 
greater proportion, and fo alfo will the mean proportional between the faid 
iecants have a greater proportion. 

Thus 


LOGARITHM S&S, lix 


Thusif BC, CD he equal, alfo bd the logarithm of AB, and cd the logarithm of 
AC; then the proportion of dc to cd will be greater than the proportion of AG 
to AD, but lefs than that of AF to AD, and alfo lefs than that of the mean pro- 
portional between AF and AG to AD. 





a BCD 
bed 

Corol. 1. The fame obtains alfo when the two terms differ, not only by the 
unit of the {mall element, but by another unit which may be ten-fold, a hun- 
dred-fold, or a thoufand-fold of that. 

Corol. 2. Hence the differences will be obtained fufficiently exaét, efpecially 
when the abfolute numbers are pretty large, by taking the arithmetical mean 
between two fmall fecants, or (if you will be at the labour) by taking the geo- 
metrical mean between two larger fecants, and then by continually adding the 
differences, the logarithms will be produced. 

Corol. 3. Precept. Divide the radius by each term of the affigned propor- 
tion, and the arithmetical mean (or, {till nearer, the geometrical mean) between 
the quotients will be the required increment, which, being added to the loga- 
rithm of the greater term, will give the logarithm of the lefs term. 


Example. 


Let there be given the logarithm of 700, viz. 35,667.4.948, to find the logarithm to 699. 
Here radius divided by 700 gives 142.8571 &c. 
and divided by 699 gives 143.0672 &c. 
the arithmetic mean is 142.962 
which added to 35,667.4948 


gives the logarithm to 699 35,810.4568 





Corol. 4. Precept for the logarithms of fines. 

The increment between the logarithms of two fines, is thus found: find the 
geometrical mean between the cofecants, and divide it by the difference of the 
fines ; the quotient will be the difference of the logarithms. 


Example. 


The quotient 8000.0 exceeds the required 
increment of the logarithms, becaufe the fe- 
cants are here fo large. 


©0 1/ fine z909 cofec. 34,377,4608.2 

o 2/ fine 5818 cofec. 17,188,731.9 
dif, 2909 geom. mean 24,280,000.0 nearly. 
Appendix. Nearly in the fame manner it may be {hewn, that the fecond dif- 
ferences are in the duplicate proportion of the firft, and the third in the dupli- 
cate of the fecond. Thus, for inftance, in the beginning of the logarithms the 
firtt difference is 100.00000, Viz. equal to the difference of the numbers 
100,000.00000 and 99,900.00000 ; the fecond, or difference of the differences, 
10000; the third 20, Again, after arriving at the number 5000.00000, the 
logarithms have for a difference 200.00000, which 1s to the firft difference, as the 
number 100,000.00000 to 50,00c.00000 ; but the fecond difference 1S 40,000, 
in which 10,000 is contained four times 5 and the third 328, in which 20 is con- 


tained fixteen times. But fince in treating of new matters we labour under the 
i 2 want 
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want of proper words, therefore, left we fhould become too obfcure, the demon- 
{tration is omitted untried. 

28 Prop. No number expreffes exactly the meafure of the proportion, between 
two of the 1000 numbers, conftituted by the foregoing method. 

29 Prop. If the meafures of all proportions be expreffed by numbers or loga- 
rithms; all proportions will not have afiigned to them their due portion of 
meafure, to the utmoft accuracy. 

30 Prop. 1f tothe number 1000, the greateft of the chiliad, be referred others 
that are greater than it, and the logarithm of 1000 be made o, the logarithms 
belonging to thofe greater numbers will be negative, 

This concludes the firft, or ferentific, part of the work, the principles of which 
Kepler applies, in the fecond part, to the actual conftruction of the firft 1000 
logarithms, which is pretty minutely defcribed. This part is intitled 4 very 
compendious method of conftruéting the Chiliad of Logarithms ; and it is not impro- 
perly fo called, the method being very concife and eafy. The fundamental 
principles are briefly thefe: That at the beginning of the logarithms, their incre- 
ments, or differences, are equal to thofe of the natural numbers: that the natural 
numbers may be confidered as the decreafing cofines of increafing arcs: and that 
the fecants of thofe arcs at the beginning have the fame differences as the cofines, 
and therefore the fame differences as the logarithms. Then, fince the fecants are 
the reciprocals of the cofines, by thefe principles and the third corol. to the 
twenty-feventh propofition, he eftablifhes the following method of conftituting 
the roo firft or {malleft logarithms to the 100 largeft numbers, 1000, 999, 9985 
997, &c. to 900. viz. Divide the radius 1000, increafed with feven ciphers, by 
each of thefe numbers feparately, difpofing the quotients in a table, and they will 
be the fecants of thofe arcs which have the divifors for their cofines ; continuing 
the divifion to the 8th figure, as it is in that place only that the arithmetical and 
geometrical means differ. Then by adding fucceffively the arithmetical means 
between every two fucceflive fecants, the fums will be the feries of logarithms. 
Or by adding continually every two fecants, the fucceffive fums will be the feries 
of the double logarithms. 

Befides thefe 100 logarithms, thus conftructed, he conftitutes two others by 
continual bifection, or extractions of the fquare root, after the manner defcribed 
in the fecond poftulate. And firft he finds the logarithm which meafures the 
proportion between 100,000.00 and 97,656.25, which latter term is the third 
proportional to 1024 and 1000, each withtwo ciphers; and this is effected by 
means of twenty-four continual extractions of the fquare root, determining the 
greateft term of each of twenty-four claffes of mean proportionals ; then the dif- 
ference between the greateft of thefe means and the firft or whole number rooo, 
with ciphers, being as often doubled, there arifes 2371.6526 for the logarithm 
fought, which made negative is the logarithm of 1024. Secondly, the like pro- 
cefs is repeated for the proportion between the numbers rooo and 500, from 
which arifes 69,314.7193 for the logarithm of 500; which he alfo calls the lo- 
garithm of duplication, being the meafure of the proportion of 2 to 1. 

Then from the foregoing he derives all the other logarithms in the chiliad, 
beginning with thofe of the prime numbers 1, 2, 3, 5, 7, &c, in the firft 100. 

And 
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And firft, fince 1024, §12, 256, 128, 64, 32, 16, 8, 4, 2, 1, areall in the con- 
tinued proportion of 1000 to 500, therefore the proportion of 1024 to 1 is decuple 
of the proportion of 1000 to 500, and confequently the logarithm of 1 would be 
decuple of the logarithm of 500, if o were taken as the logarithm of 1024; but 
fince the logarithm of 1024 is applied negatively, the logarithm of 1 muft be 
diminifhed by as much: diminifhing therefore 10 times the logarithm of 500, 
which is 693,147.1928, by 2371.6526, the remainder 690,775.5422 is the lo- 
garithm of i, or of 100.00 what is fet down in the table. 











1,391,551.0844 
1,611,809.5985 


And becaufe 1, 10, 100, 1000, are continued propor- |Numbers,| Logarithms. 
tionals, therefore the proportion of 1090 to 1 is triple of i 2a ay SIA) 
the proportion of 1000 to 100, and confequently + of the Fe Reta dai 
logarithm of 1 is to be put for the logarithm of 100, viz. wt | 921,034.0563 
23,025.86141, and this is alfo the logarithm of decupli- .O1 ere 


cation, or of the proportion of ro to 1, And hence oe 
multiplying this logarithm of roo fucceffively by 2,3, 4,  — 
5,6, and 7, there arife the logarithms to the numbers in the decuple proportion, 
as in the little table here annexed. 

Alfo if the logarithm of duplication, or of the proportion 
of 2 to 1, be taken from the logarithm of 1, there will re- 
main the logarithm of 2; and from the logarithm of 2 
taking the logarithm of 10, there remains the logarithm of 
the proportion of 5 to 1 ; which taken from the logarithm 
of 1, there remains the logarithm of 5. See the little table 
here annexed. 

For the logarithms of other prime numbers he has recourfe to thofe of fome of 
the firft or greateft century of numbers, before found, viz. of 999, 998, 997, &c. 
And firft, taking 960, whofe logarithm is 4082.2001 ; then by adding to this 
logarithm the logarithm of duplication, there will arife the feveral logarithms of 
all thefe numbers, which are in duplicate proportion continued from 960, name- 
ly 480, 240, 120, 60, 30,15. Hence the logarithm of 30 taken from the lo- 
garithm of 10, leaves the logarithm of the proportion of 3 to 1; which taken 
from the logarithm of 1, leaves the logarithm of 3, viz. 580,914.3106. And 
the double of this diminifhed by the logarithm of 1, gives 471,053.0790 for the 
logarithm of 9. 

Next, from the logarithm of 990,or 9 & I0 X 11, which is 1005.0331, he’ 
finds the logarithm of 11, namely, fubtract the fum of the logarithms of 9 and 
to from the fum of the logarithm of 990 and double the logarithm of 1, there 
remains 450,986.0106 the logarithm of 11. 

Again, from the logarithm of 980, or 2 X 10 X 7 X7, whichis 2020.2711, 
he finds 496,184.5228 for the logarithm of 7. 

And from 5129.3303 the logarithm of g50 or 5 X 10 X 1g, he finds 
396,331-6392 for the logarithm of 19. 

In like manner the logarithm 

to 998 or 4 X 13 X 19, gives the logarithm of 13 ; 
to 969 or 3 X 17 X 19, gives the logarithm of 17 ; 
to 986 or 2 X 17 X 29, gives the logarithm of 29 ; 
to 966 or6 X 7 X 23, gives the logarithm of 23 ; 
to 930 or 3 X 10 X 31, gives the logarithm of 31. 


Log. of 11690,775.5422 
of 2 to 1] 69,314.7193 
log. of 2|621,460.8229 

log. of 10]460,5 17.0281 


of 5 to I 160,943-7948 
§299531.7474 




















log. of 5 


And 
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And fo on for all the primes below 100, and for many of the primes in the 
other centuries up to g00. After which he directs to find the logarithms of all 
numbers compofed of thefe, by the proper addition and fubtraétion of their lo- 
garithms, namely, in finding the logarithm of the product of two numbers, from 
the fum of the logarithms of the two factors take the logarithm of 1, the remainder 
is the logarithm of the produ€t. In this way he fhews that the logarithms of all 
numbers under 500 may be derived, except thofe of the following 36 numbers, 
Hamely, 1275149, 167,173, 870,281; 225) 251525 7,20 87200, 2 aie 7y ool, 
283,293, 337» 3475 349 3532 359» 3075 3735 379> 393» 389) 397s 401; 409, 
419, 421, 431) 433, 439) 443,449. Alfo, befides the compofite numbers be- 
tween soo and goo, made up of the products of fome numbers whofe logarithms 
have been before determined, there will be 59 primes not compofed of them ; 
which with the 36 above mentioned, make 95 numbers in all not compofed of 
the products of any before them, and the logarithms of which he directs to be 
derived in this manner ; namely, by confidering the differences of the logarithms 
of the numbers interfperfed among them; then by that method by which were 
conftituted the differences of the logarithms of the {malleft 100 numbers in a con- 
tinued feries, we are to proceed here in-the difcontinued feries, that is, by prop. 
27, corol. 3, and efpecially by the appendix to it, if it be rightly ufed, from 
whence thofe differences will be very eafily fupplied. 

This clofes the fecond part, or the actual conftruCtion of the logarithms; after 
which follows the table itfelf, which has been before defcribed, p. 35. Before I 
difmifs Kepler’s work, however, it may not be improper in this place to take 
notice of an erroneous property laid down by him in the appendix to the 27th 
prop. juft now referred to; both becaufe it is an error in principle, tending to 
vitiate the practice, and becaufe it ferves to fhew that Kepler was unacquainted 
with the true nature of the orders of differences of the logarithms, notwithftand- 
ing what he fays above with refpec to the conftruction of them by means of their 
feveral orders of differences, and that confequently he has no legal claim to any 
fhare in the difcovery of the differential method, known at that time to Briggs, 
and (it would feem) to him alone, it being publithed in his logarithms in,the fame 
year 1624, as Kepler’s book, together with the true nature of the logarithmic 
orders of differences, as we fhall prefently fee in the following account of his 

_works. Now this error of Kepler’s, here alluded to, is in that expreffion where 
he fays the third differences are in the duplicate ratio of the fecond differences, 
like as the fecond differences-are in the duplicate ratio of the firft; or, in other 
words, that the third differences are as the /guares of the fecond differences, as 
well as the fecond differences as the fquares of the firft; or that the third dif- 
ferences are as the fourth powers of the firft differences. Whereas in truth the 
third differences are only as the evdes of the firft differences. Kepler feems to 
have been led into this error by a miftake in his numbers, viz. when he fays in 
that appendix, that the ¢hird difference is 328, in which 20 is contained 16 times ; 
for when the numbers are accurately computed, the third difference comes out 
only 161, in which therefore 20 is contained only 8 times, which is the cube 
of 2, the number of times the one firft difference contains the other. It would 
hence feem that Kepler had -haftily drawn the above erroneous principle from 

this 
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this one numerical example, or little more, falfe as it is: for had he made the 
trial in many inftances, although erroneoufly computed, they could not eafily 
have been fo uniformly fo, as to afford the fame falfe conclufion. And therefore 
from hence, and what he fays at the conclufion of that appendix, it may be in- 
ferred that he either never attempted the demonftration of the property in quef- 
tion, or elfe that he found himfelf embarraffed with it, and unable to accomplith 
it, and therefore difpatched it in the ambiguous manner in which it appears. 

But it may eafily be thewn, not only that the third differences of the logarithms 
at different places, are as the cubes of the firft differences; but, in general, that 
the numbers in any one and the fame order of differences, at different places, are 
as that power of the numbers in the firft differences, whofe index is the fame as 
that of the order; or that the fecond, third, fourth, &c, differences, will be as 
the fecond, third, fourth, &c. powers of the firft differences. For the feveral 
orders of differences, when the abfolute numbers differ by indefinitely {mall 
parts, are as the feveral orders of fluxions of the logarithms; but if » be any 


number, then — is the fluxion of the logarithm of x, to the modulus m, and 














the fecond fluxion, or the fluxion of this fluxion, is — “- fince » is conftant ; 
and the third, fourth, &c, fluxions, are a a, val 230", &c 3 that, is,. the firft, 
fecond, third, fourth, fifth, fixth, &c, orders of fluxions, are equal to the 
modulus m multiplied into each of thefe terms, =, ae ae we von Ha, 
ese — caesar &c, where it is evident that the fluxion of any order, 


is as that power of the firft fuxion, whofe index is the fame as the number of the 
order. And thefe-quantities would actually be the feveral terms of the dif- 
ferences themfelves, if the differences of the numbers were indefinitely fmall. 
But they vary the more from them, as the differences of the abfolute numbers 
differ from ~, or as the faid conftant numerical difference 1, approaches towards 
the value of « the number itfelf. However, upon the whole, the feveral orders 
vary proportionably, fo as full fenfibly to preferve the fame analogy, namely, that 
two nth differences are in proportion as the wth powers of their refpective firft 
differences. 


Of Briggs’s Confirudtion of his Logarithms. 


Nearly according to the methods defcribed in page 47, Mr. Briggs conftructed 
the logarithms of the prime numbers, as appears from his relation of this bufi- 
nefs in the Arithmetica Logarithmica, printed in 1624, where he details, in an 
ample manner, the whole conftruction and ufe of his logarithms. The work is 
divided into thirty-two chapters or fections. In the firft of thefe, logarithms 
in a general fenfe are defined, and fome properties of them illuftrated. In the 
fecond chapter he remarks, that it is moft convenient to make o the logarithm of 


1; and on that fuppofition he exemplifies thefe following properties, see 
that 
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that the logarithms of all numbers are either the indices of powers, or proportional 
to them; that the fum of the logarithms of two or more factors, is the logarithm 
of their product ; and that the difference of the logarithm of two numbers, is the 
logarithm of their quotient. In the third feCtion he ftates the other affumption 
which is neceflary to limit his fyftem of logarithms, namely, making 1 the lo- 
earithm of 10, as that which produces the moft convenient form of logarithms ; 
he hence alfo takes occafion to fhew that the powers of 10, namely 100, 1000, 
&c, are the only numbers which can have rational logarithms. The fourth fec- 
tion treats of the characteriftic ; by which name he diftinguifhes the integral, or 
firft part of a logarithm towards the left-hand, which exprefies one lefs than the 
rumber of integer places or figures in the number belonging to that lo- 
garithm, or how far the firft figure of this number is removed from the place of 
units; namely, that o is the characteriftic of the logarithms of all numbers from 
1 to 103; and 1 the characteriftic of all thofe from 10 to 100; and 2 that of thofe 
from 100 to 1000; and fo on. 

He begins the fifth chapter with remarking, that his logarithms may chiefly be 
conftruéted by the two methods which were mentioned by Napier, as above 
related, and for the fake of which he here premifes feveral /emmata, concerning 
the powers of numbers and their indices, and how many places or figures are in 
the products of numbers, obferving that the product of two numbers will confitt 
of as many figures as there are in both factors, unlefs perhaps the product. of the 
firft figures in each factor be exprefled by one figure only, which often happens, 
and then commonly there will be one figure in the produét lefs than in the two 
factors ; as alfo that, of any two of the terms, in a feries of geometricals, the 
refults will be equal by raifing each term to the power denoted by the index of 
the other; or any number raifed to the power denoted by the logarithm of the 
other, will be equal to this latter number raifed to the power denoted by the lo- 
garithm of the former; and confequently if the one number be 10, whofe 
logarithm is 1 with any number of ciphers, then any number raifed to the power 
whofe index is 1000 &c, or the logarithm of 1o, will be equal to 10 raifed to 
the power whofe index is the logarithm ofthat number; that is, the logarithm of 
eny number in this fcale, where 1 is the logarithm of 10, is the index of that 
power of 10 which is equal tothe givennumber. But the index of any integral 
power of 10, is one lefs than the number of places in that power, confequently 
the logarithm of any other number, which is no integral power of 10, is not 
guite one lefs than the number of places in that power of the given number 
whofe index is 1000, &c, or the logarithm of ro. 

Find therefore the 1oth, or 100th, or 1000th, &c, power of any number, as 
fuppofe 2, with the number of figures in fuch power ; then fhall that number of 
f gures always exceed the logarithm of 2, although the excefs will be conftantly 
lefs than 1. 


An 
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An example of this procefs is here given 
in the margin; where the firft Golan 
contains feveral of the powers of 2, the 2d 
their correfponding indices, and ‘the 3d 
contains the number of places in the pow- 
ers in the firft column; and of thefe num- 
bers in the third column, fuch as are on 
the lines of thofe indices that confift of 1 
with ciphers, are continual approxima- 
tions to the logarithm of 2, being always 
too great by lefs than 1 in the laft figure, 
that logarithm being. 301,029,995,663,98 
aCe Ae 

And here, fince the exa&t powers of 2 
are not required, but only the number of 








Powers 
of 2 






I 
I 
2 | 
5 | 
4 log. of 2 | 
7 log. of 4 | 
13 log of 16 
25 log. of “52 








figures they confift of, as fbewn by the third 10716 1000 302 log. 2 
tthe only a few roe the firft figures of | 11481 }2000 603 log. 





1205 log 16 


the powers in the firft column are retained, 
2409 log. 256 


thofe being fufficient to determine the 
number of places in them; and the mul- 


13182} 4000 
17377 |8000 














art eae : 7; het 19950|10,000 ZOU E1OR. 2 
tip pani A els jae e gh: oy 39803 20,000 6021 log. 4 
performe ac actec Vay » O as 15843 40,000 rahe log. | 





have the fifth, or laft, figure in them true 
to the neateft unit. Indeed thefe multi- 
plications might be performed in the fame 
manner, retaining only the firft three 
figures, and thofe to the neareft unit in the 
third place; which would make this a 





25099 |80,c00 24083 |. 25 
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60206 |. 4 
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240824 2 


99900 |100,000 
99801 |200,000 
99601 [400,000 
99204 |800,coo 


























































wery eafy way indeed of finding the lo- |99906|1!,000,000 | 301030 
garithms of a few prime numbers. 98023 }2,000,000 | 602060 

It may alfo be remarked, that thofe fe- 96085 14,000,000 | 1204120 
veral powers, whofe indices are 1 with } 92323 8,0C0,000 | 2408240 
ciphers, are raifed by thrice fquaring from | 90498 {10,000,000 | 3010300 
the former powers, and muluplying the |81899]20,co9,0c0 | 6020600 
firft by the third of thefe {quares: making |67075]40,000,000 | 12041200 
alfo the correfponding doublings and ad- | 44990|80,000,000 | 24082400 
ditions of their indices: thus, the fquare 36846| 100,000,000] 30103000. 
of 2 is 4, the {quare of 4 is 16, the fquare | 14544! 200,000,00¢] 60206c09 
of 16 is 256, and 256 multiplied by 4 Is | 18423{400,000,000) 120411999 
1024; in like manner, the double of 1 1s 33977|800,000,000] 240823997 





a, the double of 2 is 4, the double of 4 is 
8, and 8 added to.2 makes 10. And the 
fame for all the following powers and indices. The numbers in the third co- 
Jumn, which fhew how many places are in the corre{ponding powers in the firft 

column, are produced in the very fame way as thofe in the fecond column, 


namely, by three duplications and one addition; only obferving to fubtract 1 
Volt. k po” Sayles 


4.6129 |t000,000,000] 301029996 
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when the product of the firft figures is expreffed by one figure, or when the firft 
figures exceed thofe of the number or power next above them. It may farther 
be obferved that, like as the firf€ number in each quaternion, or fpace of four 
Hines or numbers, in the third column, approximates to the logarithm of 2, the 
firft number in the firft quaternion of the firft column; fo the fecond, third, and 
fourth terms of each quaternion in the third column, approximate to the lo- 
earithm of 4,16, and 256, the fecond, third, and fourth numbers in the firft 
quaternion of the firft column. And moreover, by cutting off one, two, three, 
&c, figures, as the index or integral part, from the faid logarithms of 2, 4, 16, 
and 256, the firft, fecond, third and fourth numbers in the firft quaternion of the 
firft column, the remaining figures will be the decimal part of the logarithms of 
the correfponding firft, fecond, third, and fourth numbers in the following fe- 
cond, third,.fourth, &c, quaternions: the reafon of which is, that any number 
of any quaternion in the firft column, is the tenth power of the correfponding. 
term in the next preceding quaternion. So that the third column contains the 
logarithms of all the numbers in the firft column: a property which, if Dr. 
Newton had been aware of, he could not well have committed fuch grofs mif- 
takes as are found in a table of his fimilarto that above given, in which moft of 
the numbers inthe latter quaternions are totally erroneous ; and his confufed and. 
imperfect account of this method, would induce one to believe that he did not 
well underftand it. 

In the fixth chapter our illuftrious author begins to treat of the other general 
method of finding the logarithms of prime numbers, which he thinks is an eafier 
vay than the’ former, at leaft when the logarithm is required to a great many 
places of figures. ‘This method confifts in taking a great number of continued: 
geometrical means between 1 and the given number whofe logarithm is re- 
quired ; that is, firft extracting the fquare root of the given number, then the 
root of the firft root, the root of the fecond root, the root of the third root, and 
fo on till the laft root fhall exceed 1 by a very {mall decimal, greater or lefs ac- 
cording to the intended number of places to be in the logarithm fought: thei: 
finding the logarithm of this {mall number, by methods deferibed below, he 
doubles it as often as he made extractions of the fquare root, or, which is the 
fame thing, he multiplies it by fuch power of 2 as is denoted by the faid number 
of extractions, and the refult is the required logarithm of the given number; as 
is evident from the nature of logarithms. The rule to know how far to continue: 
this extraction of roots is, that the number of decimal places in the laft root be 
double the number of true places required to be found in the logarithm, and 
that the firft half of them be ciphers; the integer being 1: The reafon of which 
is, that then the fiynificant figures in the decimal, after the ciphers, are directly 
proportional to thofe in the correfponding logarithms ; fuch figures in the natural: 
number being the half of thofe in the next preceeding number, like as the lo- 

~ garithm of the laft‘number is the half of the preceeding logarithm. Therefore, 
any one fuch fmal! number, with its logarithm, ‘being once found, by the con- 
tinual extraGtions of fquare roots out of a given number, as 10, and correfpond- 
‘yng bifections of itsgiven logarithm 1; the logarithm for any other fuch {mall 
number, derived by like continual extractions from another given number, whofe 


logarithm 
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Jogarithm is fought, will be found by one fingle proportion: which logarithm ’‘is 
then to be doubled according to the number of extractions, or multiphed at once 
by the like power of 2, for the logarithm of the number propofed. To find the 
firft {mall number and its logarithm, our author be- [| to, given no. | 3, itslog. 





gins with the number 10, and its logarithm 1, and | 1 |3+162,277 &c. | os 
extracts continually the root of the laft number, and } 2 | 1'778,279 0°25 
bifects its logarithm, as here regiftered in the annexed | 3 | 1:33352! rant 

t : 4 { 1°154,78r 0°062,5 
table, but to far more places of figures, till he arrives 5 | 1:074,607 wo ae 
at the 63d and sath roots, with their annexed lo- Ke. &e 





garithms, as here below : 


Numbers, ' 
53 1'000,000,000,000,000,255,638,298,640,064,70 
$4] 1°000,000,000,000,000,127,8195149,320,03253 5 


Logarithms. 
0°000,000,000,000,000, 11 1,02 2,302,462, §15,654,04 
O°CO0,000;090,000;000,05 §,511,151,23 1,257,827,02 





where the decimals in the natural numbers are to each other in the ratio of the 
logarithms, namely, in the ratio of 2 to 1: and therefore any other fuch fmall 
number being found, by continual extraction or otherwife, it will then be as 
0.000,000,000,000,000,127,819,14.9)320,032,35 &C, iS tO 0.000,000,000,e00, 
000,06 5,511,151,231,257,027,02 &c, fo is that other finall decimal, to the 
correfponding fignificant figures of its logarithm. But as every repetition of 
this proportion requires both a very long multiplication and a very long 
divifion, he reduces this con{tant ratio to another equivalent ratio whofe antece- 
dent is 1, by which all the divifions are faved: thus, 

AS 0.000,000,000,000,000,127,819,149,320,032, 35 &C, is to 0.000, 
000,000,000,000,055,511,151,231,257,827,0’,&c, {0 is I.000,000,000,000,000, 
O00, tO 0.434,294,481,903,251,804, &c, that is, the logarithm of 1°000,000, 
©00,000,000,1, IS 0°000,000,000,0C0,000,043,429,448,190,325,180,4; and 
therefore this laft number being multiplied by any fuch fmall decimal, found as 
above by continual extraction, the product will be the correfponding logarithm 
of fuch laft root. , 

But as the extraction of fo many roots is a very troublefome operation, our 
author devifes fome ingenious contrivances to abridge that labour. And firft, in 
the 7th chapter, by the following device, to have fewer and eafier extra¢tions to 
perform: namely, raifing the powers from any given prime number, whofe 
logarithm is fought, till a power of it be found fuch that its firft figure on the left 
hand is 1, and the next to it either one or more ciphers ; then, having divided this 
power by 1 with as many ciphers as it has figures after the firft, or fuppofing all 
after the firft to be decimals, the continual roots from this power are extracted 
till the decimal become fufficiently fmall, as when the firlt fifteen places are 
ciphers; and then by multiplying the decimal by 43429 &c, we have the lo- 
garithm of this lat root: which logarithm multiplied by the like power of the 
number 2, gives the logarithm of the firft number from which the extraction was 
begun : to this logarithm prefixing a 1, or 2, or 3, &c, according as this num- 
ber was found by dividing the power of the given prime number by 10, or 1c0, 
ar 1000, &c; and laftly, dividing the refult by the index of that power, the 
quotient will be the required Soca of the given prime number. Thus, to 

2 | find. 
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find the logarithm of 2 : it is firft raifed to the 10th power, as in the 


2 
margin, before the firft figures come to be 10; then, dividing by 4 
1000, or cutting off for decimals, all the figures after the firft or 1, 
the root is continually extracted from the quotient 1,024, ull the 32 
pe extraction, which gives 1 00¢,000,000,000,000,168,516,057, 64 


O59 04057 73. tHe decimal part of which multiplied by 43429, &c, 128 
giv €§ 0.000 ,000,000,000,000 597 35185,593,690,623,936,8 for its lo- 
sarithm ; : and this | being continual ly doubled for 47 times, will give } 1024 }1 
the logarithms of all the roots up to the firft number : or being at 
once inultiplied by the 47th power ‘of 2, VIZ. 140,737,4885 











I 

355,328, which ts raifed as in the apiece table, it gives - 
0.010,299,956,639,811,952,652,774,4 for the logarithm 3 
of the number 1,024, true to 17 or 18 decimals: to this 4 
prefix 3, fo fhall 3.010,2 &c, be the logarithm of 1024: 6 
and laftly, becanfe 2 is the tenth root of 1024, divide by ; 
10, fo fhall 0.301,029,995,663,981,195,2 be the loga- ‘ 
rithm required to the given number 2. ia 
The logarithms of 1, 2, and 10 being now known; it 1,045,576 | 20 

rs remarked that the logarithm of 5 becomes known; for OT dap Bed | 3P 


¥,099,511,627,776 | 40 


fince 10 + 2 is = 5, therefore log. 10 — log. 2 = log. | 40,937.488,365,428 | 47 


5, which 1s 0.698,970,004,335,018,805,8; and that from 
the multiplications and divifions of thefe three 2, 5,10, with the correfponding 
additions and fubtractions of their logarithms, a multitude of other numbers and 
their logarithms are produced; fo from the powers of 2 are obtained 4, 8, 16,. 
32, 64, “KC: ; from the powers of 5 thefe 25, 125, 625, 3125, &c; alfo the powers 
of ¢ by thofe of 10 give 250, 1250, 6250, &c; and the powers of 2 byt hofe of 
10 “aive 20, 200, 2000, oe 40, 400, 80, 800, &c; likewife by divifion are 
obtained eset 24 Dos 62. 146997, 104,, OC. 

He then obferves that the logarithm of 3, the next prime number, will be beft 
derived from that of 6, in this manner: 6 raifed to the gth power becomes 
10,077,696, which divided by 10,000,000, gives 1.007,769,6, and the roat 
from this continually extracted till the 46th, is 1.000,000,000,000,000,109,985, 
9345588,155,718,66 ; the decimal part of which multiplied by 43429 &c, gives 
0.000,000,000,000,000,047,766,284,478,608,030,4 for its logarithm ; and this 
46 times doubled, or multiplied by the 46th power of 2, gives 0.003,361,253, 
452,792,69 for the logarithm of 1.007,769,6; to which adding 7, the logarithm of 
the divifor 10,000,000, and dividing by 9, the index of the power of 6, there re- 
fults 0.778,151,250,383,643,63 for the logarithm of 6; from which fubtrating 
the logarithm of 2, there remains o. 4773121525457 19,66244 for the logarithm 
of 

in the eighth chapter our ingenious author defcribes an original and eafy 
method of conftructing, by means of differences, the continual mean propor- 
tionals which were before found by the extraction of roots. And this, with the 
other methods of generating logarithms by differences, in this book as well as In 
our author’s Trigenometria iudimee are, I believe, the firft inftances that are to 


be 
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be found of making fuch ufe 
of differences, and fhew him to 
have been the inventor of what 
may be called the Differential Me- 
thod. We feems to have difco- 
vered this method in the follow- 
ing manner: Having obferved 


that thefe continual means be- . 


tween 1 and any number pro- 
poted, found by the continual 
extraction of the {quare roots, ap- 
proach always nearer and nearer to 
the halves of each preceeding root, 
as is vifible when they are placed 
together under each other; and 
indeed it is found that as many of 
the fignificant figures of each de- 
cimal part, as there are ciphers 
between them and the integer 1, 
agree with the half of thofe above 
them ; I fay, having obferved this 
evident approximation, he fub- 
tracted each of thefe decimal 
parts, which he called A or the 
firft differences, from half the 
next preceeding one, and by com- 
pasing together the remainders or 
fecond differences, called B, he 
found that the fucceeding were 
always nearly equal to 4 of the 
next preceeding ones; then taking 
the difference between each fe- 
cond difference and 3 of the pre- 
ceeding one, he found that thefe 
third differences, called C, were 
nearly in the continual ratio of 8 
to 1; again taking the difference 
between each C and 2 of thenext 
preceeding, he found that thefe 
fourth differences, called D, were 
nearly in the continual ratio of 16 
to 1; and fo on, the sth (I), 
6th (F), &c, differences, being 
nearly in the continual ratio of 32 
to 1, of 64 to1, &c: thefe plain 
obfervations being made, they 
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1,00776,96 





Ixix 














I | 1,00387,72833,36962,45663,846¢5,1 
2 | 1,00193,67661,36916,61675,87022,9 
3 | 1,00095,79146,39099,01728,89072,0 
4 | 1,00048,28402,6&8 16,6293 ¢,49253,.5 A 
5 | 1,00024,18908,70824,68563,80872,7 A 
24,19201,34423,31492,74626,7 3A 
292455 598,62928,937540 B 
© | 1,00012,09381,26397,13459,43919,4 7X 
12,09454,39412,34281,99436, 3 24 
73,13015,2C822,26616,9 B} 
| 73213899505 73252343°5 7B 
834,44909,76921,5 c 
7 | 1,00006,04.672,35055,30968,01600, 5 A 
6,04.690,63 1985672957 19597 2A 
18,28 £43,25761,703 59,2 B 
18,28253,80206,61629,2 4B 
110,5444.3.91270,0 ie 
| T10,§:5613,7211 6,2 gC 
1169,80843,2 D 
8 | 1,00003,02331,60505,65775,904794 A 
3302330,17527,05484,00800,2 ZA 
435 7921,99708;04 320,38 B 
455.7035181440,42559,8 zB 
13,81732,38269,0 C 
13,81805,48908,7 ze 
7321003957 D 
73,11302,8 =D 
662,1 E 
Q | 1,00001,51164,65999,05672,95048,8 A 
1,51165,80252,82887,98 239,7 TA 
; 1514253977 22510319059 B 
Hitherto the 1,142 553,49927,01080,2 2B 
{maller differences 1,72711,97889,3 Cc 
are found by fub- 1,72716,54783,6 C 
tracting the larger from 4,56894,3 D 
the parts of the like pre- 4,56915,0 ~7D 
ceding ones. ZO E 
2057 aE 
Here the greater differences 65 oe KG | 
remain after fubtracting 28555,89 2D 
the fmaller from the parts 28555,24 D 
of the difference of 21588,99736,16 4C 
the next preceding 21588,71180,92 Ss 
number. 28563,34303575797972 zB 
28563,22715,04616,80 B 
7558213299925 28364752340 2A 
10 | 1,0000,75582,03436,30121,42907,00 A 
M6 2 3k 
1784,70 | yD 
1784,68 D 
2698,58897,62 iC 
2698,57112,94 C 
7140,80678,76154,20 #3 
7140,7 7980, 19041,26 B 
37791,02218,15060,71453,80 ZA: 
11 | 1,00000,37790,95077,37080,52412,54 A 
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~ 
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very naturally and clearly fuggefted to him the notion and method of conftructing 
al] the remaining numbers from the differences of a few of the firft, found by ex- 
tracting the roots inthe ufual way. This will evidently appear from the annexed 
fpecimen of a few of the firft numbers in the laft example for finding the loga- 
rithm of 6; where after the gth number the reft are fuppofed to be conftruéted 
rom the preceeding differences of each, as here fhewn inthe rothandirth. And 
it is evident that, in proceeding, the trouble will become always lefs and lefs, the 
differences gradually vanifhing, till at laft only the firft differences remain. And 
that generally each lefs difference is fhorter than the next greater, by as many 
places as there are ciphers at the beginning of the decimal in the number to be 
generated from the differences. 

He then concludes this chapter with an Ingenious, but not obvious, method of 
finding the differences B, C, D, E, &c. belonging to any number, as fuppofe the 
gth from that number itfelf, independent of any of the preceeding 8th, 7th, 6th, 
sth, &c; and it is this: Raife the decimal A to the 2d, 3d, 4th, sth, &c powers, 
then will the 2d (B), 3d (C), 4th (D), &c differences, be as here below, viz. 


Bees Ae, 
Gort Aiea, 

=... GAtHEASH EASE GATE © eLAt 
as osAs4- YAS +1075A7’+ 1278,A* + TIZTA® 4. 4 ros Ato. 
Fo : © 13%5AS+ 813A7+ 296 ZFA'+ 834.45A°+ 1953 245 Ate. 
oo 3 ° e OO OA 16 tO sae + 1147577 3-A° + 68372 -32, At°&c. 
la bse : ° ; 1037xerA* +47151% AS + 706845 1493 At°&c, 
ae 2 + $490ach A’ +255846532527A 1 Bc, 
ee ‘ . ° : . : e0onsarh °&c, 
&c, 


Thus in the 9th number of the foregoing example, omitting the ciphers at 
the beginning of the decimals, we have 


A =.1551 164,65999,05672,95048,8 


Ames ! ver) %,28507,54430,00851,6926 
APs = 5 = = (9545422508200, 40-54 652 
Aspe ie ce US em, ee as Oo 
AS t= (ad =) eal ee Me giings G53 2.0'% 
Ain ise =? = ee! Te ae ee ao se . 
&c. 

Confequently 


eA) 18425947 7215503 100,4803. sb 


tA% -  1,72711,32619,74273 
®t > 65269,02225 


TA3 +1A4  1,72711,97889,30498 = C. 


ZA* 450887535577 
7G gece yin0;9000 52 
Sad SNA UEANe he 1 
ZA* + TAS + 2 A® 4,56894,26234 =D 
2¢A5 = - 20,71957 
Te i | ieee 
2aiA> + 7A° = - - 20,72040 == E 
which agree with the like differences in the foregoing fpecimen. : 
2 A 
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In the ninth chapter, after obferving that from the logarithms of 1, 2, 3, 5, 
and to, before found, are to be determined, by addition and fubtraction, the 
logarithms ofall other numbers which can be produced from thefe by multiplica- 
tion and divifion; for finding the logarithms of other prime numbers, inftead of 
that in the feventh chapter, our author then fhews another ingenious method of 
obtaining numbers beginning with 1 and ciphers, and fuch as to bear a certain 
relation to fome prime number by means of which its logarithm may be found. 
The method is this: Find three products having the common difference 1, and 
fuch that two of them are produced from factors having given logarithms, and 
the third produced from the prime number, whofe logarithm is required, either: 
multiplied by itfelf, or by fome other number whofe logarithm is given; then: 
the greateft and leaft of thefe three products being multiplied together, and the: 
mean: by itfelf, there arife two- other products alfo differing by 1, of which the: 
greater divided by the lefs, gives for a quotient 1 with a {mall decimal, having, 
feveral ciphers at the beginning. Then the logarithm of this quotient being 
found as before, from thence will be deduced the required logarithm of the given 
prime number. Thus, if it be propofed to find the logarithm of the prime 
muntber 7 ; there 6 8 == 48519 x 94 = 4g,'and 5 * 10 = so’ will be the thee 
products, of which the logarithms of 48 atid 50, the 1ft and 3d, will be given: 
from thofe of their factors 6, 8, 5, 10; alfo48 X 50 == 2400, and 49 X 49° =: 
240F are the two new produdts, and 2401 + 2400 = 1,00041+ their quotient : 
then the leaft of 44 means between 1 and this quotient is 1,00000,00000,00009, 
02 367,98249,04333,0405, which multiplied by 43429 &c, produces 0.0000 >. 
©0000,0000 ,01028,40472,88387,29715 for its logarithm; which being 44 
times doubled, or multiplied by 17592186044416, produces 0,09018,09183,, 
45421,30 for the logarithm of the quotient t,00041+3 which being added to: 
the logarithm of the divifor 2400, gives the logarithm of the dividend 2401 ; 
then the half of this logarithm is the logarithm of 49 the root of 2401, and the 
half of this again. gives 0,84 509,80400,14256,82 for the logarithm:of 7 which is 
the root of 49. The author adds another example to illuftrate this method ; 
and then fets down the requifite factors, products, and quotients for finding the 
logarithms of all other prime numbers up to Ioo. | 

The.1o0th chapter is employed in teaching how to find the logarithms of frac- 
tions, namely by fubtraéting the logarithm of the denominator from that of the 
numerator, then the logarithm: of the fraction 1s the remainder; which therefore: 
is either abundant or defective, that is pofitive or negative,. as the fraction is 
greater or lefs than 1. 

In the 11th chapter we are fhewn an ingenious contrivance. for very accurately 
finding intermediate numbers to given logarithms, by the proportional parts. Oa: 
this occafion it is remarked, that while the abfolute numbers increafe uniformly, 
the logarithms increafé unequally, with a decreafing increment; for which reafon: 
it happens, that either logarithms or numbers corrected by means of the propor- 
tional parts, will not be quite accurate, the lozarithms fo found being always too: 
fmall, and the abfolute numbers fo found too great; but yet fo however as that 
they approach much nearer to.accuracy towards the end of the table, where tie 


increments or differences become much nearer to. equality, than. in-the former 
parts: 
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parts of the table. And from this property our author, ever fruitful in happy 
expedients to obviate natural difficulties, contrives a device to throw the propor- 
tional part, to be found from the numbers and logarithms, always near the end 
of the table, in whatever part they may happen naturally to fall. And it is this: 
Rejecting the characteriftic of any given logarithm, whofe number is propofed 
to be found, take the arithmetical complement of the decimal part, by fubtracting 
it from 1,000 &c, the logarithm of 10; then find in the table the logarithm 
next lefs than this arithmetical complement, together with its abfolute number ; 
to this tabular logarithm add the logarithm that was given, and the fum will be 
a logarithin neceffarily falling among thofe near the end of the table; find then 
its abfolute number, corrected by means of the proportional part, which will 
not be very inaccurate, as falling near the end of the table; this being divided 
by the abfolute number, before found for the logarithm next lefs than the arith- 
metical complement, the quotient will be the required number anfwering to the 

iven Jogarithm 5 which will be mueh-more correct than if it had been found 
he the proportional part of the difference wherext naturally happened to fall : 
and the reafon of this operation is evident from the nature of logarithms. But 
as this divifor, when taken as the number anfwering to the logarithm next lefs 
than the arithmetical complement, may happen to be a large prime number ; 
it is farther remarked, that inftead of this number and its logarithm, we may ufe 
the next lefs compofite number which has fimall factors, and 7ts logarithm ; be- 
caufe the divifion by thofe finall factors, inftead of by the number itfelf, will be 
performed by the fhort and eafy way of divifionin one line. And for the more 

cafy finding proper compofite numbers and their factors, our author here fub- 
joins an abacus or lift of all fuch numbers, with their logarithms and component 
factors, from 1000 to 10000; frem which the proper logarithms and factors are 
immediately obtained by infpection. Thus, for example, to find the root of 
10800, or the mean proportional between 1 and 10800: The logarithm of 
10800 18 4.033:4235755,486,95, the half of which is 2.016,711,877;743347s 
the logarithm of the number fought. The arithmetical complement of the 
‘decimal part of this logarithm, to wit, the decimal fraction 0.016,711,877,7435 
47, to 1, (the logarithm of 10,) is 0.983,288,122,256,53. Now the neareft 
logarithm to this in the abacus is 0.982,271,233,039557 and its annexed num- 
ber is 9600, the factors of which are 2, 6, 8, befides the ciphers. To this laft lo- 
garithi, 0.982,271, 223,039 »57 if we add ‘thedecimal partof the Jogarithm fought, 
to Wit, 0.016,711;8775743,47, the fum will be o. 998,983,110, 783,04, whofe 
abfolute number, corrected by the proportional part, is 9.976, 612, 5051 {652515 
which being divided continually by 2, 6, 8, the factors of 96, the laft quotient 
ds 103.923,048,454,71; which is pretty correct, the true number being 103. 
923,048,454,133 = ¥ 10800. 

‘We now arrive at the 12th and 13th chapters, in hes our ingenious author firft 
oi all teaches the rules of the Differential Method, in conftruéting logarithms by 
interpolation from differences. This is the fame method which has fince been 
more largely treated of by later authors, and particularly by the learned eau 
Cotes, in his Canonotecknia. How Mr. Briggs came by it, does not well appea 
as he only delivers the rules, without laying down the principles or Pvdlicatha 

of 
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of them. He divides the method into two cafes, namely, when the fecond differ 
ences are equal, or nearly equal, and when the differences run out to any length: 
whatever. The former of thefe is treated in the 12th chapter ; and he particularly 
adapts it to the interpolating g equidiftant means between two given terms, evi- 
dently for this reafon, that then t..e powers of 10 become the principal multipliers 
or divifors, and fo the operations may be performed mentally. The fubftance of 
his procefs is this: Having given two abfolute numbers with their logarithms, 
to find the logarithms of g arithmetical means between the given numbers: Be- 
tween the given logarithms take the 1ft difference, as well as : 











Otley i 
between each of them and their next or equidiftant greater and | 2 > 
lefs logarithms ; and likewife the 2d differences, or the two 3 | 26 = mS 
differences of thefe three 1ft differences ; then if thefe ad dif- auigee 
ferences be equal, multiply one of them feverally by thenum-] 5 | 5 5 Py 
bers 45, 35, &Cy in the annexed tablet, dividing each product | —~¢ Distve 

by. 1000, that is, cutting off three figures from each ; laftly, 7) 16 45 f 
to +/, of the 1ft difference of the given logarithms add feverally | 9 | 4% 33 
the firft five quotients, and fubtract the other five: fo fhall the 9 "i a S 
ten refults be the refpective 1{t differences to be continually | .¢ 46 0 = 





added, to compofe the required feries of logarithms. Now 
this amounts to the fame thing as what is at this day taught in the like cafe: we 
know that if 4 be any term of an equidiftant feries of terms, and a, 4, c, &c, the 
firft of the 1ft, 2d, 3d, &c, order of differences ; then the term z, whofe diftance 

é . v7~—TI v= 
from 4 is expreffed by x, will be thus, z= 4 4 vw au. —-d+ a 


n= 2 





c+ &c. And if now, with our author, we make the 2d differences equal, 


then c, d, e, 8c, will all vanith, or be equal to o, and z will become barely 


v—I - i . - “rT 
a AT Therefore | Series of terms. The Differences. 























if we take w fucceffively equal to |Z 

we To) To) To9 &c, we {hall have A+ 44+ zich od ba ipbm It rtied| 
the annexed feries of terms with |4+15¢+ 2559 | oO +chobHrodt7itgd 
their. differences. Where it is to | 2tr¢@+<co0b | Wo@ +h cbt triicl 
be obferved, that our author had |4+14-+25's) | vod +2deb=roO+ riit 
reduced the differencesfrom the 1ft |4+1.¢+ 25sb| oO t2tvb aed t+ reecl 
to the 2d form, as he thought it | 4115442? | Po@ 20h S1'sd 15049 
eafier to multiply by 5 than to di- | 4++e4¢+<¢'ob | vo9@—sbob = 159-1506 
vide by 2. Alfo all the laft terms Pi eta ssspedaadehw stil bf 

aise : 4 i fo4 trb08 | F048 abe 104 tis 

x. ae) are fet down pofitive, oe on ee 





becaufe in the logarithms 4 1s ne- 
gative. If the two 2d differences be only nearly equal, take an arithmetical 
mean between them, and proceed with it the fame as above with one of the equal 
od differences. He alfo fhews how to find any one fingle term, independent of 
the reft; and concludes the chapter with pointing out a method of finding the 
proportional part more accurately tuan before. 4 4 
In the 13th chapter our author remarks, that the beft way of filling up the in- 
You. I. I termediate 
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termediate chiliads of his table, namely, from 20,000 to go,000, is by quinqul- 
feCtion, or interpofing four equidiftant means between two given terms; the 
method of performing which he thus particularly defcribes. Of the given terms, 
or logarithms, and two or three others oa each fide of them, take the 1ft, 2d, 3d, 
&c, differences, ze the laft differences come out equal, which fuppofe to be the 
sth differences: divide the 1ft differences by 5, the 2d by 25, the 3d by 125, 
the 4th by 625, and the sth by 3125, and call the refpective quotients the ift, 2d, 
3d, ath, sth meaw differences; or, inftead of dividing by thefe powers of be 
multiply by their reciprocals OE) RY Sang Pe Ey ee nd AR A eee that-is multiphed 
by 2, 4, 8, 16, 32, cutting off refpectively one, two, three, four, five figures 
from the end of the produéts, for the feveral mean differences : then the 4tlr 
and sth of thefe mean differences are fufficiently accurate, but the 1ft, 2d, and 3d, 
are to be corrected inthis manner: From the mean third differences fubtract 
three times the 5th difference, and the remainders are the corre 3d differences 
from the mean 2d differences fubtract double the 4th differences, and the re- 
mainders are the correct ad differences; laftly, from the mean rft differences 
take the correct 3d differences, and + of the 5th difference, and the remainders 
will be te correct firtt differences. Such are the corrections when the differences 
extend as faras the 5th. However, in compleating thofe chiliads in this way, 
there will be only 3 orders of differences, as neither the 4th nor 5th will enter 
the calculation, but will vanith through their fmallnefs: therefore the mean 2d 
and 3d difference will need no correction, and the mean 1ft differences will be 
corrected by barely fubtracting the 3d. from them. Thefe preparatory numbers 
xeing thus found, all the 2d differences of the logarithms required, will be ge- 
nerated by adding continually, from the lefs to the greater, the conftant 3d dis- 
ference ; and the feries of 1ft differences will be found by adding the feveral 
2d differences ; and, laflly, by adding continually thefe 1ft differences to the 1ft 
given logarithm, &c, the required logarithmic terms will be generated. 

Thefe ealy rules being laid down, ‘Mr. Briggs next teaches how by them the 
remaining chiliads maybeft be compleated: namely, having here the logarithms 
for all numbers up to 20,000, find the logarithms to every 5 beyond this, or of 
£0,005, 20,010, 20,015, &c, in this manner; to the logarithms of the sth part of 
each of thofe, namely 4001, 4002, 4003, &c. add the conftant logarithm of 5, 
and the fums will be the logarithms of all the terms of the feries 20,005, 20,010, 
20,015, &c: and thefe logarithms will have the very fame differences as thofe of 
the feries 4001, 4002, 4003, &c; by means of which therefore interpofe 4 equidif- 
tant terms by the rules above; and thus the whole canon will be eafily compleated. 

He here alfo extends the rules for correC:ing the mean differences in quinqui- 
fection, as far as the zoth difference ; he alfo lays down fimilar rules for trifection, 
and {peaks of general rules for any other fection, but which are omitted as being lefs 
eafy. So that he appears to have been pofleffed of all that Cotes afterwards deli- 
vered in his Canonctechnia, five Conftrudtio Tabularum per Differentias, drawn from the 
Differential Method, as their general rules exactly agree; Briggs’s mean and corre& 
differences being by Cotes called round and quadrat differences, becaufe he ex- 
preffes them by the numbers 1, 2, 3, &c. written refpectively in a {mall circle 
and {quare. 
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Mr. Briggs alfo obferves that the fame rules equally apply to the conftruétion 
of equidiftant terms of any other kind, fuch as fines, tangents, fecants, the powers 
of numbers, &c: and farther remarks, that of the fines of three equidifferent arcs, 
ail the remote differences may be found by the rule of proportion, becaufe the 
fines and their 2d, 4th, 6th, 8th, &c, differences are continued proportionals, as 
are alfo the 1ft, 3d, sth, 7th, &c, differences among themfelves; and like as the 
2d, 4th, 6th, &c, differences are proportional to the fines of the mean arcs, fo alfo 
are the 1ft, 3d, sth, &c, differences proportional tothe cofines of the fame arcs. 
Moreover, with regard to the powers of numbers, he remarks the following 
curious properties: ift, that they will each have as many orders of differences as 
are denoted by the index of the power, the fquares having two orders of dif- 
ferences, the cubes three, the 4th powers four, &c: fecond, that the laft differ- 
ences will be all equal, and each equal to the common difference of the fides or 
roots raifed to the given power, and muluplied by 1 X 2 X 3 x 4 &c, continued 
to as many terms as there are units in the index; fo if the roots differ by 1, the 
ad difference of the fquares will be each1 x 2 or 2, the third differences of the 
cubes each 1 X 2 X 3 or 6, the 4th differences of the qth powers each 1 x 2 X 
3 X% 4 0r 24, and fo on; and if the common difference of the roots be any other 
number #, then the laft differences of the fquares, cubes, 4th powers, 5th 
powers, &c, will be refpectively 27, 6n3, 24”*, 120n°, &c. 

Befides what was fhewn in the eleventh chapter concerning the taking out the 
logarithms of large numbers by means of proportional parts, he employs the next 
or 14th chapter in teaching how, from the firft ten chiliads only, and a fmall 
table of one page here given, to find the number anfwering to any logarithm, 
and the logarithm to any number confifting of fourteen places of figures *, 

Having thus fully fhewn the conftruétion and chief properties of his loga- 
rithms, our ingenious author, in the remaining eighteen chapters, exemplifies 
their ufes in various curious and important fubje&s : fuch as the Rule-of-three, 
or rule of proportion; finding the roots of given numbers; finding any number 
of mean proportionals between two given terms; with other arithmetical rules ; 
Alfo various geometrical fubje&s ; as, 1ft, Having given the fides of any plane 
triangle, to find the area, perpendicular, angles, and ciameters of the infcribed 
and circumfcribed circles ; 2d, In a right-angled triangle, having given any two 
of thefe, to find the reft, viz. one leg and the hypotenufe, one leg and the fum or 


* Tt is no more than a large exemplification of this method of Briggs’s that has been printed fo late 
as 1771,in a 4to. tract by Mr. Rob. Flower, under the title of The Radix,a New Way of making Lo- 
garithms ; although Briggs’s work might not be known to this writer.—Since this was written i have 
been favoured with the following anecdote concerning Mr. Flower and his work, by the Rev. Dr. 
Horfley, the learned editor of the works of Sir I. Newton. ¢ This Robert Flower wasa very obfcure, 
and probably an illiterate man. He was matter of a writing {chool in the town of Bifhop Stortford in 
Hertfordthire. He communicated his Radix, ‘before he publifhed it, to my late learned friend Math. 
Raper, Efg. of Thorley Hall. I was at Thorley at the time, upon a vifit to my father, who was reCtor 
of the parith ; and I well remember that Mr. Raper told me, with great furprize, that Flower (who 
was known to us both by name as the writing-mafter of the neighbouring market town) had fallen 
upon Briggs’s way of finding all logarithms from the firft ten chiliads. And he was fo well perfuaded 
that Flower had made the difcovery for himfelf, without any light from Briggs, that with his accuf 
tomed munificence he rewarded the man’s ingenuity with a prefent of ten guineas ; informing him, I 
believe, that his work had been done before, and diffuading the publication,” 
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difference of the hvpotenufe and the other leg, the two legs, one leg and the 
area, the area and the fum or difference of the legs, the hypotenufe and fum or 
difference of the legs, the hypotenufe and area, and the perimeter and area ; 
3d, Upon a given bafe to defcribe a triangle equal and ifoperimetrical to another 
triangle given ; ath, To defcribe the circumference of a circle fo, that the three 
diftances from any point in it to the, three angles of a given plane triangle, fhall 
be to one another in a given ratio; 5th, Having given the bafe, the area, and 
the ratio of the two fides of a plane triangle, to find the fides; 6th, Given the 
bafe, difference of the fides, and area of a triangle, to find the fides; 7th, To 
find a triangle whofe area and perimeter fhall be exprefled by the fame number ; 
8th, Of four given lines, of which the fum of any three 1s greater than the 
fourth, to form a quadrilateral figure about which a circle may be defcribed ; 
oth, Of the diameter, circumference, and area of a circle, and the furface and 
folidity of the {phere generated by it, having any one given, to find any of the 
re(t ; 10th, Concerning the ellipfe, {pheroid, and gauging; 11th, To cut a line 
or a number in extreme and mean ratio; 1ath, Given the diameter of a circle, 
to find the fides and areas of the infcribed and circum{cribed regular figures of 
35 4, 5, 6, 8, ro, 12, and fixteen fides ; 13th, Concerning the regular figures of 
75 9, 15, 24, and 30 fides; 14th, Of ifoperimetrical regular figures ; 15th, Of 
equal regular figures ; and 16th, Of the {phere and the 5 regular bodies ; which 
clofes this introduétion. . Such of thefe problems as can admit of it, are deter- 
mined by elegant geometrical conftructions, and they are all illuftrated by accurate 
arithmetical calculations performed by logarithms ; for the exemplification of 
which they are purpofely given. 

At the end he remarks, that the chief and moft neceffary ufe of logarithms, is 
in the doétrine of {pherical trigonometry, which he here promifes to give in a fu- 
ture work, and which was accomplifhed in his Trigouometria Britannica, to the de- 
{cription of which we now proceed. 


Of BRIGGS’s TIrigenometria Britannica. 


At the clofe of the account of writings on the natural fines, tangents, and fecants, 
I omitted the defcription of this work of our learned author, although it is per- 
haps the oreatelt of this kind, all things confidered, that ever was executed by 
one perfon; purpofely referving my account of it to this place, not only as it is 
connected with the invention and conftruction of logarithms, but thinking it 
deferved more peculiar and diftinguifhed notice, on account of the importance 
and originality of its contents. The divifion of the quadrant, and the mode of 
conftruction, are both new ; and the numbers are far more accurate, and are 
extended to more places, than they had ever been before. The circular arcs 
had always been divided in a fexagefimal proportion ; but here the quadrant is 
divided into degrees and decimals, as this is a much eafier mode of computation 
than by 6oths ; the divifion being completed only to rooths of degrees, though 
his defign was to have extended it to roooths of degrees. And, befides his own 
private opinion, he was induced to adopt this method of decimal divifions, partly 
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at the requeft of other perfons, and partly perhaps from the authority of Vieta, 
p. 29 Calendarit Gregoriant, And it is probable that computations by this deci- 
mal divifion would have come into general ufe, had it not been for the publica- 
tion of Vlacq’s tables, which were extended to every 10 feconds, or 6th parts of 
minutes. But befides this method by a decimal divifion of the degrees, of which 
the whole circle contains 360, or the quadrant 90, inthe 14th chapter he remarks 
that fome other perfons were inclined rather to adopt a complete decimal divi- 
fion of the whole circle, firft into 100 parts, and each of thefe into 1000 parts ; 
and for their fakes he fubjoins a fmall table of the fines of every 40th part of the 
quadrant, and remarks that from thefe few the whole may be made out by con- 
tinual quinguifections ; namely, 5 times thefe 40 make 200; then 5 times thefe 
‘give 1c00 ; thirdly, 5 times thefe give 5000; and, laftly, 5 times thefe give 
25,000 for the whole quadrant, or 100,0c0 for the whole circumference. 

But to return. Our author’s large table confifts of natural fines to 15 places, 
natural tangents and {ecants each to 10 places, logarithmic fines to 14 places, and 
logarithmic tangents to 10 places, each befides the characteriftic : a moft ftu- 
pendous performance! ‘The table is preceeded by an introdudtion, divided into 
two books, the one containing an account of the truly ingenious conftruction of 
the table, by the author him(elf ; and the other its ufes in trigonometry, &c, by 
Henry Gellibrand, profeffor of aftronomy in Grefham College, who race in 
the preface that the work was compofed by the author about the year 1600 ; 
though it was only publithed by the direction of Gellibrand in 1633 35 it having - 
been “printed at Gouda under the care of Vlacq, and by the printer of his Trigo- 
nometria Artificialis, which came out the fame year. 

After briefly mentioning the comimon methods of dividing the quadrant, and 
conitructing the tables of fines, &c, from the ancients Howat to his own time, he 
haftens to the defcription of his own peculiar and truly ingenious method, hil 
is briefly this : Having firft divided the quadrant into a {mall number of parts, as 
72, he finds the fine of one of thofe parts; then from it the fines of tlre double, 
triple, quadruple, &c, up to the quadrant, or 72 parts.. He next quinquifects 
each of thefe parts, by interpofing four equidiflant means, by differences; he 

then quinquifects each of thefe; and finally each of thefe again; which com- 
pletes the divifion as far as degrees and centefms. The rules for performing all 
thefe things, he inveftigates and illuftrates ina very ample manner. In treating 
of multipl le and fubmultiple arcs, he gives general algebraical expreffions, for the 
fine or chord of any multiple whatever of a given arc, which he deduced from a 
geometrical figure, by finding the law for the feries of fucceffive multiple chords 
or fines, after the manner of Vieta, who was the firft perfon that I know of, who 
laid down general rules for the chords of multiples and fubmultiples of arcs or 

angles ; fe the fame was afterwards improved by Sir J. Newton, to fuch form, 
that radius, and double the cofine of the ‘Arlt given angle, are the firft and ier : 
terms of all the proportions for finding the fines and cofines of the multiple » 
angles. For affigning the coefficients of the terms in the multiple expreffions, . 
our author here delivers the conftruction of figurate or polygonal numbers, in- 
ferts a large table of them, and teaches their feveral ufes ; one of which is, that every 
other number taken‘in the diagonal lines, furnifhes the coefficients of the terms of - 
4 the . 
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which he amply illuftrates ; and another, that the fame diagonal numbers confti- 


tute the coefficients of the terms of any power of a binomial ; which property was 
alfo mentioned by Vieta in his 4ugulares Seétiones, theor. 6, 7: and this is the 
firft mention I have feen made of this law of the coefficients of the powers of a 
binomial, commonly called Sir I. Newton’s binomial theorem, although it is 
very evident that Sir Ifaac was not the firft inventor of it; the part of it properly 
belonging to him feems to be only the extending of it to fractional indexes, which 
was indeed an immediate effect of the general method of denoting all ‘roots like 
powers with fractional exponents, the theorem being notat all altered. 

Of thebino- However it appears that our author Briggs was the firft who taught the rule for 
mial theo- generating the coefficients of the terms, fucceffively one from another, of any 
rem. power of a binomial, independent of thofe of any other power. For having 

fhewn, in his Abacus Nayypexsos (which he fo calls on account of its frequent and 
excellent ufe, and of which a {mall {pecimen is here annexed), that the nunibers 


the general equation by which the fines and chords of multiple ares are exprefled, 
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in the diagonal directions, afcending from right to left, are the coefficients of the 
powers of a binomial, the indexes being the figures in the firft perpendicular co- 
lumn A, which are alfo the coefficients of the 2d terms of each power (thofe of 
the firft terms, being 1, are here omitted) ; and that any ene of thefe diagonal 
numbers 1s in proportion to the next higher inthe diagonal, as the vertical of the 
former is to the marginal of the latter, that is, as the uppermoft number in the 
column of the former is to the firft or right-hand number inthe line of the latter; 
having fhewn thefe things, I fay, he thereby teaches the generation of the coef- 
ficients of any power, independently of all other powers, by the very fame law or 
rule which we now ufe in the binomial theorem. Thus,’for the gth power; 9 
being the coefficient of the 2d term, and 1 always that of the firft, to find the 
3d coefficient we have 2: 8: : 9 : 36; -for the 4th-term, 3 +7 : : 36 :84; for 
the sth term, 4.:6::84:126; and fo on for the reft. That-is to fay, the 
coefficients of the terms in any power m, are inverfely-as the vertical numbers or 
- firft line 1, 2, 3,4,....m, and dire&ly as the afcending numbers m, m— 1, 
m—2,m — 3,..+. 1, in the fir column A ; and that confequently thofe coefh- 
cients 
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cients are found by the continual multiplication of thefe fractions -, gS nd 





3 
as ah a, which is the very theorem as it {tands at this day, and as applied 
by Newton to roots or fractional exponents, as it had before been ufed for inte- 
gral powers. This theorem then being thus plainly taught by Briggs about the 
year 1600, I am furprifed how a man of fuch general. reading as Dr. Wallis was, 
could poffibly be ignorant of it, as he plainly appears to be by the 85th chapter 
of his Algebra, where he fully afcribes the invention to Newton, and adds that he 
himfelf had formerly fought after fuch a rule, but without fuccefs : or how Mr. 
John Bernoulli, not halfa century fince, could himfelf firft difpute the invention 
of this theorem with Newton, and then give the difcovery of it to M. Pafcal, 
who was not born tll long after it had been taught by Briggs. See Bernoulli’s 
Works, vol. 4.p.173- But ldo not wonderthat Briggs’s remark was unknown to 
Newton, who owed almoft every thing to genius, and very little to reading : and 
J have no doubt that he made the difcovery himfelf, without any light from 
Briggs; and that he thought it was new for all powers in general, as it was indeed 
for roots and quantities with fractional and trrational exponents. 

When the above table of the fums of figurate numbers is ufed by our author 
in determining the coefficients of the terms of the equation, whofe root is the 
chord of any fubmultiple of an arc, as when the fection is expreffed by any 
uneven number, he remarks that the powers of that chord or root will be the rft, 
3d, sth, 7th, &c, in the alternate uneven columns, A, C, E, G, &c, with their 
figns +- or —, as marked to the powers, continued till the higheft power be equal 
to the index of the fection; and that the coefficients of thofe powers are the firms 
of two continuous numbers in the fame column with the powers, beginning with 
1 at the higheft power, and gradually defcending one line obliquely to the right 
at each lower power: fo for a trifection, the numbers are 1 inC, and 1 + 2 = 
3 in A; and therefore the terms are — 1 @) + 3 @: 1014 quinquifeétion, the 
numbers are 1 inE, 1 + 4 = 5inC,2+3 = 5 in A; fo that the termsare tr 
@—5@+ 5: for a feptifection, the numbers are 1 in Gyi+t6=7mE, 
4 -10=14in C,and3 + 4 = 7inA; and fotheterms are — 1 @ - 4B) 
—14@+-7@: and 6 on; ; the fum of all thefe terms being always equal to. 
the chord bie whole or multiplearc. But when the fection is denominated by 
an even number, the fquares of the chords enter the equation inftead of the firft 
powers as before, and the dimenfions of all the powers are doubled, the coefficients 
being found: as before, and therefore the powers and numbers will be thofe inthe 
pap 4th, Gir, Orc; columns: andthe uneven fections may alfo be expreffed the 
fame way : hence fora bifection the terms will be — 1 @ + 4@; fora trifec- - 
tion 1 ©) — 6@ + 9g @); for the quadrifection — ie 1 + 3 ©. —20@+ 
16 (©); for the quinquifections @ — 10@ + 35@— 50@ + 25 @; and 


foon. - 


Our. 


\xxx CON St Be Eh HON), OF 


‘Our author alfo fubjoins an- EF NT PUR GON BTR God REN Se Ete te 
other table, a {mall fpecimen of | +@ | +@ | -—@|] —@] +G 1 
which auc annexed, in which x . x I 1 : 
the firft column confifts of the “—7"7~ rene Ath Grit are ERT) 
uneven numbers, 1, 3, 5, &c; a 14 9 5 

the reft being found by addition 30 ay . 
as before, a and the alternate dia- 25 9 
gonal numbers themfelves are se 


the coefficients. 


The method is quite different from that of 
Vieta, who gives ancther table for the like pur- 
pofe, a fmall part of which is here annexed, which 
is formed by adding from the number 2 down- 
wards obliquely towards the right ; and the coef- 
ficients of the terms ttand upon the horizontal 
line. 

Thefe angular fe&tions were afterwards further 
difcutfed by Oughtred and Wallis. And the 
fame theorems of Vieta and Briggs have been 
fince given ina different form, by Mefirs. Her- | 
man, ‘and the Bernoulli in the ‘Leinfe Aéfs, and the Memcirs of the Royal Academy 
of Sciences. Thefe theorems they exprefied by the alternate terms of the power 
of a binomial, whofe exponent is that of the multiple angle or fection. And Mr. 
De Lagny, in the fame Memoirs, firft fhewed that the tangents and fecants of 
multiple angles are alfo exprefled by the terms of a binomial, in the form ofa 
fraction, of which fome of thofe terms form the numerator, and others the deno- 
minator. Thus, if r exprefs the radius, s the fine, c the cofine, ¢ the tangent, 
and / the fecant of the angle 4; then the fine, cofine, tangent, and fecant of # 
times the angle are exprefled thus, viz. 
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where it is evident that the feries in the value of the fine of the multiple angle - 
n A confifts of the even terms of the feries that is equal to c+s\", or the uth 
power of the binomial ¢ + s, and the feries in the value of the cofine of the fame 
multiple angle confifts of the uneven terms of the fame power ; alfo the. feries in 
the numerator of the tangent confifts of the even terms of the power 7-7, and 

the 
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the denominator, both of the tangent and fecant, confifts of the uneven terms of 
the fame power r-+i\. And, if the diameter, chord, and chord of the fupplement, 
be fubftituted for the radius, fine, and cofine, in the expreffions for the fine and 
cofine of the multiple arc, the refult will give ‘the chord and chord of the fupple- 
ment of # times the arc, or angle, 4. Thefe and various other expreflions for mul- 
tiple and fubmultiple arcs, wich other improvements in trigonometry, have alfo 
been given by Euler and other eminent writers on the fubject. 

The before-mentioned M. De Lagny offered a project bor fubflituting, inflead. 
of the common logarithms, a binary arithmetic, which he called the snatetel lo- 
garithms, and which he and M, Letbnitz feem to have both invented about the 
{ame time, independently of each other: but the project came to nothing. Mr. 
De Laegny alfo publifhed, in feveral Memoirs of the Royal Academy, a new 
method of determining the angles of figures, which he called Goniometry. It 
confifts in meafuring with a pair of compaffes the arc which fubtends the angle 
in queftion ; however this arc is not meafured by applying its extent to any pre+ 
conitructed fcale, but by examining what part it is of half the circumference of 
the fame circle, in this manner: from the propofed angular point as a center, 
with a fufficiently large radius, a femicircle being defcribed, a part of which is 
the arc intercepted by the fides of the propofed angle, the extent of this arc is 
taken with a fine pair of compaffes, and applied continually upon the arc of the 
femicircle, by which he finds how often it is contained in the femicircle, with 
ufually a fmall arc remaining ; in the fame manner he meafures how often this 
remaining arc is‘contained in the firft arc, and what remains again is applied 
continually to the firft remainder, and fo the 3d remainder to the 2d, the 4th to 
the 3d, and fo on til] there be no remainder, or elfe till it become infenfibly fmall. 
By this procefs he obtainsa feries of quotients, or fractional parts, one of another, 
which being properly reduced into one, give the ratio of the firft are to the femicir- 
cumference, or the ratio of the propofed angle to two right angles or 180 degrees, 
and confequently the magnitude of that angle in degrees, minutes, &c, if required, 
and that commonly to a degree of accuracy far exceeding the calculation of the fame 
by means of any tables of fines, tangents, or fecants, notwithftanding the apparent 
paradox in this expreffion at firft fight. Thus, if the 1ft arc be 4 times con- 
tained in the femicircle, the remainder once contained in the firft arc, the next 
five times in the fecond, and finally the fourth two times in the third: here the 
quotients are 4, 1s 2 ik confequently the fourth or Hh arc was } the 3d, there- 
fore the 3d was = ON ae ~ of the 2d, and the 2d was = or = of the 1ft, and the 
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firft or arc fought, was zie OF . of the femicircle ; and confequently it con- 


T 
tains 377+ degrees, or 347 8! 947°. 

Bui to return from this long digreffion, Mr. Briggs next treats of interpolation 
by differences, and chiefly of quinquifection, after the manner ufed in the 13th 
chapter of his conftruction of logarithms before defcribed. He here proves that 
curious property of the fines and their feveral orders of differences, before men- 
tioned, namely, that, of equidifferent arcs, the fines with the 2d, 4th, 6th, &c, 
differences, are continued proportionals; as alfo the cofines of the means be- 

VoL. I. m tween 
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tween thofe arcs, and the 1ft, 3d, 5th, &c, differences And to this treatife on 
interpolation by differences, he adds a marginal note, complaining that this 13th 
chapter of his Arithmetica Logarithmica had been omitted by Vlacq in his edition 
of it ; as if he were afraid of an intention to deprive him of the honour of the in- 
vention of interpolation by fucceffive differences. The note is this: Modus cor- 
rvectionis 2 me traditus eft in Avithmetice Logarithmicae capite 13, ineditione Londinenfi: 
Iftud autem caput, una cum fequenti in editione Batava, me inconfulto et infcio omiflum 
fuit: nec in omnibus editionis illius author (vir alioqui induftrius et non indotius} 
meam mentem videtur affequutus. Idedque, ne quicquam defit cuiquam qui integrum 
canonem conficere cupiat, quedam maximé neceffaria illinc huc transferenda cenjui. 

A large fpecimen of quinquifeCtion by differences is then given, and he fhews 
how it is to be applied to the conftru@tion of the whole canon of fines, both for 
rooth and r1oooth parts of degrees; namely, for centefms, divide the quadrant 
firft into 72 equal parts, and find their fines by the primary methods ; then thefe 
quinquifected give 360 parts, a fecond quinquifection gives 1800 parts, and a 
third gives gooo parts, or centefms of degrees: but for millefims, divide the qua- 
drant into 144 equal parts; then one quinquifection gives 720, a fecond gives 
3600, a third 18,000, and a fourth gives go,000 parts or millefms. ; 

He next proceeds to the natural tangents and fecants, whichare directed to be 
raifed in the fame manner, by interpolations from a few primary ones, conftruéted 
from the known proportions between fines, tangents, and fecants; excepting 
that half the tangents and fecants are to be formed by addition and fubtraction 
only, by means of fome fuch theorems as thefe, namely, 1{t, the fecant of an arc 
is equal to the fum of the tangent of the fame arc, and the tangent of half its com 
plement, which will find every other fecant; 2d, Double the tangent of an arc, 
added to the tangent of half its complement, is equal to the tangent of the fum 
of that arc and the faid half complement, by which rule half the tangents will be 
found; &c. 

In the two remaining chapters of this book are treated the conftruction of the 
logarithmic fines, tangents, and fecants. ‘This is preceeded by fome remarks on 
the origin and invention of them. Our author here obferves that logarithms 
may be of various kinds: that others had followed the plan of Baron Napier, the 
firft inventor; among whom Benjamin Urfinus is efpecially commended, who ap- 
plied Napier’s logarithms to every ten feconds of the quadrant; but that he 
himfelf, encouraged by the noble imventor, devifed other logarithms that were 
much eafier and move excellent*. He fays he put 10, with cyphers, for the 
logarithm of radius ; 9 for the logarithm fine of 5° 44’, whofe natural fine is one 
roth of the radius; 8 for that of 34%, whofe natural fine is one 100th of the 
radius, &c : thereby making 1 the logarithm of the ratio of 10 to 1, which isthe 
characteriftic of his fpecies of logarithms. 

To conftruct the logarithmic fines, he directs firft to divide the quadrant into 
72 equal parts as before, and to find the logarithms of their natural fines, as in 


* His words are “ Ego ver6, ipfius inventoris primi cohortatione adjutus, alios logarithmos, appli- 
e¢andos cenfui, qui multo faciliorem ufum habent, preftantiorémque. Logarithmus radii circularis vel 
finuis totius, a me ponitur 30 Kc.” 
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the 14th chapter of his Avithmetica Logarithmica ; after which this number will 
be increafed by quinquifection, firft to 360, then to 1800, and laftly to 9200, or 
centefms of degrees. But if millefms of degrees be required, divide the qua- 
drant firft into 144 equal parts, and then by four quinquifections thefe will be 
extended to the following parts, 720, 3600, 18,000, and 90,000, or millefms of 
degrees. He remarks however that the logarithmic fines of only half the qua- 
drant need be found in this manner; as the other half may be found by mere ad- 
dition, or fubtraction, by means of this theorem, as the fine of half an arc is to 
half the radius, fo isthe fine of the whole arc to the cofine of thefaid hal lf are. This 
theorem he slstratde with examples; and then adds a table of the logarithmic 
fines of the primary 72 parts of the quadrant, from which the reft are to be 
made out by quinquifection. 

In the next chapter our author fhews the conftru€tion of the natural tangents 
and fecants more fully than he had done before, demonftrating and i iluttrating 
feveral curious theorems for the eafy finding of them He then concludes this 
chapter, and the book, with pointing out the very eafy conftruction of the lo- 
garithmic tangents and fecants oY means of thefe three theorems. 

it, Ascofine : fine : : radius: tangent, 

aA As tangent : radius : : radius : cotangent, 

gd, Ascofine : radius : : radius’: fecant. 
So that in logarithms, the tangents are found by fubtracting the cofines from the 
fines, adding always 10 or the radius; the cotangents are tound by fubtracting 
always the tangents from 20 or double the radius ; and the fecants are found by 
fubtracting the cofines from 20 the double radius. 

The 2d book, by Gellibrand, contains the ufe of the canon in plane and 

fpherical trigonometry. 

Befides Briggs’s methods of conftructing logarithms, above defcribed, no 
others were given about that time. For as to the calculations made by Vlacq, 
his numbers being carried to comparatively but few places of figures, they were 
performed by the eafie(t of Briggs’s methods, and in the manner “which this i Inge - 
nious man had pointed out in histwo volumes. Thus, the 70 chiliads of loga- 
rithms, from 20,000 to 90,000, computed by Vlacq, and publifhed in 1628, being 
extended only to 10 places, yield no more than two orders of mean differences, 
which are alfo the correct differences, in quinquifection, and therefore will be 
made out thus ; namely, one-fifth of them by the mere addition of the conftant 
logarithm of 5; and the other four-fifths of them by two eafy additions of very 
{mall numbers, namely, of the i. hip 2d differences, according to the directions 
given in Briggs’s Arith. Log: c. 13. p.3i. And as to Vlacq’s logarithmic fines 
and tangents to every 10 feasts: they were eafily computed thus: the fines for 
half the quadrant were found by taking the logarithms to the natural fines in 
Rheticus’s canon; and then from thefe the logarithmic fines to the other half 
quadrant were found by mere addition and fubtraction ; and from thefe all the 
tangents by one fingle fubtraétion. So that ail thefe operations might eafily be 
performed by one perfon, as quickly as a printer could fet up the types; and 
thus the computation and printing might both be carried on together. And 
hence it appears that there is no reafon for admiration at the expedition with 


which thefe tables were faid to have been brought out. 
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Of certain Curves related to Logarithms. 


About this time the mathematicians of Europe began to confider fome curves 
which have properties analogous to logarithms. Edmund Gunter, it has been 
faid, firft gave the idea of a curve, whofe abfciffes are in arithmetical progreffion, 
while the Correfponding ordinates are in geometrical progreffion, or whofe abfciffes 
are the logarithms of their ordinates; but I cannot find it noticed in any part of 
his writings. The fame curve was afterwards confidered by others, and named 
the Logarithmic or Logiftic carve by Huygens in his Differtatio de Caufa Gravitatis, 
where he enumerates all the principal properties of this curve, fhewing its analogy 
to logarithms *. Many other learned men have alfo treated of its properties ; par- 
iicularly Le Seur and Jacquier in their comment on Newton’s Principia; Dr. 
John Keill in the elegant little tract on logarithms fubjoined to his edition of 
Euclid’s Elements ; and Francis Maferes, Efg. Curfitor Baron of the Exchequer, 
in his ingenious treatife on Trigonometry ; in which books the doétrine of loga- 
rithms is copioufly and learnedly treated, and their analogy to the logarithmic 
curve, &c, fully difplayed.—It 1s indeed rather extraordinary that this curve was 
not fooner announced to the public; fince it refults immediately from baron Na- 
pier’s manner of conceiving the generation of logarithms, by only fuppofing the 
lines which reprefent the natural numbers to be placed at right angles to that upon 
which the logarithms are taken. This curve greatly facilitates the conception of 
logarithms to the imagination, and affords an almoft intuitive proof of the very 
important property of their fluxions, or very fmall increments, to wit, that the 
fluxion of the number is to the fluxion of the logarithm, as the number is to the 
fubtangent; as alfo of this property, that, if three numbers be taken very nearly, 
equal, fo that their ratios to each other may differ but a little from a ratio of equa- 
lity, as for example, the three numbers. 10,000,000, 10,000,001, 10,000,002, 
their differences will be very nearly proportional to the logarithms of the ratios of 
thofe numbers to each other: all which follows from the logarithmic arcs being 
very little different from their chords, when they are taken very {mall. And the 
conftant fubtangent of this curve is what was afterwards by Cotes called the Mo- 
dulus of the fyftem of logarithms: and fince, by the former of the two properties 
above mentioned, this fubtangent is a 4th proportional to the fluxion of the num- 
ber, the fluxion of the logarithm, and the number; this property afforded occafion 
to Mr. Baron Maferes to give the following definition of the modulus, which is the 
fame in effect as Cotes’s, but more clearly exprefled, namely, that it is the limit of 
the magnitude of a 4th proportional to thefe three quantities, to wit, the difference 
of any two natural numbers that are very nearly equal to each other, either of the 
faid numbers, and the logarithm or meafure of the ratio they have to each other. 
Or we may define the modulus to be the natural number at that part of the 
{yftem of logarithms, where the fluxion of the number is equal to the fluxion of 
the logarithm, or where the numbers and logarithms have equal differences. And 


* Mr. James Gregory alfo {peaks of this curve in the higheft terms of approbation, on account of 
its utilicy im illuftrating the nature of ratios and logarithms. See his Preface, or Procemium, to his 
Geomerrie Pars Univerfalis, published at Padua in Italy in the year 1668, 

hence 
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hence it follows, that the logarithms of equal numbers or of equal ratios, in different 
fyftems, are to one another as the modu/t of thofe fyf{tems. Moreover, the ratio whofe 
meafure, or logarithm, is equal to the modulus, and which 1s therefore by Cotes 
called the ratio modularis, is by calculation found to be the ratio of 2°718,281,828, 
459, &c, to 1, or of 1 to °367,879,441,171, &c: the calculation of which num- 
ber may be feen at full length in Mr. Baron Maferes’s treatife on the Principles of 
Life-annuities, p. 274,275 *. 

The hyperbolic curve alfo afforded another fource for developing and illuf- 
trating the properties and conftruction of logarithms. For the hyperbolic areas 
lying between the curve and one afymptote, when they are bounded by ordinates 
parallel to the other afymptote, are analogous to the logarithms of their abfcifles or 
parts of the afymptote. And fo alfo are the hyperbolic fectors ; any fector bounded 
by an arc of the hyperbola and two radii, being equal to the quadrilateral fpace 
bounded by the fame arc, the two ordinates to either afymptote from the extre- 
mities of the arc, and the part of the afymptote intercepted between them. And 
although Napier’s logarithms are commonly faid to be the fame as hyberbolic 
logarithms, it is not to be underftood that hyperbolas exhibit Napier’s logarithms - 
only, but indeed all other poffible fyftems of logarithms whatever. For, like as 
the right-angled hyperbola, the fide of whofe fquare infcribed at the vertex is 1,. 
gives us Napier’s logarithms; fo any other fyftem of logarithms 1s expreffed by 
the hyperbola whofe afymptotes form a certain oblique angle, the fide of the 
rhombus infcribed at the vertex of the hyperbola in this cafe alfo being ftill 1, 
the fame as the fide of the {quare in the right-angled hyperbola. But the areas of 
the fquare and rhombus, and confequently the logarithms of any one and the fame 
number or ratio, will differ according to the fine of the angle of the afymptotes. 
And the area of the fquare or rhombus, or any infcribed parallelogram, is alfo the 
fame thing as what was by Cotes called the modulus of the iyftem of logarithms ; 
which modulus will therefore be expreffed by the numerical meafure of the fine of 
the angle formed by the afymptotes, to the radius 1 ; as that is the fame with the 
number expreffing the area of the faid fquare or rhombus, the fide being 1 : which 
is another definition of the modulus to be added to thofe we before remarked 
above, in treating of the logarithmic curve. And the evident reafon of this is, that 
in the beginning of the generation of thefe areas from the vertex of the hyperbola, 
the nafcent increment of the abfcifle drawn into the altitude 1, is to the increment 
of the area, as radius is to the fine of the angle of the ordinate and abftiffe, or of 
the afymptotes ; and at the beginning of the logarithms, the nafcent increment of 
the natural numbers is to the increment of the logarithms, as 1 is to the modulus 
of the fyftem. Hence we eafily difcover that the angle formed by the afymptotes 
of the hyperbola exhibiting Briggs’s fy{tem of logarithms, will be 25 deg. 44 min. 
25+ fec. this being the angle whofe fine is 0°434,294,481 69, &c, the modulus of 
this fy{tem. 

Or indeed any one hyperbola, as has been remarked by Mr. Baron Maferes, wilk 
exprefs all poffible fyftems of logarithms whatever, namely, if the fquare or rhom-. 


* This calculation is alfo fet forth in one of the tracts contained in this prefent volume, pages 358}. 
3592 300, and 371, 372, 37323742 375+ 
bus; 
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bus infcribed at the vertex, or, which is the fame thing, any’ parallelogram in: 
{cribed between the afymptotes and the curve at any other point, be expounded 
by the modulus of the fyftem ; or, which is the fame, by expounding the area, 
intercepted between two ordinates which are to each other in the ratio of 10 to 1, 
by the logarithm of that ratio in the propofed fyftem. 

As to the firft remarks on the analogy between logarithms and the hyperbolic 
{paces, it having been fhewn by Gregory St. Vincent, in his Quedratura Circuli 
&F Sectionum Coni, publifhed at Antwerp in 1647, that if one afymptote be divided 
into parts in geometrical progreffion, and from the points of divifion ordinates be 
drawn parallel to the other afymptote, they will divide the {pace between the 
afymptote and curve into equal portions ; from hence it was fhewn by Merfennus, 
that by taking the continual fums of thofe parts, there would be obtained areas in 
arithmetical progreffion, adapted to abfcifles in geometrical progreffion, and which 
therefore were analogous to a fyftem of logarithms. And the fame analogy was 
remarked and illuftrated foon after by Huygens, and many others, who fhew how 
to f{quare the hyperbolic fpaces by means of the logarithms. 


Of *Gregory’s Computation of Logarithms. 


On the other hand, Mr. James Gregory, in his Vera Circuli et Hyperbole Quadra- 
tura, firft printed at Patavium, or Padua, in the north of Italy, in the year 1667, 
having approximated to the afymptotic {paces of an hyperbola by means of a feries of 
infcribed and circumfcribed polygons, from thence fhews how to compute the loga- 
rithms, which are analogous to thofe areas: and thus the quadrature of the hyperbolic 
{paces became the fame thing as the computation of the logarithms. He here alfo 
lays down various methods to abridge the computation, with the affiftance of fome 
properties of numbers themfelves, by which we are enabled to compofe the logarithms 
of all prime numbers under 1000, each by one multiplication, two divifions, and 
the extraction of the fquare root. And the fame fubject is farther purfued in his 
Exercitationes Geometrice, to be defcribed hereafter. 

There are are alfo innumerable other geometrical figures having properties 
analogous to logarithms ; fuch as the equi-angular {piral (which is alfo called the 
Logarithmic Spiral), the figure of tangents, and the figure of fecants, &c ; which it 
is not to our purpofe to diftinguifh more particularly. 


Of + Mercator’s Logavithmotechuia. 
In 1668, Mr. Nicholas Mercator publithed his Legarithmotechnia, five Methodus 


* James Gregory was born at Aberdeen in Scotland in 1639, where he was educated. He was pro- 
Feffor of Mathematics in the college of St. Andrew ; and died of a fever in December 1675, being 
only 36 years of age. 

+ Nicholas Mercator, a learned mathematician, and an ingenious member of the Royal Society, 
was a native of Holftein in Germany, but {pent moft of his time in England, where he died in the year 
1690, at about 50 years of age. He was the author of many other works in Geometry, Geography, 
Afronomy, Aftrology, &c. 

8 con- 
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confiruendt Legarithmos i008, accurata, €9 facilis; in which he delivers a new and 
ingenious method for computing the Joparithms upon principles purely arithme- 
tical ; which being curious, and very accurately performed, I fhall here give a rather 
full and particular account of that little traét, as well as of the fmall ‘{fpecimen of 
the quadrature of curves by infinite feries which is fubjoined to it; and the ra- 
ther, as this work gave occafion to the public communication of fome of Sir Ifaac 
Newton’s earlieft pieces, to evince that he had not borrowed them from this pub- 
lication. So it appears that thefe two ingenious men had, independent of each 
other, in fome inftances fallen upon the fame difcoveries. 

Our author begins this work with remarking that the word Logarithm is com- 
pofed of the two Greek words Aoyes and eécijucs, which anfwer to the words ratioand 
number, being as much as to fay, the zumber of ratios; which he obferves is quite 
agreeable to the nature of them, for that a logarithm is nothing elfe but the num- 
ber of ratiuncula, or very fimall ratios, contained in the ratio which any number 
bears to unity. He then makesa very learned and critical differtation on the nature 
of ratios, their magnitude and meafure, conveying a clearer idea of the nature of 
logarithms than had been given by either Napier or Briggs, or any other writer ex- 
cept the famous Kepler, in his work before defcribed ; although thofe other wri- 
ters feem indeed to have had in their own minds the fame ideas on the fubject as 
Kepler and Mercator, but without having expreffed them fo clearly. Our author 
indeed pretty clofely follows Kepler in his modes of thinking and expreffion, and 
after him in plain and exprefs terms calls logarithms the meafures of ratios ; and, in 
order to the right underftanding that definition of them, he explains what he means 
by the magnitude of a ratio. This he does pretty fully, but not too fully, confi- 
dering the nicety and fubtlety of the fubject of ratios, and their magnitude, with 
their addition to, and fubtraction from, each other, which are points that have 
often been mifconceived by very learned mathematicians, who have thence been led 
into confiderable miftakes. Witnefs the overfight of Gregory St. Vincent, which 
Huygens animadverted upon in the Efgeraois Cyclometrie Gregorii, & Sanéio Vin- 
centio, and which arofe from not underftanding, or not adverting to, the nature of 
ratios, and their proportions one to another. And many other fimilar miftakes 
might here be adduced of other eminent writers. From all which we muft com- 
mend the propriety of our author’s attention, in fo judicioufly difcriminating 


between the magnitude of a ratio, as of 2 to 4, and the fraction -, or quotient 


arifing from the divifion of one term of the ratio by the other ; which latter me- 
thod of confidering ratios is always attended with danger of-errors and confufion on 
the fubject: though in the 5th definition of the 6th book of Euclid this quotient 
is accounted the quantity of the ratio; but this definition is probably not genuine, 
and therefore very properly omitted by profeffor Simfon in. his edition of the 
Elements. And in thefe ideas on the fubyject of logarithms, Kepler and Mercator 
have been followed by Dr. Halley, and Mr. Cotes, and moft other eminent writers 
fince that time. 

Purely from the above idea of logarithms, namely, as being the meafures of 
ratios, and as expreffing the number of ratiuncule contained in any ratio, or into 
which it may be divided, the number of the like equal ratiuncule fibers in, 

ome 
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fome one ratio, as of 10 to 1, being fuppofed given, our author fhews how the 
logarithm, or meafure, of any other ratio may be found, But this, however, he fhews 
only by-the-bye, as not being the principal method he intends to teach, as his laft 
and beft, and which we arrive not at till near the end of the book, as we fhall fee 
below. Having fhewn, then, that thefe logarithms, or numbers of {mall ratios, or 
meafures of ratios, may be all properly reprefented by numbers, and that (the lo- 
garithm, or meafure, of the ratio of 1 to 1, or of the ratio of equality, or, as it is 
often called, the logarithm of 1, being “always o), the logarithm of 10, or 
the meafure of the ratio of 10 to I, 1s moft conveniently reprefented by 2 
with any number of cyphers: he then proceeds to fhew how the meafures of all 
other ratios may be found from this laft fuppofition. And he explains the prin- 
ciples by the two following examples. 

Firft, to find the logarithm of 100°5*, or to find how many ratiuncule are con- 
tained in the ratio of 100°5 to 1, the number of ratiunculg in the decuple ratio, 
or ratio of 10 tor, being 10,000,000. 

The given ratio 100°5 to 1, he firft divides into its parts, ies te the ratios of 
100.5 to 100, of 100 to, 10, and of 10 to 1; ; the laft two of which being decuples, it 
follows that the char atteriftic of the logarithm of the whole ratio of 100°5 to 1 will be 
2, and it only remains to find how many parts of the next decuple belong to the firft 
of thefe three ratios, to wit, the ratio of 100°5 to 100. Now if each term of this ratio 
be multiplied by itfelf, the products will be in the duplicate ratio of the firft terms, 
or this laft ratio will contain a double number of parts ; and if thefe be multiplied 
by the firft terms again, the ratio of the laft products will contain three times the 
number of parts ; and fo on, the number of times of the firft parts contained in 
the ratio of any like powers of the firt terms, being always denoted by the expo- 
nent of the power. If therefore the firft terms, roo*5 and 100, be continually mul- 
tiplied till the fame powers of them have to each other a ratio whofe meafure is 
known, as fuppofe the decuple ratio 10 to 1, whofe meafure is 10,000,000 ; 
then the exponent of that power fhews what multiple this meafure 10,000,000, of 
the decuple ratio, is of the required meafure of the firft ratio I00°5 to 100; and 
confequently, dividing 10,000,000, by that exponent, the quotient is the meafure 
of the ratio 160°5 to 100 fought. The operation for finding this he fets down as 
here follows ; where the feveral multiplications are all performed i in the contracted 
way by inverting the figures of the multiplier, and retaining only the firft number 
of decimals in each product. 


* Mercator diftinguifhes his decimals from integers thus roc[5, or thus T00|s- 
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60 9916193 ) and the differences 
gies 461 Pia 9965774 749581 f nearly 
4.62 10015603 J 49829 \ equal; 
therefore the proportional part which the exact power, or 10000000, exceeds the 
next lefs 9965774, will be eafily and accurately found by the Golden Rule, 


thus : 
The juft power - - - 10000000 

and the next Iefs - - 9965774 

the difference’ - ~ = 





34226; then 
As 49829 the dif. between the next lefs and greater, 
: To 34226 the dif. between the next lefs and juft, 
:: Sois 10000: to 6868, the decimal parts ; and therefore the ratio of 1oo's 
to 100, is 461°6868 times contained in the decuple or ratio of 10 tor, Dividing 
Vou. I, n now 
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now 1,0000000, the meafure of the decuple ratio, by 461°6868, the quotient 
*002,165,97 15 the meafure of the ratio of 100°5 to 100; which being added to 2, 
the meafure of 100 to 1, the fum 2°002,165,97 1s the meafure of the ratio of 100°5 
to 1, that ts, the log. of to0*s is 2°002,165,97. 

In the fame manner he next invefligates the log. of 99°5, and finds it to be 
1°997,8 23,0 

A few obfervations are then added, calculated to generalize the confideration of 
ratios, their magnitude and affections. It is here remarked that he confiders the 
magnitude of the fatio between two quantities as the fame, whether the antecedent 
be the greater or the lefs of the two terms ; fo the magnitude of the ratio of 8 to 5, 
#® the fimeas of 5 to 8; that is, by the magnitude of the ratio of either to the 
other, is meant the number of ratiuncule between them, which will evidently be 
_ the fame whether the greater or lefs term be the antecedent. And he farther re- 
marks that of different ratios, when we divide the greater term of each ratio by the 
lefs, that ratio is of the greater mafs, or magnitude, which produces the greater quo- 
tient, e¢ vice verfd ; although thofe quotients are not proportional to the mafles, or 
Hissar of the ratios. But when he confiders the ratio of a greater term to a 
lefs, or of a lefs to a greater, that ts to fay, the ratio of greater or lefs inequality, 
as abftraéted from the magnitude of the ratio, he diftinguifhes it by the word 
affection, as much as to fay, greater or lefs affection, fom ething i in the manner of 
pofitive and negative quantities, of fuch as are affected with the fiens -- and 
—..... The remainder of this work he delivers in feveral propofitions, as 
follows. 

Prop. 1. In fubtracting from each other two quantities of the fame affection, to 
wit, both pofitive or both negative; if the remainder be of the fame affection with 
the two given, then is the quantity fubtracted the lefs of the two, or exprefied by 
the lefs number ; but if the contrary, it is He greater. 

ath a+2b Ac, 
mig a+ 20 a+ 3 a+ 33° 
meant the ratios of a toa + b,of a + b toa + 24,of a4 rd 2bto a+ 3b, &c) of 
equidifferent terms, the antecedent of each ratio being equal to the confequent 
of the next preceeding one, and proceeding from lefs terms to greater, the meafure 
of each ratio will be expreffed by a greater quantity than that of the next following ; 
and the fame through all their orders of differences, namely, the 1ft, 2d, 3d, &c, 
differences ; but the contrary when the terms of the ratios decreafe from greater to 
lefs. 


Prop. 2. In any continued ratios, as (by which is 


Prop. 
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Prop. 3. In any continued ratios of equi- | rft term 2. 


different terms, if the 1ft or leaft be a, the }2d - - a+b 

difference between the ut and2d 4,andc,d,e, |3d - - a-2b+e 

&c, the refpective firft terms of their 2d, 3d, | 4th - - a+ 364+ 3¢+d 
4th, é&c, differences; then fhall the feveral sth - - a+ 4b+6c+4d+e 
quantities themfelves be as in the annexed &c. &c. 


{cheme ; where each term is compofed of the 
firft term, together with as many of the dif- 
ferences as it is diftant from the firft term, 
and to thofe differences joining, for coefficients, 
the numbers in the floping or oblique lines 
contained in the annexed table of figurate 
numbers, in the fame manner, he obferves, as 
the fame figurate numbers compleat the pow- 
ers raifed from a binomial root, as had long 
before been taught by others. He alfo re- 
marks that this rule not only gives any one 
term, but alfo the fum of any number of fuc- 
ceffive terms fromthe beginning, making the 
2d coefficient the firft, the 3d the 2d, and fo 
on; thus, the {um of the firft 5 terms is 52+10+10¢+ §d+.e. 
In the 4th prop. it is fhewn that if the | 1ftterm a@ 
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terms decreafe, proceeding from the greaterto | 2d - - a— 3b 

the lefs, the fame theorems hold good, by only | 3d - - a—2b+c 

changing the fign of every other term, asin | 4th - - a—3b+3c—d 

the margin. sth - - a—4b+6¢—4d+e 
Prop. 6 and 7 treat of the approximate mul- &c. &c. 


tiplication and divifion of ratios, or, which is the fame thing, the finding nearly any 
powers or any roots of a given fraction, in an eafy manner. The theorem for 


. ° ° a 
raifing any power, when reduced to a fimpler form, is this: the m power of —, or 
g any-p 2 P b 


ote... sad 

Hp Lia? taser ea stmd 

ference of the two numbers, and the upper or under figns take place according 

a. . . ° : ° BG SR Se 

+ 384 proper or an improper fraction, that is, according as ais lefs or greater 
I 





nearly, where sis = @ + b,andd= aw 43, the fum and dif- 


as 


’ a. 5 
than 2. And the theorem for extracting the mth root of z is We <. or s|" 
ms d 
ms+a 

7 . ° mt 5 
by fubftituting — inftead of m in the firft theorem. So that univerfally a5 is 


ns md 
as+ md 


cafes, namely, when “ and < do not differ greatly from unity. And in the 
7th prop. the author fhews how to find nearly the error of the theorems. : 
n2 Ta 





nearly ; which latter rule is alfo the fame as the former, as will be evident 





nearly. Thefe theorems however are nearly true only in fome certain 
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In the 8th prep. it is fhewn that the meafures of ratios of equidifferent terms, are 
nearly reciprocally as the arithmetical rneans between the terms of each ratio. So 
of the ratios +4, 33, £2, the mean between the termis of the firft ratio is 17, of the 
ad 34, of the 3d 51, and the meafures of the ratios are nearly as 4!,, +55 <{r- 

From this property he proceeds, in the gth prop. to find the meafure of any 
ny 99'S 
100°5 
examples, mentioned near the beginning, our author found the logarithm or 
meafure of the ratio, of 99:5, to be 21 769, 3. and that of — to be 21659— ; 

100 10 100°5 10 
Pia Me 
100 100°5 


, which has an equal difference (1) of terms. In the two 





ratio lefs than 


therefore the fum 43429 1s the logarithm of coe O ; or the loga- 
3 


tithm of She is nearer 43430, as found by other more accurate computations.— 
: 109 . . . 
Now to find the logarithm of —, having the fame difference of terms (1) with the 


former ; it will be, by prop. 8, as 100.5 (the mean between 101 and 1@0): 100 
(the mean between 99°5 and 100°5) : : 43430 : 43213 the logarithm of a, or 


the difference between the logarithms of 100 and io1. But the log. of 100 1s 2; 
therefore the logarithm of 101 1s 2°004, 321, 3. Again, to find the logarithm of 





. IOo[L e . 
102, we muft firft find the logarithm of —~, 3 the mean between its terms being 


° ] 
101°s, therefore as 101°5 : 100 : : 43430 : 42788 the logarithm of ——, or the 


difference of the logarithms of 101 and 102. But the-logarithm of 101 was found 
above to be 2°004,321,3; therefore the logarithm of 102 1s 2:008,600,1.—So that 


dividing continually 868596 (the double of 434298 the logarithm of ae or —) 


by each number of the feries 201, 203, 205, 207, &c. then add 2 to the 1ft quo- 
tient, to the fum add the 2d quotient, and fo on, adding always the next quotient 
to the laft fum, the feveral fums will be the refpective logarithms of the numbers in 
this feries 101, 102, 103, 104, &c. 

The next, or prop. 10, fhews that, of two pair of continued ratios whofe terms 
have equal differences, the difference of the meafures of the firft two ratios, is 
to the difference of the meafures of the other two, as the fquare of the common 
term in the two latter, is to the fquare of the common term in the two former, 
a a+b a4-3b 'a+4b 


ore immer pein rat as the meafure of 


nearly. Thus in the four ratios 


b : i 1 
ees (the difference of the firft two or the quotient of the two fractions) : the 


a+b} 
= aa+8ab+150 - . 
meafure of a slg ea dl ¢ geo), nearly. 
In prop. 11, the author fhews that fimilar properties take place among two {ets of 
ratios confifting each of 3 or 4 &c continued numbers. 
Prop. 12 fhews that, of the powers of numbers in arithmetical progreffion, the 
orders of differences which become equal, are the 2d differences in the fquares, the 
d differences in the cubes, the 4th differences in the 4th powers, &c. And from 
fines it is fhewn how to conftruét all thofe powers by the continual addition of 


their differences. As had been long before more fully explained by Briggs. 
In 
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In, the next or 13th prep. our author explains his compendious method of 
raifing the tables of logarithms, fhewing how to conftruct the logarithms by ad- 
dition only, from the properties contained in the 8th, oth and 12th propofitions. 


For this purpofe he makes ufe of the quantity roe which by divifion he re- 
. ° . . ° 2 3 e ° ° 
folves into this infinite feries + + _ =f = + - &c (in infm.). Putting then 2 


= 100 the arithmetical mean between the terms of the ratio 2, b = 100000, 


and ¢ fucceflively equal to 0°§, 1°5, 2°5, &c. that fo 6 —c may be refpedtively 
equal to 99999°5, 99998'5, 99997°5, &c, (the correfponding means between the 
terms of the ratios 29999, 99998 | 99997 8c), it isevident that —~— will be the 


100000” 99999” 99998” ; bc 
quotient of the 2d term divided by the 1ft in the proportions mentioned in the 


8th and gth propofitions; and when each of thefe quotients are found, it remains 
then only to multiply them by the conftant 3d term 43429, or rather 43429°8, 
99999 99998 99997 

100000" 99999’ 99498” 
; then adding thefe continually to 4 (the logarithm of 10000 the 








of the proportion, to produce the logarithms of the ratios 
1co00 


&c, tll 
1cool 


leaft number), or fubtra€ting them from 5 (the logarithm of the higheft term 
100000), there will refult the logarithms of all the abfolute numbers from 10000 


a 2 


see ac Sei 8 a conn! 
F = ‘001s Fz = "000,000,005, =; = 
ac3 a 
— 6 
ac 


@ ac* : : * 
eer richigtig &c 18 == *001,000,005,000,025,000,125. In like manner, if ¢c = 





to 100000. Now when ¢ is 0.5, then 


1.5, then = will. be = *001,000,01 §,000,225,003,375: and if c = 2:5, then 
p— will be = *001,000,025,000,625,015,625; &c. But inftead of conftructing 


all the values of + in the ufual way of raifing the powers, he dire€ts them to 





be found by addition only, as inthe laft propofition, Having 


F 1 | 43429 
thus found all the values of Lp, the author then fhews that they | 2 86858 
may be drawn into the conftant logarithm 43429 by addition | 3 130287 
only, by the help of the annexed table of the firft nine products wae i 
of it. ee 
The author then diftinguifhes which of the logarithms it may 6 | 260574 
be proper to find in this way, and which from their component : er SCHS: 
parts. Of thefe the logarithms of all even numbers need not ; Sabot 
90861 


be thus computed, being compofed from the number 2; which 
cuts off one half of the numbers: neither are thofe numbers to. be computed 
which end in 5, becaufe 5 is one of their factors: thefe laft are 4 of the num- 
bers; and the two together 4 -+ + make 3 of the whole: and of the other 
2, the + of them, or 4%, of the whole, are compofed of 3; and hence 3 + 2, or 
++ of the numbers, are made up of fuch as are compofed of 2, 3, and 5. As to 

the 
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the other numbers which may be compofed of 7, of 11, &c; he recommends to 
find ¢beir logarithms in the general way, the fame as if they were incompofites, as 
itis not worth while to feparate them in fo eafy .a mode of calculation, So that 
of the go chiliads of numbers fram 10000 to 100000, only 24 chiliads are to 
becomputed. Neither indeed are all of thefe to be calculated from the fore- 


. . a . , 
going feries for ——., but only a few of them in:that way, and the reftiby the pro- 
So bec v7 


portion in the 8th propofition. Thus having computed the logarithms of 1 0003 
and 10013, Omitting 16023 as being divifible by 3, eftimate the logarithms of 
10033 and ‘100043, which are the 30th numbers from 10003 and 10013; and 
again omitting 10053, a multiple of 3, find the logarithms.of 10063 and 10073. 
Then by ‘prop. 8, 

As 10048, the arithmetical mean between 10033 and 10063, 

to 10018, the arithmetical mean between 10003 and 10033, 

fo 13006, the difference between the logarithms of 10003 and 10033, 

to 12967, the difference between the logarithms of 10033 and 10063 ; 


10048 12967 
That is, ft + .- as too 10018 : : 13006 |i 
10108 
10058 12953 
Again, as roo 10028 : : 12992: {& 
10118 
10068 12940 
And gdly, ts | 1009 | DONS 2. 3 22079. 204, Sec. 
&c. 


And with this our author concludes his compendium for conftructing the tables 
of logarithms. 

He afterwards fhews fome applications and relations of the doétrine of lo- 
garithms to geometrical figures: in order to which, in prop. 14, he proves alge- 
braically that, in the right-angled hyperbola ABFH, if fromthe ver- \, 
tex Band from any other point F there be drawn the rightlines BI, 
FH, perpendicular to the afymptote AH, or parallel to the other a 
afymptote ; then will AH : AI: :‘BI : FH. And, © 

Iniprop. iis, if Al = BI s=ir,and'‘Hl <2; -then-wil/PH ote A 

I 


B 
are =1—a+a—a4+ a —a &c, in infinitum, by a conti- « | 


nual algebraic divifion, the procefs of which he defcribes ftep by ftep, asa thing 
that-was new or uncommon. But that method of divifion had been taught before 
by Dr. Wallis, in his Opus Arithmeticum. 

Prop. 16 is this: Any given number being fuppofed to be divided into innu- 
merable fmall equal parts, it is required to affign the fum of any powers of the 
continual fums of thofe innumerable parts. For which purpofe he lays down 
this rule: If the next higher power of the given number above that power whofe 
fum is fought, be divided by its exponent, the quotient will be the fum of the 
powers fought. That is, if V be the given number, and a one of its innumera- 


ble 
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ee n I 
ble ¢qual parts, then will a. ao 2a) + 3a). -b 4a\ &e.....N" be = ue : 
which theorem he demonftrates by a method of indu&tion. And this, it is evi- 
dent, is the finding the fum of any powers of an infinite number of arithmeticals, 
of which the greateft term 1s a given quantity, and the leaft indefinitely fmall. 
It is alfo remarkable that the above expreffion is fimilar to the rule for finding 
the fluent to the given fluxion of a power, as afterwards taught by Sir I. Newton, 

Our author then applies this rule in prop. 17, to the quadrature of the hyper- 
bola, Thus, putting AI = 1, conceive the afymptote to be divided from I 
into innumerable equal parts, namely Ip = pq = qr = a; then by the 14th 
and 16$th, 


a a 2 co bg 4 2 7 oe fe But the area Blruis = the fum ps + qt + 
eae y 4 MAT oe yu whic: if 
ru = 1 — 3a + = ga* — 274° &c 


— 64 + 14a* — 3643 &c, that is, equal to the number of terms con- 
tained in the line Ir, minus the fum of thofe terms, plus the fum of the fquares of 
the fame, minus the fum of their cubes, plus the fum ofthe 4th powers, &c. Put- 
ting now IA = 1, as before, and Ip = ovr the number of terms, to find the 


area BIps; by’prop. 16 the fum of the terms will be ox = ‘oos, the furn of 


their fquares = *000,333,333, the fum of their cubes ‘000,025, the fum of the 
4th powers = 000,002, the fum of the 5th powers = ‘000,000,166, the fum of 
the 6th powers = *000,000,014, &c. Therefore the area BIps is = 1 — ‘005 
+ *000, 3335333 — °000,025 + *000,002 — *000,000,166 ++ *000,000,014 &c 
= 100,335,347 — °005,025,166 =-'095,310,181 &c. 

Again, putting _ Iq = ‘21 the number of terms, he finds in like manner the 
area BIgt = +21 — *022,05 + *003,087 — '000,486,202 + ‘000,081,682 — 
"000,014,294 + '000,002,572 — ‘000,000,472 +4- 000,000,088 &c = °213, 
171,345, — 022,550,984 = *190,620,361, &c. 

He then adds, hence it appears that as the ratio of AI to Ap, or 1 to 1°T, Is 
half, or fubduplicate, of the ratioof AI to Aq, or 1 to 1°21; fothe area Blps is here 
found to be half of the area BIqt. Thefe areas he computes to 44 places of 
figures, and finds them {till in the ratio of 2 to 1. 

The foregoing doctrine amounts to this, that if the rectangle BI x Ir, which 
in this cafe is expreffed by Ir only, be put = 4, AI being = 1 as before; then 
the area BIru, or the hyperbolic logarithm of 1 + 4, or of the ratio of 1 to 
1 + 4 will be equal to the infinite feries 7— 447 + {4?—14* +4145 &c; 
and which therefore may be confidered as Mercator’s quadrature of the hyper- 
bola, or his general expreffion of an hyperbolic logarithm in an infinite feries. 
And this method was farther improved by Dr, Wallisin the Philof. Tranf. for 
the year 1668. 

In prop. 18, our author compares the hyperbolic areole with the ratiuncule of 
equidifferent numbers, and obferves that 

_ the areola BIps is the meafure of the ratiuncula of AI to Ap, 

the areola fpqt is the meafure of the ratiuncula of Ap to Aq, 
the areola tqru is the meafure of the ratiuncula of Aq to Ar, &c, 
Finally, in the 19th prop, he fhews how the fums of logarithms may be taken 
4 after 





KEV C10 NIST oR) oO Chr VOON Ow 


after the manner of the fums of theareole. And from hence infersasa corollary, 
how the continual produ&t of any given numbers in arithmetical progreffion ma 
be obtained : forthe fum of the logarithms is the logarithm of the continual pro- 
duct. He then remarks that from the premifes it appears in what manner Mer- 
fennus’s problem may be refolved, if not geometrically, at leaft in figures to any 
number of places. And thus clofes this ingenious tract. 

In the Philof. Tranf. for 1668 are alfo given fome farther illuftrations of this 
work by the author himfelf. And in various places alfo in a fimilar manner are 
Jogarithms and hyperbolic areas treated of by Lord Brouncker, Dr. Wallis, 
Sir I. Newton, and many other learned perfons. 


Of Gregory’s Exercitationes Geometrica. 


In the fame year 1668 came out Mr, James Gregory’s Exercitationes Geome- 
trice, in which are contained, 

1, Appendicula ad veram circuli et hyperbola quadraturam : 

2, Nicolai Mercatoris quadratura hyperbole geometricé demonftrata : 

3, Analogia inter lineam meridianam planifpherii nautici et tangentes artifi- 
ciales, geometricé demonftrata ; feu qudd fecantium naturalium additio efficiat 
tangentes artificiales : 

4, Item quod tangentium naturalium additio efficiat fecantes artificiales : 

$, Quadratura conchoidis : 

6, Quadratura ciffoidis: & 

, Methodus facilis et accurata componendi fecantes et tangentes artificiales. 

The firft of thefe pieces, or the Appendicula, contains fome farther extenfion and 
illuftration of his Vera circuli et hyperbole quadratura, occafioned by the animad- 
verfions made on that work by the famous mathematician and philofopher Huy- 

ens. 

In the 2d is demonftrated geometrically the quadrature of the hyperbola, by 
_which he finds a feries fimilar to Mercator’s for the logarithm, or the hyperbolic 
fpace beyond the firft ordinate (BI, fig. pa. 94). In like manner he finds another 
feries for the {pace at an equal diftance within that ordinate. Thefe two feries 
having all their terms alike, but all the figns of the one being plus, and thofe of 
the other being alternately plus and minus, it is evident that by adding the two 
together, every other term will be cancelled, and the double of the reft will de- 
note the fum of both fpaces. He then apples thefe properties to the logarithms ; 
the conclufion from all which may be thus briefly exprefled : 


fince 4 — 34? + 44° — 3 4* &c. = the log. of os 
and 4 4+ 34° + 14? + 14* &c. = the log. of —, 


therefore 24 + 243 + 24° + 34’ &c. = the log. of ~té, or of the ratio 


of 1 — 4to1 + 4. Which may be accounted Mr. James Gregory’s method of 
making logarithms. 

The remainder of this little volume is chiefly employed about the nautical 

, meridian, 
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meridian, and the logarithmic tangents and fecants. It does not appear by 
whom, nor by what accident, was difcovered the analogy between a fcale of lo- 
garithmic tangents and Wright’s protraction of the nautical meridian line, which 
confifted of the fums of the fecants. It appears, however, to have been firft pub- - 
lifhed, and introduced into the practice of navigation, by Mr. Henry Bond, who 
mentions this property in an edition of Norwood’s Epitome of Navigation, 
printed about 1645 ; and he again treats of it more fully in an edition of Gunter’s 
works printed in 1653, where he teaches, from this property, to refolve all the 
cafes of Mercator’s failing by the logarithmic tangents, independent of the table 
of meridional parts. This analogy had only been found to be nearly true by trials, 
but not demonftrated to be a mathematical property. Such demonftration feems to 
have been firft difcovered by Mr. Nicholas Mercator, who, defirous of making 
the moft advantage of this and another concealed invention of his in navigation, 
invited the publick, by a paper in the Philofophical Tranfactions for June 4, 1666, 
to enter into a wager with him on his ability to prove the truth or falfehood of the 
fuppofed analogy. This mercenary propofal, however, feems not to have been 
taken up by any one, and Mercator referved his demonftration. The propofal, 
however, excited the attention of mathematicians to the fubject itfelf, and a 
demonttration was not long wanting. ‘The firft was publifhed about two years 
after by Gregory in the tract now under confideration, and from thence and other 
fimilar properties here demontftrated, he fhews in the laft article how the tables 
of logarithmic tangents and fecants may eafily be computed from the natural 
tangents and fecants. The fubftance of which is as follows : 
ILet Al be the arc of a quadrant extended in a right line, Md ii 
and let the figure AHI be compofed of the natural tangents of %-© 
every arc from the point A erected perpendicularto Al at their | RAF 
re{pective points: let AP, PO, ON, NM, &c, be the very SN 
fmall equal parts into which the quadrant is divided, namely, | Br 
LH 





Cie Ol so) a.decrce, anduer bb, OC. ND ME, d&c 
be drawn perpendicular to Al, and equal to the tangents of the i 
feveral arcs AP, AO, AN, AM, &c, refpectively. Then it is ma- Eee, si 
nifeft from what bad been demonftrated, that the figures ABP, ACO, &c, are the 
artificial fecants of the arcs AP, AO, &c, putting o for the artificial radius. It is alf 
manifeft that the rectangles BO, CN, DM, &c, will be found from the multipli- 
cation of the {mall part AP of the quadrant by each natura] tangent. But, he 
proceeds, there is a little more difficulty in meafuring the figures ABP, BCX, 
CDV, &c; for if the firft differences of the tangents be equal, AB, BC, CD, 
&c, will not differ from right lines, and then the figures ABP, BCX, CDV, &c, 
will be right-angled triangles, and therefore any one, as HQG, will be = 3}QH 
x QG: butif the fecond differences be equal, the faid figures will be portions 
of trilineal quadratrices; for example HQG will bea portion of a trilineal quad- 
ratrix, whofe axis is parallel to QH and each of the laft differences being Z, it 
will be QHG = 3QH x QG — +-Z x QG: and if the 3d differences be 
equal, the faid figures will be portions of trilineal cubices, and then fhall QHG 
be equal SQH x QG— Y galt <i X QOG* = wey GMOS ® when the 
4th differences are equal, the faid figures are portions of trilineal quadrato-quad- 
ratrices, and the 4th differences are equa] to 24 times the 4th power of QG 

Vou. I. oO divided 
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divided by the cube of the latus rectum ; alfo when the sth differences are equal, 
the faid figures are portions of trilineal furfolids, and the 5th differences are equal 
to 120 times the furfolid of QG divided by the 4th power of the latus rectum : and 
fo on in infinitum. What has been here faid of the compofition of artificial fecants 
from the natural tangents, it 1s remarked, may in like manner be underftood of 
the compofition of artificial tangents from the natural fecants, according to what 
was before demonftrated. It is alfo obferved that the artificial tangents and fe- 
cants are computed, as above, on the fuppofition that o is the logarithm of 1, and 
1,000,000,000,000,000 the radius, and 2302,585,092,994,045,624,017,870 
the logarithm of 10 ; but that they may be more eafily computed, namely, by ad- 
dition only, by putting ,. of a degree = QG = AP = 1, andthe logarithm of 
PO 75015, 7041407,00750105 for by this means }QH x QG is=1QH=QHG, 
and 3QH x QG — +-Z x QG = 1QH — 4.Z = QHG, alfo?QH x QG— 
VY 77QH x Z x QG* — aE OG =20H — 7 OH x Z aye 
= QHG ; And finally by one divifion only are found the artificial tangents and 
fecants to 1,000,000,000,000,000 the logarithm of 10, putting fill 1 for radius, 
which are the differences of the artificial tangents and fecants in the table from 
that artificial radius; and to make the operations eafier in multiplying by the 
numbet 7,915,704,467,897,810, or logarithm of 10, a table is fet down of its 
products by the firft 9 figures. But if AP or QG be = +2, of a degree, the ar- 
tificial tangents and fecants will anfwer to 13,192,840,779,829,703 as the lo- 
garithm of 10, whofe firftg multiples are alfo placed in the table. But to reprefent 
the numbers by the artificial radius rather than by the logarithm of ro, the author 
- directs to add cyphers, &c.—And fo much for Gregory’s Ewercitationes Geometrice. 

The fame analogy between the logarithmic tangents and the meridian line, as 
alfo other fimilar properties, were afterwards more elegantly demonftrated by Dr. 
Halley in the Philofophical Tranfaétions for February, 1696, and various me- 
thods given for computing the fame, by examining the nature of the fpirals into 
which ne rhumbs are transformed in the ftereographical projection of the {phere 
on the plane of the equator: the dodtrine of which was rendered ftill more eafy 
and elegant by the ingenious Mr. Cotes in his Logometria, firft printed in the 
Philofophical Tranfactions for 1714, and afterwards in the collection of his works 
publifhed in 1732, by his eoiities Dr. Robert Smith, who fucceeded him in the 
Plumian profefforfhip of philofophy 1n the Univerfity of Cambridge. 

The learned Dr. Haac Barrow alfo, in his Lefiones Geometrice, Le. X1. Ap- 
pend. firtt publifhed in 1672, delivers a fimilar property, namely, that the fum of 
all the fecants of any arc, is analogous to the logarithm of the ratio of r + s to 
7y — §, or radius plus fine to radius’ minus fine ; or (which is the fame thing) that 
the meridional parts anfwering to any degree of latitude, are as the logarithms 
of the ratios of the verfed fines of the diftances from the two poles. 

Mr. Gregory’s method for making logarithms was farther exemplified tn num- 
bers, in a fmall tra on this fubject, printed in 1688, by one Euclid Speidell, a 
fimple and illiterate perfon, and fon of John Speidell before mentioned among 
the firft writers on logarithms. 

Mr. Gregory alfo invented many other infinite feries, and among them thefe 
here following, viz. @ being an arc, ¢ its tangent, te s the fecant, to the radius 
ees then 1S 
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And if + and be the artificial, or logarithmic, tangent and fecant of the fame arc 
a, the whole quadrant being g, ande == 24¢—g ; then 











+s a8 7 6107 Cy Wi se 
fa 6r? a 24r4 so4or8 oa gOr® 
e es 6107 27769 
poly SY A oY fo Pe ie awe Ble phalseS be 
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Alfo if fbe the artificial fecant of 45°, and / + /the artificial fecant of any arc a, 
he artificial radius being o; then is 

Gime igi ro the ie. Sal cus as 

r 3K” 3r 3r 45r 

The inveftigation of all which feries may be feen at pages 298 e¢ /eg. vol. 1. of Dr. 
Horfley’s learned and elegant commentary on Sir Iaac Newton’s works, they 
having been given without demontftration, 1 in the Commercium Epifrolicum, No. xx. 
where the number 2 is alfo wanting in the denominator of the firft term of the 
feries exprefling the value ofc. 

Such then were the ways in which Mercator and Gregory applied thefe thelr 
very fimple feries A — 2A* + 4A% — {A* &c, and A + 4A* 4+ A$ + 1At 
&c, for the purpofe of computing logarithms. But they might, as I ‘apprehend, 
have applied them to this purpofe in a fhorter and more direct manner, by com- 
puting, by their means, only a few logarithms of {mall ratios, in which the terms 
of the feries would have decreafed by the powers of 10 or fome greater number, 
the numerators of all the terms being unity, and their denominators the powers 
of 10 or fome greater number, and then employing thefe few logarithms, fo 
computed, to the finding of the logarithms of other and greater ratios by the 
eafy operations of mere addition and fubtraction. This might have been done 
for the logarithms of the ratios of the firft ten numbers, 2, 3, 4, 5, 6, 7,8, 9, 10, 
and-11, to 1, in the following manner, communicated by Mr. Baron Baie _ 
In the firft place the logarithm of the ratio of 10 to 9, or of i to +%, or of 1 to 








I is equal to the feries 1 pa pin lh ae gk I 
— +s a 
i : sis 2 X £00 3 X 1000 4 X 10000 + 5x 100000 


&c. In like manner are eafily found the logarithms of the ratios of 11 to 10; 
and then, by the fame feries, thofe of 121 to 120, and of 81 to 80, and of 2401 
to 2400 ; in all which cafes the feries would converge {till fafter than in the two 
firft cafes. We may then proceed by mere addition and fubtraction of loga- 
rithms, as follows. 
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Having thus got the logarithm of the ratio of 2 to 1, or, in common language, 
the logarithm of 2, the logarithms of all forts of even numbers may be derived 
from thofe of the odd numbers which are their coefficients with 2 or its powers. 
I would then proceed as follows. 


a I 


(LAR. iene Bt L. roo=2L. 10, L. 2401 =~ Ieee st 4-152 400, 
Lo ee 1 yi) esa lies LE Opes goty 
into— Le 2 +L. air Yes TE Sy SL. ae ae en, 

top om BRIG) L.2400= L.100+4+L.24)L. 6=L.2+L. 3. 


Thus we have got the logarithms of 2, 3, 4, 5, 6, 7,8,9,10,and 11. And 
this is, upon the whole, perhaps the beft method of computing logarithms that 
can be taken*. There kave been indeed fome methods difcovered by Dr. Halley, 
and other mathematicians, for computing the logarithms of the ratios of prime 
numbers to the next adjacent even numbers, that are ftill fhorter than the appli« 
cation of the foregoing feries. But thofe methods are lefs fimple and eafy to 
underftand and apply than thefe feries; and the computation of logarithms by 
thefe feries, when the terms of them decreafe by the powers of 10, or of fome 
greater number, is fo very fhort and eafy (as we have feen in the foregoing com- 
putations of the logarithms of the ratios of 10 to g, 11 to 10, 81 to 80, 121 to 
120, &c,) that it isnot worth while to feek for any fhorter methods of computing 
them. And this method of computing logarithms is very nearly the fame with 
that of Sir Ifaac Newton in his fecond letter to Mr. Oldenburg, dated October 
1676, as will be feen in the following article. 


Of Sir aac Newton’s Methods. 


The excellent Sir I. Newton greatly improved the quadrature of the hyperbo- 
lical afymptotic {paces by infinite feries derived from the general quadrature of 
curves by his method of fluxions; orrather indeed he invented that method him- 
felf, and the conftruction of logarithms derived from it, in the year 1665 or 1666, 
before the publication of either Mercator’s or Gregory’s books, as appears by his 
Jetter to Mr. Oldenburg, dated O&. 24, 1676, printed in p. 634 et /eq. vol. 3. of 
Wallis’s works, and elfewhere. The quadrature of the hyperbola, 
thence tranflated, is to this effect. Let dfD be an equilateral hyper- 
bola, whofe center is C, vertex F, and interpofed fquare CAFE = 1. 
InCAtake AB and Ab, on each fide of the pointA,= or ot1: And, « 
erecting the perpendiculars BD, bd; half the fum of the fpaces AD 


and Ad willbe =o. + eee + ear + Sprit &c. and the © 






AB 





® This method of making logarithms is very copioufly explained, and illuftrated by examples, in 

one of the traéts contained in this volume, intitled, ‘* Remarks on the two infinite Sericfes A — 
4 5 6 Az A3 At A’ A° . 

A? Wid ae 4 ESE, ad A Briet zityt rs + &c, which were found by 


age Oh, ee 
Mr. Nicholas Mercator and Dr. Fohn Wallis, Sc,” in pages 235, 236, &C—344. nat 
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O.O1 0.0001 0.000,001 @.000,000,6r Aa 
——— + Saat &e. Which 


half- difference will be = roa ; += 
reduced will ftand thus, , 


¥.000,000,000,000,0[9'005,000,000,000,0/ The fum of thefe, to wit, 0.105,360,515,657,7,is Ad ; 


933593353333 25,020,000,¢|1nd the difference, to wit, 0.095,310,179,804,3, is AD, 
2,000,000,0 166,666,6|[n like manner putting AB and Ab 
14,285,7| 1,250,cojeach = 0.2, there is obtained 
EFY,1 FOO AG a 12295149, 650, 91452; an 
9 Le 2 O11925321,5 50,7035 O. 


0°100, 33.593472731s010°005,025,167,926,7 


Having thus the hyperbolic logarithms of the four decimal numbers 0.8, 0.9,. 
1.1, and 1.2; and fince ~~ x — = 2, and o.8 and o.9. are lefs than unity ; add 
their logarithms to double the logarithm of 1.2, and you will have 0.693,1475 
180,559,7 for the hyperbolic logarithm of 2. To the triple of this add the lo- 


2X2X2 
fe) 





garithm of 0.8, beeaufe = 10, and you will have 2.302, 58:5,092,993,3 the 


logarithm of 10. Hence by one addition are found the logarithms of 9 andit1 :. 
And thus the logarithms of all the prime numbers 2, 3, 5, 11 are prepared. 
Moreover, by only depreffing the numbers, above computed, lower in the deci- 
mal places, and adding, are obtained the logarithms of the decimals 0.98, 0.993. 
1.01, 1.02; as alfo of thefe, 0.998, 0.999, 1.001, 1.002. And hence by addi- 
tion and fubtraction will arife the logarithms of the primes 7, 13, 17, 37, &c. 
All which logarithms being divided by the above logarithm of 10, give the com- 
mon logarithms to be inferted in the table. 

And again a few pages farther on in the fame letter he refumes the conftru@tion 
of the logarithms, thus: Having found, as above, the hyperbolic logarithms of 
10, 0.98, 0.99, 1.01, 1.02, which may be effected in an hour or two, divide the 
Jaft four logarithms by the logarithm of 10, and adding the index 2, you will 
have the tabular logarithms of 98, 99, 100, 101, 102. ‘Then by interpolating 
nine means between each of thefe, will be obtained the logarithms of all numbers: 
between 980 and 1020; and, again interpolating g means between every two 
numbers from 980 to 1000, the table will be fo far conftructed. Then from thefe 
will be collected the logarithms of all the primes:under 100, together with thofe 
of their multiples: all which will require only addition and fubtraction ; for 
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This quadrature of the hyperbola, and its application to the conftruction of: 
logarithms, are {till farther explained by our celebrated author in his treatife on. 


Fluxions, publithed by Mr. Colfon, in 1736, where he gives all the three noe 
or 
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for the areas AD, Ad, Bd, in general terms, the two former of which are the. 
fame as thofe publithed by Mercator and Wallis, and the laft is the fame as 
that publifhed by Gregory; and he explains the manner of deriving the laft 
feries from the two former, namely, by uniting together the two feries for the 
{paces on each fide of an ordinate, bounded by other ordinates at equal diftances, 
‘by which means every 2d term of each feries is cancelled, and the refult is a 
feries converging much quicker than either of the former. And, in this treatife on 
fluxions, as well as in the letter before quoted, he recommends this as the molt 
commodicus method of conftructing a canon of dogarithms, computing by the 
feries the hyperbolic {paces anfwering to the prime numbers 2, 3, 5) 7, 11, é&c, and 
dividing them by 2.302,585,092,994,045,7, which is the area cor refponding to 
the number 10, or elfe multiplying them by its reciprocal 0.434,294, 481,903, 
251,38, for the common, or Briggs’s, logarithms. “¢ Then the logarithms of all the 
numbers in the canon which are made by the multiplication of thefe, are to be 
found by the addition of their logarithms, as is ufual. And the void places are’ 
to be interpolated afterwards by the help of this theorem: Letz be a number 
to whicha logarithm is to be adapted, » the difference between that and the two, 
neareft numbers equally diftant on each fide, whofe logarithms are already 
found, and let d be half the difference of the logarithms ; ‘then Ay required lo- 


garithm of the number z will be obtained by adding d woes ei — &c, to the 
logarithm of the lefs number.” This theorem he demionfirates by the hyperbo- 
lic areas, and then proceeds thus ;_ ** The two firft terms d + = of this feries I 


think to be accurate enough for the conftruction of a canon of logarithms, even 
though they were to be produced to 14 or 15 figures; provided the number 
whofe logarithm is to be found be not lefs than ro00. And this can give little 
trouble in the calculation, becaufe « is generally an unit, or the number 2. Yet 
it is not neceflary to interpolate all the places by the help of this rule. For the 
logarithms of numbers which are produced by the multiplication or divifion of 
the number laft found, may be obtained by the numbers whofe logarithms were 
had before, by the addition or fubtraction of their logarithms. Moreover by the 
differences of the logarithms, and by their 2d and 3d differences, if there be oc~ 
cafion, the void places may be more expeditioufly fupplied ; the foregoing rule 
being to be applied only w.:en the continuation of fome full places is wanted, in 
order to obtain thofe differences, &c.” So that Sir Ifaac Newton of himfelf difco- 
vered all the feries for the above quadrature which were found out, and after- 
wards publifhed, partly by Mercator and Dr. Wallis, and partly by Gregory ; and 
thefe we may here exhibit in one view all together, and that in a general manner 


for any hyperbola; namely, putting CA = a, AF = 4, and AB= Ab = 2; 





: b: b 
then will BD =a and bd = ~—; whence the area 
. bx bx3 bxt bx 
AD will be = dx — — + a igen 
F bx 4 5 
and the area Ad will be = bx + 4+ — eo oe Ss 
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In the fame letter alfo, above quoted, to Mr. Oldenburg, our illuftrious author 
teaches a method of conftructing the trigonometrical canon of fines by an eafier 
method of multiple angles than that before delivered by Briggs for the fame pur- 
pofe, becaufe that in Sir Ifaac’s way the radius, or 1, 1s the firft term, and double 
the fine or cofine of the firft given angle is the fecond term of all the proportions: 
by which the feveral fucceflive multiple fines or cofines are found, The fub- 
{tance of this method is thus. The beft foundation for the conftruétion of the: 
table of fines, is the continual addition of a given angle to itfelf or to. another 
givenangle, As if the angle A be to 








be added ; infcribe HI, IK, KL, LM, MN, NO, OP, &c,-each equal tothe radius 
AB ; and to the oppofite fides draw the perpendiculars BE, HQ, IR, KS, LT, 
MV, NX, OY, &c; fo fhall the angle A be the common difference of the an- 
gles HIQ, IKH, KLI, LMK, &c; their fines HQ, IR, KS, &c ; and their 
cofines IQ, KR, LS, &c. Now let any one of them LMK, be given, and the 
reft will be thus found: Draw Ta and Kb perpendicular to SV and MV ; then 
becaufe of the equiangular triangles ABE, TLa, KMb, ALT, AMV, &c, it 
willbe AB’? AB 2SVRT 25a tes SLV + FLS) 2: LT : Tae 2MV + 
IG), and AS: Bi: Ts la (= 20S — GLY) : : KT (= RM): 
iMb (= iMV — KS). Hence are given the fines and cofines KS, MV, LS; 
LY. And the method of continuing the progreffions is evident. Namely, 
Ant MAGES: 1 >; MT. + MX : : MK : NV + ‘NY, &c.. 
: or MV : NX +LT :: NX : OY + MV, &c. 
rs Borer LV : NX — LT :: MX : OY — MV, &c: 
a : 7") MV: MT —MX:: NX : NV — NY, &c. 
And onthe other hand, AB: : 2AE: : LS : KT + KR &c. Therefore 
put AB = 1, and make BE x LT =La, AE x KT = Sa, Sa~La=LyV, 
2AE x LV — TM = MX, &c. 


The fenfe of thefe general theorems is this, that if P be any one among.a feries 
of angles in arithmetical progreffion, the angle d being their common difference, 
then as radius or ; 
: cof. P : cof. P + d+ cof. P—d 
Bf aenol dial SG Ge AMR ge Gayo p ey 
ge ee cof, P : fin. P+ d— fin. P—d 
Tis, NNO? 9° fin. P : cof. P + d— cof. P — d 


where the fourth terms of thefe proportions are the fums or differences of the fines 
or cofines of the two angles next lefs and greater than any angle P in the feries ; 
and therefore, fubtracting the lefs extreme from the fum, or adding it to the dif- 
ference, the refult will be the greater extreme, or next fine or cofine beyond that 

of 
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of the term P. Andin the fame manner are all the reft to be found. This 
method it 1s evident, is equally applicable whether the common difference d@, or, 
angle A, be equal to one.term of the feries or not ; when it is one of the terms, 
then the whole feries of fines and cofines becomes thus; Asi: 2cof.d:: 


» find: — fin2dz:fin.2d: fin.d+ fin. 3d :: fin. gd: fin. 2d + fin.4d:: fin.4d: fin. 3d + fin. 5d &e, 
cof.d: 1 + col.zd::cof.ad: cold + cof.3d:: eof. 3d: cofijzd + cof.4d: ;col.4d: col.3d + cof.sd &e, 


which is the very method contained in the directions given by Mr. Abraham Sharp 
for conftructing the canon of fines. 

Sir Ifaac Newton remarks that it only remains to find the fine and cofine of a firft- 
angle A by fome other method, and for this purpofe he directs us to make ufe of 
fome of his own infinite feries: thus by them will be found 1.57079, &c, for the 
guadrantal arc, the fquare of which is 2.4694 &c; divide this {quare by the fquare 
of the number expreffing the ratio of go degrees to the angle A calling the quotient 
z; then three or four terms of this feries 1 — — + ee es &c, will 
S 24 720 40320 
give the cofine of thatangle A. Thus we may firft find an angle of 5 degrees, 
and thence the table computed to the feries of every 5 degrees ; then thefe inter- 
polated to degrees or half degrees by the fame method ; and thefe interpolated 
again ; and fo on as far as neceflary. But two-thirds of the table being com- 
puted in this manner, the remaining third will be found by addition or fubftrac- 
tion only, as is well known. 

Various other improvements in logarithms and trigonometry are owing to the 
fame excellent perfonage ; fuch as the feries for expreffing the relation between 
circular arcs and their fines, cofines, verfed fines, tangents, &c; namely, the arc 
being a, the fine s, the verfed-fine v, cofine ¢, tangent ¢, radius 1, then is 
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Of Dr. Halley’s Method. 


Many other.improvements in the conftruction of logarithms are alfo derived from 
the fame doctrine of fluxions, as we fhall fhew hereafter. In the mean time 
proceed we to the ingenious method of the learned Dr. Edmund Halley, Secre- 
tary to the Royal Society, and the fecond Aftronomer Royal, having fucceeded 
Mr. Flamfteed in that honourable office in the year 1719 at the Royal Obferva- 
tory at Greenwich, where he died the 14th of January 1742, in the 86th year of 
his age. His method was firft printed in the Philofophical Tranfa&tions, for the 
year 1695, and it is entitled, **A moft compendieus and facile method for con- 
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frructing the logarithms, exemplified and demonftrated from the nature of num- 
ee 2 without any regard to the hy perbola, with a {peedy method for finding the 
number from the given logarithm.” 

Inftead of the more ordinary definition of logarithms, numercrum rp hieipe 
aquidifierentes comites, in this traét our learned author adopts this other, sumeri ra- 
tionum exponentes, as being better adapted to the pr inciple on which logarithms are 
here conftructed, where thofe quantities are not confidered as the logarithms of the 
numbers, for example, of 2, or of 3, or of 10, but as the logaritlims of the ratios 
of 1 to 2, or of 1 to 3, orof 1 to ro. In this confideration he firft purfues the idea of 
Kepler and Mercator, remarking that any fuch ratio is proportional to, and is 
meafured by, the number of equal ratiuncule contained in each ; which ratiuncule 
are to be underftood as in a continued {cale of proportionals, infinite in number, 

etween the two terms of the ratio ; which infinite number of mean proportionals 

is to that infinite number of the like and equal ratiuncule between any other two 
terms, as the logarithm of the one ratio is to the logarithm of the other: thus, if 
there He fuppofed between 1 and ro an infinite fcale of mean proportionals, 
whofe number is 190000 &c ia infinitum; then between 1 and 2 there will be 

30102 &c of fuch proportionals; and between 1 and 3 there will be 47712 &c 
of them; which numbers therefore are the logarithms of the ratios of 1 to 10, r 
to 2, and 1 to 3. But for the fake of bis mode of conftruGting logarithms, he 
changes this idea of equal ratiuncule for that of other ratiuncule, fo conftituted as 
that the /ame infinite number of them fhall be contained in.the ratio of 1 to every 
other number whatever ; and that therefore thefe latter ratiuncule will be of 
unequal or different magnitudes in al! the different ratios, and in fuch fort that, in 
any one ratio, the magnitude of each of the ratiuncule in this latter cafe, will be 
as the wumber of them in the former. And therefore, if between 1 and any num- 
ber propoted, there be taken any infinity of mean proportionals, the infinitely 
{mall ratio of the firft term 1 to the faid firft term, together with the infinitely 
{mall augment or decrement of the firft of thofe means from the firft term 1, will 
be a ratiunenla of the ratio of 1 to the faid number ; ; and as the ‘number 
of all the ratiuncule in thefe continued proportionals is the fame, their fum, 
or the whole ratio, will be directly propertional to the magnitude te one of the 
faid ratiuncule in each ratio. But it is alfo evident that the firft of any number 
of means between 1 and any number, 1s always equal to fuch root of that number 
whofe index is expreffed by the number of thofe proportionals from 1 ; fo if 
denote the number of proportionals from 1, then the firft term after 1 will be the 
mth root of that number. Hence the eh a root of any number being ex- 
tracted, the differentiola of the faid root from unity, fhall be as the logarithm of 
that number. So if there be required the logarithm of the ratio of 1 to. 1+ 9¢; 

I 
the firft term afterr will ber + q\ and therefore the required et will 
I I 


be as 1 + g\#—1. But by the binomial theorem, 1 + 4)” is = 1 +g + 
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: iy .——— ¢ &c ; or, by omitting the 1 in the compound 
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numerators, as infinitely {mall in refpect of the infinite number #, the fame feries 
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will become i + — g + 
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PONS 0 8 a ep ad ret &c ; and hence, finding the 


differentiola by fubtracting 1, the logarithm of the ratio of 1 to1 + g will be 
I . . 
BS = IMO oe Gia ge eg? 9° &c. Now the index m may be 
taken equal to any infinite number, and thus all the varieties of fcales of loga- 
rithms may be produced : fo, if m be taken 1000000 &c, the theorem will give 
Napier’s logaiichms; but if m be taken equal to 2302585 &c, there will arife 
Briggs’s logarithms. 
This theorem being for the increafing ratio of 1 to 1 + qg; if that for the de- 
creafing ratio of 1to 1 — g be alfo fought, it will be obtained by a proper change 
of the figns, by which the decrement of the firft of the infinite number of pro- 


. : i oa : 
portionals will be found to be — intog + 39° +49 + 4 9' &c, which therefore 
is as the logarithm of the ratioof 1to1 — 4. 


rj 2 b =a 2 
Hence the terms of any ratio being @ and 4, q becomes one the difference 
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divided by the lefs term, when it is an increafing ratio; org = when the 





ratio is decreafing, or asd toa. Wherefore the logarithm of the fame ratio may 
be doubly exprefied ; for putting « for the difference 4 — a of the terms, it 
will be 
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But if the ratio of a to 6 be fuppofed divided into two parts, namely, into the 
ratio of ato 44 + 45 or iz, and the ratio of 2z to 4, then will the fum of the 
logarithms of thofe two ratios be the Jogarithm of the ratio of a tod. Now by 
fubftituting in the foregoing feries, the logarithms of thofe two ratios will be 


Too Es x x3 a4 x5 
= InlO ir. + Fe ge ep cptrert a5 en 
cp ot: x x x3 at as 
ca els ala Eh eat fats al) Sy ia» > an the fum 
Be tO easy ee aa es &c ; and fo the fum 
: oy 3 5 i f eran 
Santo = + = 4+ = &c will be the log. of the ratio of a to 4 
m % 3% ozs qzt 


Moreover, if from the logarithm of the ratio of @ to 3z be taken that of iz 
to b, we fhall have the logarithm of the ratio of ab to 42°; and the half_of 
this: gives that of ad to 4z, or of the geometrical mean to the arithmetical 
‘mean. And confequently the logarithm of this ratio will be equal to half the 
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difference of that of the above two ratios, and will therefore be — into ~ 4 oe 
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The above feries are fimilar to fome that were before given by Newton and 
| Gregory 
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Gregory for the fame purpofe, deduced from the confideration of the hyperbola. 
But the rule which is properly our author’s own, is that which follows, and is 
derived from the feries above given for the logarithm of the fum of two ratios. 
For the ratio of ab to 427 or 4a? + gab 4+ 41°, having the difference of its terms 
da* — tab + 30° or 46 — 4a\" or 5x’, which in the cafe of finding the loga- 
rithms of prime numbers is always 1, if we put the fum of the terms 32% + ad 
= y’, the logarithm of the ratio of .a to $4 + 44, or tz, will be found to be 

ute 1 I I 1 if 

=, into ef aera pe miata 

And thefe rules our learned author exemplifies by fome cafes in numbers, to 
fhew the eafieft mode of application in practice. 

Again by means of the fame binomial theorem he refolves’with equal facility 
the reverfe of the problem, namely, from the logarithm given, to find its number 
or ratio: For as the logarithm of the ratio of 1 to 1 ++ g was proved to be 

I I 
1 + q\™ — 1, and that of the ratioof1 tor —gtobe. . .1—i—dgm; 
hence calling the given logarithm L, in the former cafe 
I 


itwillber +g" =1+L, 
I 


and in the latter 1 — gw =1—L; 
r+ 1” 


and therefore 1 +4 4 
Ase a a iW yllaagl yi 
Lar g— I + mL, + 4m* - =m? L? -- ON hy ian tm LS &c, 


andi —g=1 — mL + 30° L* — tw L’ 4+ 24m* L* ~ +350 L’ &e. 
m being any infinite index whatever, differing according to the {cale of logarithms, © 
being 1000,000 &c in Napier’s or the hyperbolic logarithms, and 2302,585 &&c. 
in Briggs’s. ; 

If one term of the ratio, of which L is the logarithm, be given, the other 
term will be eafily obtained by the fame rule. For, if L be Napier’s logarithm of 
the ratio of a, the Jefs term, to 4, the greater, then, according as @ or ¢ 1s given, 


we fhall have 


, that is by the binomial theorem 


bo-aintor1+L+ 4L? + 2L3 +.L¢ &e, 
ora— Jdinto1 —L+ 3’ — iL’ + 3 Lt &e. 


‘Whence, by the help of the logarithms contained in the tables, may eafily be 
found the number to any given logarithm to a great extent; For if the fmall 
difference between the given logarithm L and the neareft_ tabular logarithm, 
either greater or lefs, be called /, and the number anfwering to the tabular 
‘Jogarithm @ when it is lefs than the given logarithm, but 4 when greater; it will 
follow that the number anfwering to the logarithm L will be either 
@intoaibet 7 eis eee fe cs 
orb intoly = ep gfe a pia ol Screg 
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which feries converge fo quick, / being always very fmall, that the firft two 
terms 1 + /are generally fufficient to find the number to 10 places of figures. 

Cr. Halley fubjoins allo an eafy approximation for thefe feries, by which it 
appears that the number anfwering to the log. is ee 


1 +31 lms in Napier’s ] 2+2/ in Briggs’s 
1—i/ BS 1+il x b, aes and tS mer Sed “== xs v4 iboeritene . 


where # is = 0.434,294,481,903, &C = i 
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Of Mr. Sharp’s Methods. 


The labours of Mr. Abraham Sharp of Little-Horton, near Bradford in York- 
fhire, in this branch of mathematics, were very great and meritorious. His merit, 
however, confifted rather in the improvement and illuftration of the methods of 
former writers, than in the invention of any new ones of his own. In this way 
he greatly extended and improved Dr. Halley’s method above-defcribed, as: 
alfo thofe of Mercator and Wallis; illuftrating thefe improvements by extenfive 
calculations, and by them computing our table 5, confifting of the logarithms 
of all numbers to 100, and of alt prime numbers to 1100, each to 61 places. 
He alfo compofed a neat compendium of the beft methods for computing the 
natural fines, tangents, and fecants, chiefly from the rules before given by 
Newton; and by Newton’s, or Gregory’s, feries @ = ¢ — 423 ++ 425 —317 &c, 
for the arc in terms of the tangent, he computed the circumference of the circle 
to 72 places, namely, from the arc of 30 degrees, whofe tangent f 1s = = ato 
the radius 1. Other aftonifhing inftances of his induftry and labour appear in his 
Geometry Improved, printed in 1717, and figned 4.8. Philomath, from whence the 
{aid table of logarithms was extracted, ‘This ingenious man was fome time af- 
fiftant-at the Royal Obfervatory to Mr. Flamfteed, the firft Aftronomer Royal ; 
and being one of the moft accurate and indefatigable computers that ever exifted, 
he was for many years the common refource for Mr. Flamfteed, Sir Jonas 
Moore, Dr. Halley, &c. in all intricate and troublefome calculations. He 
afterwards retired to his native place at Little-Horton, where, after a life fpent in 
intenfe ftudy and calculations, he died the 18th of July 1742, in the gift year 
of his age. 


Of the Conftruction of Logarithms by Fluxions. 


It appears by the very definition and defcription given by Napier of his loga- 
rithms, as {tated in page 46 of this introdu@tion, that the fluxion of his, or the 
hyperbolic logarithm, of any number, is a fourth proportional to that number, 
its Jogarithm, ond unity ; or which is Hie fame, that it is equal to the fluxion of 
the number divided by the number: For the defcription fhews that z1 : z@ or 


A . - ° ° ZI £ ° 
1: : 21 the fluxion of 21 ; za, which therefore is = —; but za is alfo equal to 
3 the 
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the fluxion of the logarithm A &c by the defcription ; therefore the fuxion of 


the logarithm is equal to =, the fluxion of the quantity divided by the quantity 


itfelf. The fame thing appears again at art. 2 of that little piece in the appendix 
to his Confiructio Logarithmorum, intituled Habitudines Logarithmorum {9 fucrum 
naturalium numerorum invicem, where he obferves that, as any greater quantity is 
to a lefs, fo isthe velocity of the increment or decrement of the logari.hms at the 
place of the lefs quantity, to that at the greater. Now this velocity of the incre- 
ment or decrement of the logarithms being the fame thing as their fluxions, that 
proportion is this, # : 4-: ; flux. log. @ : flux. log. w ; hence if @be = 1, as at 
the beginning of the table of numbers, where the fluxion of the logs. 1s the index 
er characterifticc, which is alfo 1 in Napier’s, or the hyperbolic, logarithms, and 
43429 &c, in Briggs’s, the fame proportion becomes x: 1: : ¢: flux. log. x; 
but the conftant fluxion of the numbers is alfo 1, and therefore that proportion 


$s allots, x i ws: ¢: = = the fluxion of the logarithm of #; and in the hyper- 


e 


bolic logarithms, where ¢ is = 1, it becomes — = the fluxion of Napier’s, or the 
x 


hyperbolic, logarithm of x. This fame property has alfo been noticed by many 
other authors fince Napier’s time. And the fame, or a fimilar, property is evi- 
dently true in all the fyftems of logarithms whatever, namely, that the modulus 
of the fy{tem is to any number as the fluxion of its logarithm 1s to the fluxion of 
the number. 

Now from this property, by means of the doétrine of fluxions, are derived 
other ways for making logarithms, which have been iluftrated by many writers 
on this branch, as Craig, Jo. Bernoulli, and almoft all the writers on fluxions. 
And this method chiefly confifts in expanding the reciprocal of the given quan- 
tity in an infinite feries, then multiplying each term by the fluxion of the faid 
quantity, and laftly taking the fluents of the terms; by which there arifes an 


infinite feries of terms for the logarithm fought. So, to find the logarithm of 


- be aL ; 
any number N > put any compound quantity for N, as fuppofe — 3 
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e fluxion of the logarithm, or Ny? being ST pa ok memes &c, 
the fluents give log. of N Gr log. Of oe pte + Rai B18, 
ohe ee A 8 Ta eet Th 2n 323 4n4 4 
ne, ae 2 3 4 
Anda w ritinéy-se w fored ives: loot ee a ee ee 
g « gives log. — ; par a ee ee &c. 
= n ‘ nae 
Alfo becaunfe —— — 1 + =, or lop. —— = 0 — log, 
e naw a 2 4 5S nex 8 n 
n x ae x3 xe 
we have log. —— = — = aa? ant ae 
n a ie x3 at 
a pet et ett ke. 
LO ta ie We dra &c 
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And by adding and fubtracting any of thefe feries to or from one another, arid 
multiplying or dividing their correfponding numbers, various other ferles for lo- 
earithms may be found, converging much quicker than thefe do. 

In like manner by affuming quantities otherwife compounded for the value 
of N, various other forms of logarithmic feries may be found by the fame 
means. 


Of Mr. Cotes’s Logometria. 


Mr. Roger Cotes was elected the firft Plumian profeflor of aftronomy and 
experimental philofophy in the univerfity of Cambridge, January 1706, which 
appointment he filled with the greateft credit, till he died the 5th of June 1716, 
in the prime of life, having not quite compleated the 34th year of his age. His 
early death was a great lofs to the mathematical world, as his genius and abilities 
were of the brighteft order, as is manifeft by the fpecimens of his performance 
given to the public, Among thefe are his Logemetria, firft printed in Number 
248 of the Philofophical TranfaCtions, and afterwards in his Harmonia Menfurarum, 
publifhed in 1722 with his other work s, by his coufin, and fucceffor in the 
Plumian profeflorfhip, Dr. Robert Smith. In this piece he firft treats in a gene- 
ral way of meafures of ratios, which meafures, he obferves, are quantities of any 
kind whofe magnitudes are analogous to the magnitudes of the ratios, thefe mag- 
nitudes mutually increafing and decreafing together in the fame proportion. He 
remarks that the ratio of equality has no magnitude, becaufe it produces no 
change by adding and fubtracting ; that the ratios of greater and lefs inequality, 
dre of different affections ; ; and therefore, if the meafure of the one of thefe be 
confidered as pofitive, that of the other will be negative ; and the meafure of the 
ratio of equality nothing ; that there are endlefs fyftems of thefe, which have all 
their meafures cf the fame ratios proportional to certain given quantities, called 

scduli, which he defines afterwards ; and the ratio of which they are the meaftres, 
each in its se aoe fyftem, is called the modular ratio, ratio modularis, which ratio 
is the fame in all fyftems. He then adverts to logarithms, which he confiders as 
the vumerical meafures of ratios ; and he defcribes the method of ¢ arranging them in 
tables, with the ufe of them in multiplication and divifion, Taifing of powers and 
extracting of roots, by means of the correfponding operations of addition and 
fubtraction, multiplication and divifion. 

After this introduction, which is only a flight abridgment of the doctrine long 
before very amply treated of by others, and particularly by Kepler and Mercator, 
we arrive at the firft propofition, which has juftly been cenfured as obfcure and 
imperfect, feemingly through an affectation of brevity, intricacy, and originality 
without fuffcient room for a difplay of this qualification. ‘The reafening in this 
propofition, fuch as it 1s, feems to be fomething between that of Kepler and the 
principles of fluxions, to which the quantities and expreffions are nearly allied. 
aaa as it is my duty rather to nurate than explain, I fhall here exhibit it 

xactly as it ftands. This propofition is ‘* to determine the meafure of any ratio,’ 
ad Lae inftance, that of AC to AB, and which is effe¢ted in this manner. Conceive 
the 
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the dsaerence BC tobe divided intoanmame-_ 
rable very fmall particles as PQ, and the ratio 4 5 Bex cs 


between AC and AB into as many fuch very fmall ratios, as between AQ and 
AP. Then, if the magnitude of the ratio between AQ and AP be given, by di- 
viding there will alfo be given that of PQ to AP; and therefore, this being 


: : : o 

given, the magnitude of the ratio between AQ and AP may be expounded by 
‘ ee ae - : 

the given quantity oO for, AP remaining conftant, conceive the particle PQ 


to be augmented or diminifled in any proportion, and in the fame proportion 
will the magnitude of the ratio between AQ and AP be augmented or diminithed : 
Alfo, taking any determinate quanuty M, the fame may be expounded by M x 
Pp : 'S ; ; 

sat and therefore the quantity M x ap will be the meafure of the ratio be- 
tweeen AQ and AP. And this meafure will have divers magnitudes, and be 
accommodated to divers fyftems, according to the divers magnitudes of the af- 
fumed quantity M, which therefore is called the modulus of the fyftem. Now 
like as the fum of all the ratios AQ to AP is equal to the propofed ratio AC to 


~ r 
AB, fo the fum ofall the meafures M x mot 
be equal to the required meafure of the faid propofed ratio. 
The general folution being thus difpatched, from the general expreffion he 
next deduces other forms of the meafure in feveral corollaries and fcholia; as 1ft, 
The terms AP, AQ, approach the nearer to equality as the {mall difference PQ_ 


4 2 yt 9 . Pig Po. 
is lefs; fo that ether M Xx —~orM x rae 


found by the known methods) will 


me will be the meafure of the ratio be- 


tween AQ and AP tothe modulus M. 2d, That hence the modulus M is to 
the meafure of the ratio between AQ and AP, as either AP or AQ isto their 
difference PQ. 3d, The ratio between AC and AB being given, the fum of all 
P : : 5 1P : 
the <> will be given ; aad the fum of all the M x a is as M: therefore the 
meafure of any given ratio is as the modulus of the fyftem from which it is taken. 
4th, Therefore, in every fyftem of meafures, the modulus will always be equal 
to the meafure of a certain determinate and immutable ratio; which t.erefore he 
calls the modular ratio. sth, To illuftrate the folution by an example: let z 


be any determinate and permanent quantity, « a variable or indeterminate quan- 


tity, and « its fluxion; then to find the meafure of the ratio between z + x and 
% — x , put this ratio equal to the ratio between y and 1, expounding the num- 


ber y by AP, its fluxion y by PQ, andi by AB: then the fluxion of the re- 


quired meafure of the ratio between y and 1 isM x oe Now for y reitore its val. 


24* and for y the fluxicn of that value ~~ , fo fhall the fluxion of the meafure 
Za zal? 


° 
o> 
an 


become 2 M x 





: p wae nx ; 
, or 2 M into— + — +> &c. And therefore that 
Lm Ke eR % z % 
3 ; 4 x x x 3 
meafure will be 2 M into oattte cam | as &c. In like manner the meafure of 


the 
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ahe ratio between 1 + vu and 1 will befoundtobe - - - Minto v — 14° 
+ 203 — jv* &c. And hence, to find the number from the logarithm given, bo 
reverts the  feries 4 in this manner: If the laft meafure be called m, we 


fhall have = or Q = v — iv® + iv? — i vt + Iv’ &c, 


and therefore Q* =...°0% — v 4+ t1y* — iv’ &c, 
Welt © ptm Rabe PR ia ek bs 2 Pee eo 
Ati COV ee clita vee 1s) cc meeee ees, OCC, 
ANG CMRP vedere et ety) 8) oe Mea RUS LOCOS 
diet by adding continually we fhall have 
OFT pseu se cure suo: az v* ze VU’ &c, 


Q+4 Q? +3 Q + 4Q* 1: rie QF = v &e, 
that isv = Q + 1Q? +- *Q3 t's Qt + tte Q’ &c. And therefore the re- 
quired ratio of 1 + v tot is equal to the ratioof1 +Q+34Q* &ctor. Put 
now m = M, orQ = 1, and the above will become the ratioof 1 +++ 4+ 4 
+ 3. + +3, &c.to1 for the conftant modular ratio. In like manner, if the 
ratio between 1 and 1 —.v be propofed, the meafure of this ratio will come out 


M into v + 3v* + 40% + 40+ &c; which being called m, and a = QO} that 


ratio will be the ratio of r to 1 — Q + 4Q* — 2Q° 4+ 7,Q* &c. And hence 
pene Hi M, or ae 1, the faid modular ratio will alfo be the ratio of 1 to 1 

t+ & 4- at. — st &c. And the former of thefe expreffions for the 
aed ratio comes out the ratio of 2.718,281,828,459, &c. to 1, and the latter 
the ratio of 1 to 0.367,879,441,171, &c, 

In the 2d propofition our learned author gives directions for pata NE) Briggs’ S 
canon of logarithms, namely, firft by the general feries 2M into — — + 5 + = 
&c, finding the logarithms of a few fuch ratios as that of 126 to 1 Be 2250224, 
2401 tO 2400, 4375 to 4374, &c, from whence the logarithm of 10 will be found 
to be 2+302)5853092,9945 &c, when M is1 ; but fince Briges’s log. Of 310 18" T, 
therefore as 2.302,58c, &c, is to the modulus 1, fo is 1 (Briggs’s log. of 10) to 
0.4345294,481,9¢3, &c, which therefore 1s the modulus of Brige’s rip gandene 
Hence he deduces the logarithms of 7, 5,3, and 2. In like manner are the lo- 
garithms of other prime numbers to be found, and from them the logarithms of 


compofite numbers by addition and fubtraction only. 
ws 


5 : x 
He then remarks that the firft term of the general feries 2 M into — are 
a- 


a8. ~ &c will be fufficient for the logarithms of intermediate numbers ales thofe 


in ae, table, or even for numbers beyond the limits of the table. Thus, to find 
the logarithm an{wering to any intermediate number ; let a4 and e be two num- 
bers, the one the given number, and the other the neareft tabular number, a 


%* The computation of thefe numbers may be feen in one of the traéts contained in this prefent 


volume, pages 358, 359, 360, and 371, 372, 373) 374» and 375. 
being 
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being the greater, and ¢ the lefs, ofthem; put z = @ + e their fum, x ~a —e 
their difference, A = the logarithm of the ratio of a to e, that is, the excefs of 
the logarithm of 4 above that of ¢ : fo fhall the {aid difference of their logarithms 


‘bea = 2M x = very nearly.— And, if there be required the number anfwering 








to any given intermediate logarithm, becaufe A is = at ean ee 
% 24—% 2e+ 

therefore x will be = —~“~, or —*“_, very nearly. 

M+in- M-— 2’ 


In the 3d propofition our ingenious author teaches how to convert the canon of 
logarithms to logarithms of any other fyftem, by means of their moduli, And in 
feveral more propofitions he exemplifies the canon of logarithms in the folution 
of various important problems in geometry and phyfics ; fuch as the quadrature 
of the hyperbola, the defcription of the logiftica, the equi-angular fpiral, the 
nautical meridian, &c ; the defcent of bodies in refifting mediums, the denfity 
of the atmofphere at any altitude, &c, &c._ 


Of Dr. Taylors Conftrudtion of Logarithms. 


Dr. Brook Taylor (a very learned mathematician, and fecretary to the Royal 
Society, who-died at Somerfet-Houfe, Nov. 1731) gave the following method of 
conftructing logarithms in number 352 of the Philofophical Tranfactions. His me- 
thod is founded on thefe three confiderations: 14t, That the fum of the logarithms 
of any two numbers is the logarithm of the produét of thofe numbers ; 2d. That 
the logarithm of 1 is nothing, and confequently that the nearer.any number is ito 
1, the nearer will its logarithm be too; 3d, That the product of two numbers 
or factors, of which the one is greater and the other lefs than 1, is nearer to 1 
than that factor is which is on the fame fide of 1 with itfelf; fo of the two 
numbers 3 and 4, the product $ is lefs than 1, but yet nearer to it than 2 
is, which is alfo lefs than 1. On thefe principles he founds the prefent 
approximation, which he explains by the following example. To find the 
relation between the logarithms of 2 and 10: In order to this he affumes two 

F 128 8 2? 2° 
fractions as — and —, or — and —, whofe numerators are powers of 2, and 
100 10 1O To 
their denominators powers of 10, the one fraction being greater and the other 
lefs than unity or 1. Having fet thefe two down, in the form of decimal frac- 
tions, below each other in the firft column of the following table, and in the 
fecond column A and B for their logarithms, expreffing by an equation how they 
are compofed of the logarithms of 2 and 10, the numbers in quettion, thofe lo- 
garithms being denoted thus, 42 and/10. Then 


Vou. f. q 4,289 
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1,280,000,000,00c}A = A iN | bd 712 alio\l2 80,28 

2800/08 a 2 n eee Sa SARS, 3/2— EO) aN" Ona 2 
[,024,000,000,00c/C =A+ B= 10/2— 3lt0o| 0,300 
0399033423103 154201, a2 aevioC, == 3/2 — 28/10] 0,301,07 
15004,990.27 7, OOAl Bi Cue 24) ie 1690/2 — 59/10} 0,301,020 
0;998,959,536,107/F =D + 2E= 48 5/2 — 146/10} V0,301,039,9 
1,000,162,894,1631G =E + 4F = 2136/2— 643/10]. 40,301,029,96 
0,999,930,281,87-JH =F + 6G = 13301/2— 4004/10] T0,301,029,997 
1,000,035,441,215{f =G+ 2H= 28738/2— 8651/10| X0,301,029,99551 
9,999; 971,720,83¢ K=H+ = 42039/2— 12655/10] $0,301,029,995,9 
(.000,00% 10m 04G)L. Lao =  70777/2—- 21306/10 Oe 029,995,602 


9,9993993,203,514J/M=K + 31,5 254370/2— 76573/10} Y0,301,029,995,67 

1,000,000,364,511}N=L + “M= 325147/2— 97879/10] .40,301,029,995,663,5 
959993:9995764,08; |) =M+18N =6107016/2— 183833 5/10] 0,301,029,995,064,0 
comp. ar. 2353123 


o = 364511 O + 235313 N = 2302585825187 /2 — 603147400972/10| ¥0,301,029,995,063,987} 





multiplying the two numbers in the firft column together, there is produced a 
third number 1,024, againft which is written C, for its logarithm, expreffing 
likewife by an equation in what manner C is formed of the foregoing logarithms 
A and B. And in the fame manner the calculation is continued throughout ; ; 
only obferving this compendium, that before multiplying the two laft numbers 
already entered in the table, to confider what power of one of them muft be ufed 
to bring the product the neareft that can be to unity. Now, after having con- 
tinued the table a little way, this is found by only dividing the differences of the 
numbers from unity one by the other, and taking the neareft quotient for the 
index of the power fought. Thus, the fecond and third numbers in the table | 
being 0,8 and 1,024, their differences from unity are 0,200 and 0,024; hence 
0,200 ~ 0,024 gives 9 forthe index ; and therefore multiplying the 9th power 
of 3 3024 byo,8 produces the next number 0,990,3 52,031,429, whofe logarithm 
is D®= B +9 C. 

When the calculation is continued in this manner till the numbers become 
{mall enough, or near enough to 1, the laft logarithm is fuppofed equal to nothing, 
which gives an equation exprefling the relation of the logarithms, and from 
whence the required logarithm is determined, Thus fuppofing G = 0, we have 
2136/2 — 643/10 = 0, and hence, becaufe the logarithm of 10 is 1, we obtain 
lai at = 0,301,029,96, too {mall inthe laft figure ; which fo happens be- 
caufe the number correfponding to G is greater than 1. And in this manner 
are all the numbers in the third or laft column obtained, which are continual 
approximations to the logarithms of 2, 

There is another expedient which renders this calculation ftill fhorter, and it 


is founded on this confideration ; that when » is fmall, 1 + «| is nearly = 1 + 
nx. WHenceifi + »* andi — x be the two laft numbers already found in the 
firft 
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firft column of the table, the product of their powers 1 + x)” 9 1 — ez)" will be 
nearly = 1; and hence the relation of m and z may be thus found, 1 + x\* x 
I — 2\* is nearly = 1 4+ me X 1 — nz = 1 4 MK — nz — mn KZ 1 + mK 
— nz nearly, which being alfo = 1 nearly, thereforem:n::z2:x"::11—2: 
ii + «; whencewl1—2+241+%=0. For example, let 1,024 and 
0©,990352 be the laft numbers in the table, their logarithms being C and D: here 
we have 1,024 =1 + #, and 0,990352 = 1 — 2; confequently x = 0,024, 
and z == 0,009648 ; and hence the ratio - in {mall numbers is sae So that 











for finding the logarithms propofed, we may take 500 D + 201 C = 48510 /2 
— 14603/10 = 03; which gives /2 = 0,3010307. Andin this manner are 
found the numbers in the laft line of the table. 


Cf Mr. Long's Method. 


In number 339 of the Philofophical Tranfactions, are given a brief table and 
method for finding the logarithm to any number, and the number to any loga- 
rithm, by Mr. John Long, B. D. Fellow of C. C. C. Oxon. This table and 
method are fimilar to thofe defcribed in chap, 14 of Briggs’s Avithmetica Logarith- 
mica, differing only in this, that in this table by Mr. Long, the logarithms, in 
each clafs, are in arithmetical progreffion, the common difference being 1; but in 
Briggs’s little table the column of natural numbers has the like common dif- 
ference. The table confifts of eight clafles of logarithms and their correfpond- 
ing numbers as follows : 


{Lo.| Nat. Numb. {| Log. | Nat. Numb. Log. | Nat. Numb. || Log. Nat. Numb.» 














59172943282347]] ,009]1,020939484)| ,00009)1,000207254]| ,0000009]1,000002072 


586309573445 
9715301 1872336 
56|3,981071706 
9513,10227766c 
54/2,5118864 32 
| paas 25202315 
) 9°|1,584893193 
| 1 P2500 24412 
1,09|1 230268771 
8}1,20226443 5 
| 7115174897555 
6)1,148153621 
| 5/1,122018454 








4|1,09647819€ 
BibsO7 1520325 
2|1,047128548 
1{1,023292992 











,0009 


€}1,018591388 
711,016248694 
6}1,013911386 
TsO TS (94 54 
1,006931669 


1,004615794 
T|1,002305238 


we 
4]1,009252886 
Z 
2 


1,001843766 
1,001613109) 
1,001382506 
[,001151956 
1,000921459 
1,000691015 
1,000460623 
1,0002 30285, 


to Gs PG ONS CO 


—_ 


8)1,000184224 
711,000161194 
6}1,0001 38165 
5|L,00011 5136 
4|1,000092106 
3|1,00006g08c 
2|1,000046053 
1/1 ,00002 3026 








1,00207447 5]|,000000]|1 ,0000207 24 


8}1,000018421 
7{1,000016118 
6]1,0C001 3816 
5|1,000011513 
4|1,0000092 10 
31 ,000006908 
2|1,000004605 


I|1,Q00002302 











8}1,000001842 
7\{,000001611 
6}1,000001381 
5|1,000001151 
4]1,000000921 
3}1,0000006g0 
2/1 ,0000004.60 
11 ,000000230 








,00000000]1 ,000000207 


8}1,000000184 
711,0000001 61 
6)1,0000001 38 
5{1,OCCOOOII 5 
4|1,000000092 
3|1,000000069 
2/1 ,000000046 
1]I ,000000023 


wh ere, 
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where, beeaufe the logarithms in each clafs are the continual multiples 1,2, 3, &¢ 
of the loweft, it is evident that the natural numbers are fo many fcales of geome- 
trical proportionals, the loweft being the common ratio, or the afcending num- 
bers are the 1, 2, 3, &c powers of the loweft, as expreffed by the figures 1, 2, 3, 
é&c of their correfponding logarithms. Alfo the laft number in the firft, fecond, 
third, &c clafs, is the roth, 100th, 1000th, &c root of 10; and any number in 
any clafs is the 10th power of the corre{ponding number in the next following 
clafs. 

To find the logarithm of any number, as fuppofe of 2000, by this table : 
Look in the firft clafs for the number next lefs than the firft figure 2, and it is 
1,995262315, againft which is 3 for the firft figure of the logarithm fought. 
Again, dividing 2 the number propofed by 1,995262315 the number found in 
the table, the quotient 1s 1,002374467; which being looked for in the fecond 
clafs of the table, and finding neither its equal nor a lefs, o is therefore to be 
taken for the fecond figure of the logarithm; and the fame quotient 1,002374467 
being looked for in the third clafs, the next lefs is there found to be 1,002305238, 
again{t which is 1 for the third figure of the logarithm ; and dividing the quo- 
tient 1,002374467 by the faid next lefs number 1,002 305238, the new quotient 
is 1,000069070 ; which being fought in the fourth clafs gives o, but fought in 
the fifth clafs gives 2, which are the fourth and fifth figures of the logarithm 
fought : again, dividing the Jaft quotient by 1,000046053 the next lefs num- 
ber in the table, the quotient is 1,0000230%5, which gives 9 in the 6th clafs for 
the 6th figure of the logarithm fought : and again dividing the laft quotient by 
1,000020724 the next lefs number, the quotient is 1,000002291, the next lefs 
than which in the 7th clafs gives g for the 7th figure of the logarithm : and di- 
viding the laft quotient by 1,000002072, the quotient is 1,000000219, which 
gives 9 in the 8th clafs for the 8th figure of the logarithm: and again, the laft 
quotient 1,000000219 being divided by 1,0¢0000207 the next lefs, the quotient 
1,000000012 gives 5 in the fame 8th clafs, when one figure is cut off, for the 
gth figure of the logarithm fought. All which figures collected together give 
3301029995 for Briggs’s logarithm of 2000, the index 3 being fupplied ; which 
logarithm is true in the laft figure. 

To find the number anfwering to any given logarithm, as, 
fuppofe, to 3.301,030,0 : omitting the characteriftic, againft 





1995262315 | 









the other figures 3, 0, 1, 0, 3, ©, 0, as in the firft column. in fe) t. at 

the margin, are the feveral numbers as in the 2d column, £3002 30523 

found from their refpective 1ft, 2d, 3d, &c clafles; the effec- Q 
1,000069080} 


tive numbers of which multiplied continually together, the 
la{t product is 2,000000019966, which, becaufe the charac- 
teriftic is 3, gives 2000,000019966, or 2000 only, for the re- 
quired number anfwering to the given logarithm. 


1@) 
Oo 


0 OW’ OO # Ob 


Of 


LOoegARITHM™M S$, CXV 


Of Mr. Fones’s Method, 


In the 61{t volume of the Philofophical Tranfactions, is a {mall paper on lo- 
garithms, which had been drawn up and left unpublifhed, by the learned and 
ingenious William Jones, Efq. The method contained in this memoir, depends 
on an application of the doctrine of fluxions, to fome properties drawn from the 
nature of the exponents of powers. Here all numbers are confidered as fome 
certain powers of a conftant determinate root: fo any number x may be confi- 


Be 
dered as the z power of any rootr, or that x = 7° Is a general expreffion of all 


numbers in terms of the conftant root r and a variable exponent z. Now the 
index z betng the logarithm of the number x, therefore to find this logarithm, 
is the fame thing as to find what power of the radical 7 is equal to the number x. 

From this princtple, the relation between the fluxions of any number + and its 


logarithm z is thus determined : putr = 1 4+ ”;thenisx =rz=1 + n¥, and 


x + ¥ mk atte = 1+nu*®* X 1+ mt me xX 1 + 7m = (by expanding 
i 


aur ;) tb xz 
X:¢ 4-47? + 3g) + I¢* &c ; therefore x = axz, putting a for the feries g + 
7 +3¢ &e, or f « = xz, putting f = =. 

Now when r =1 + # = 10, a8 in the common logarithms of Briggs’s form ; 
then x= 9, g = 0.9, and the feries g + 7° +39? &c gives 4 = 2.302,585 
&c, and therefore its reciprocal fis = 0.434,294 &c. But, ifa =1 =/, the form 
will be that of Napier’s logarithms. 





I + m\, omitting the ed, 3d, &c powers of z, and writing g for 


e e . o . 
From the above form xz = fw orz = —) are then deduced many curious and ges 


neral properties of logarithms, with thefeveral feries heretofore given by Gregory, 
Mercator, Wallis, Newton, and Halley. But of all thefe feries, that one which our 


author felects for conftructing the logarithms, is this ; putting V = eer: the lo- 


garithm of 2 is of xX : N+ 4N? + $N*° + 4N’ &c in the cafe in which 


~—; which feries will then 








r —p is = 1, and confequently then N= —— 2 erway 


converge very faft. 

Hence, having given any numbers, p, 7, 7, &c, and as many ratios a, 4, ¢, 
&c, compofed of them, the difference between the two terms of each ratio being 
1; as alfo the logarithms 4, B, C, &c of thofe ratios given : to find the logarithms 
P, 2, R, &c of thofe numbers; fuppofing f= 1. For inftance, if p = 2,¢g = 3, 

— WOR ae pee Oo as pee ag * Vo te 
r=s5;anda= >=, Trier el pacer 5 
A, B, C, of thefe ratios a, 4, c, being found by the above feries, from the nature 
of powers we have thefe three equations. y 
4 : =o 


Now the logarithms 


CXVAll CONSTRUCTION OF 


A=229—3P ‘ ' (/P=344+4B8 + 2C= log. of 2 
ma ‘ which equations en 8 ’ 
B = 4P—- Q— R redaced ite QA + 6B + 3C= log. of 3, 
C= 2iRe-.> 2-—3 P. Rie aso B tig Ceslor.of 15. 


And hence P + R= 104 + 13B + 7C is = the logarithm of 2 x 5 orto. 

An elegant tract on logarithms, as a comment on Dr. Halley’s method, was 
alfo-given by Mr. Jones in his Synopfis Palmariorum Matkefeos, publithed in the 
year 1706. And in the Philofophical Tranfactions he communicated various 
improvements in goniometrical properties, and the feries relating to the circle 
and to trigonometry. 

The memoir above defcribed was delivered to the Royal Society by theirthen 
librarian, Mr. John Robertfon, a worthy, ingenious, and induftrious man; who 
alfo communicated to the Society feveral little tracts of his own relating to 
logarithmical fubjeAs: he was alfo the author of an excellent Treatife on the 
Elements of Navigation, in two volumes ; and he was fucceflively mathematical: 
matter to Chrift’s hofpital in London ; head matter to the royal naval academy at 
Portfmouth ; and librarian, clerk, and houfekeeper to the Royal Society; at 
whofe houfe, in Crane-Court, Fleet-Street, he died in 1776, aged 64 years. 

And among the papers of Mr. Robertfon, I have, fince his death, found one 
containing the following particulars relating to Mr. Jones, which I here infert, 
as I know of no other account of his life, &c. and as any true anecdotes of fuch 
extraordinary men muft always be acceptable to the learned. This paper is not 
in Mr. Robertfon’s hand writing, but in a kind of running law-hand, and is 
fiened R.M. 12 Sept. 1771. 

<¢ William Jones, Efq. F. R. S. was born at the foot of Bodavon mountain 
{ Myriadd Bodafon], in the parifh of Llanfihangel tre'r Bardd, in the ifle of An- 
glefey, North Wales, in the year 1675. His father John George * was a farmer, 
of a good family, being defcended from Hwfa ap Cynddelw, one of the 1g tribes 
of North Wales. He gave his two fons the common fchool education of the 
country, reading, writing and accounts, in Englifh, and the Latin grammar. 
Harry his fecond fon took to the farming bufinefs; but William the eldeft, 
having an extraordinary turn for mathematical ftudies, determined to try his 
fortune abroad from a place where the fame was but of little fervice to him ; he. 
accordingly came to London, accompanied by a young man, Rowland Williams, 
afterwards an eminent perfumer in Wych Street. The report in the country is, 
that Mr. Jones foon got into a merchant’s counting houfe, and fo gained the 
efteem of his mafter, that he gave him the command of a fhip for a Weft India 
voyage ; and that upon his return he fet up a mathematical fchool, and publifhed 
his book of navigation +; and that upon the death of the merchant he married 
his widow : that Lord Macclesfield’s fon being his pupil, he was made fecretary 


* « Tt isthe cuftom in feveral parts of Wales for the name of the father to become the furname of 
his children. John George the father was commonly called Sion Sors, of Llanbabo, to which parifh 
he moved, and where his children were brought up.” 

+ This tra& on aavigation, intituled, «A New Compendium of the whole Art of Praétical Navi- 
gation,” was publifhed in 1702, and dedicated ‘¢ to the reverend and learned Mr. John Harris, M. A. 
and F. R. §.”? the author (as I apprehend) of the ‘‘ Univerfal Dictionary of Arts and Sciences,’ 
under whofe roof Mr. Jones fays he compofed the faid treatife on Navigation, 


to 
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to the chancellor, and one of the Deputy-tellers of the exchequer—and they have 
aftory of an Italian wedding which caufed great difturbance in Lord Macclesfield’s 
family, but was compromifed by Mr. Jones; which gave rife to a faying, that 
Macclesfield was the making of Jones, and Jones the making of Macclesfield.’ 
Mr.. Jones died July 3, 1749, being a vice-prefident of the Royal Society ; and 
left one daughter, and his widow big with another child, which proved a fon, who 
is the prefent Sir William Jones, at this time, 1791, one of the judges in India, and 
highly efteemed for his great abilities, extenfive learning, and eminent patrioti{m. 


Of Mr. Andrew Reid and others. 


Andrew Reid, Efq. publifhed in 1767 a quarto tract under the title of 
Effay on Logarithms, in which he alfo fhews the computation of logarithms from 
principles depending on the binomial theorem and the nature cf the exponents 
of powers, the logarithms of numbers being here confidered as the exponents of 
the powers of ro. He hence brings out the ufual feries for logarithms, and 
largely exemplifies Dr. Halley’s mott fimple conftruétion. 

Befides the authors whofe methods have been here particularly defcribed, many 

others have treated on the fubjects of logarithms, and of the fines, tangents, fe- 
cants, &c ; among the principal of whom are Leibnitz, Euler, Maclaurin, Wol- 
fius, and profeffor. Simfon in an accurate geometrical tract on logarithms, con- 
tained in his pofthumous works, which were elegantly printed in 4to. at Glafgow, 
in the year1776, at the expence of that very learned nobleman, the late Earl: 
Stanhope, and by his lordthip difpofed of in prefents among gentlemen moft. 
eminent for mathematical learning. 


Of Mr. Dedfon’s Anti-logarithmic Canon. 


The only remaining confiderable work of this kind publifhed, that I know of, 
is the Anti logarithmic Canon of Mr. James Dodfon, a very ingenious mathe- 
matician, which work he publifhed in folio in the year 1742 5 a very great per-- 
formance, containing all logarithms under too 1000, and their correfponding na- 
tural numbers to 11 places of figures, with all their differences and the propor- 
tional parts; the whole arranged in the order contrary to that ufed in the com- 
mon tables of numbers and logarithms, the exact logarithms being here placed 
firft, and increafing continually by 1, from 1 to 100,000, and their correfponding 
neareft numbers in the columns oppofite to them; and by means of the differ- 
ences and proportional parts, the logarithm to any number, or the number to any 
logarithm, each to 11 places of figures, 1s readily found. This work contains 
alfo, befides the conftruction of the natural numbers to the given logarithms, | 
‘¢ precepts and examples, fhewing fome of the ufes of logarithms, in facilitating 
the moft difficult operations in common arithmetic, cafes of intereft, annuities, 
_menfuration, &c ; to which is prefixed an introduction, containing a fhort ac- 

count of logarighms, and of the moft confiderable improvements made, fince 
their invention, in the manner of conftructing them,” 


The 
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The manner in which thefe numbers were conftructed, confifts chiefly in 
imitations of fome of the methods before defcribed by Briggs, and is nothing 
more than generating a {cale of 100000 geometrical proportionals from 1 the 
Jeaft term to 10 the greateft, each continued to 11 places of figures; and the 
means of effecting this are fuch as eafily flow from the nature of a feries of pro- 
portionals, and are briefly as follows, Firft between 1 and ro are interpofed 9 
mean proportionals; then between each of thefe 11 terms there are interpofed 
g other means, making in all 101 terms ; then between each of thefe a 3d fet of 
g means, making in all 1001 terms; again between each of thefe a 4th fet of 
9 means, making in all 1ooot terms ; and laftly between each two of thefe terms, 
a 5th fet of 9 means, making in all 100001 terms, including both the 1 and the 
10. The firft four of thefe 5 fets of means, are found each by one extraction of 
the roth root of the greater of the two given terms, which root is the leaft mean, 
and then multiplying it continually by itfelf according to the number of terms 
in the fection or fet; and the 5th or laft fection is made by interpofing each of 
the 9 means by help of the method of differences before taught. Namely, put- 


: ere on ve 
Filte,.1O the oreatery Ceri. GA, Al. ==) By a conn) eee 
= 
and E™° = F; now extracting the roth root of Aor 1o, it gives 1,2589254118 


eS he Ate for the leaft of the 1ft fet of means; and then multiplying it con- 
tinually by itfelf, we have B, B*, B*, B*, &c to B *° = A for all the 10 terms: 


adly, the 1oth root of 1,25892 54118 gives 1,0232929923 =C= BT? = ATES 
for the leaft of the 2d clafs of means, which being continually multiplied gives 
C,.0C1.C*, &ato 649% = B= A for all the 2diclafs of roortermssogaty jhe 


toth root of 1,0232929923 gives 1,0023052381 = D= Cre = Bree — arees 
for the leaft of the 3d clafs of means, which being continually multiplied gives 


Dy,.Di, Dixcto Dior = Che = Bre = A for the 3d clafs of tooo terms: 
Athly, the roth root 1,0023052381 gives 1,0002302850 = EK = Dre = cree 


= Bree? = AT°°°® for the leaft of the 4th clafs of means, which being conti- 
nually multiplied pives #2, Iti) :8rc ta) ve ° eer?” ° skeen 
A for the 4th clafs of 10000 terms. Now thefe 4 clafles of terms thus produced, 
require no lefs than11110 multiplications of the leaft means bythemfelves; which 
however are much facilitated by making a fmall table of the firft to or even 100 
products of the conftant multiplier, and from thence only taking out the proper 
lines and adding them together: and thefe 4 clafles of numbers always prove 
themfelves at every 10th term, which mutt always agree with the correfponding 
fucceffive terms of the preceeding clafs. The remaining 5th clafs is conftructed 
by means of differences, being much eafier than the method of continua! multi- 
plication, the 1ft and 2d differences only being ufed, as the 3d difference is too 
{mall to enter the computation of the fets of g means between each two terms 
of the 4th clafs, And the feveral 2d differences for each of thefe fets of g means, 
are found from the properties of a fet of proportionals 1,1, 7’, r°, &c, as oe 

pofed 
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pofed e the 1ft column e the “Terms| iit dif. | 2d. dif. | 3d dif |&c 
annexed table, and their feve- Jebe. = are l7—ak av aay t | 
I 


I 


ral ordérs of differences as in 
i 
the other columns of the table; 
where it is evident that each 
column, both that of the given 
terms of the progreffion, and | 
thofe of their orders of differ- 
ences, forms a fcale of proportionals, having the fame common ratio, and that 
each horizontal line, or row, forms a geometrical progreffion, having all the fame 
common ratio ry — 1, which is alfo the 1ft difference of each fet of means ; fo 
ry — 1)* is the 1ft of the 2d differences, and which is conftantly the fame, as the 
3d differences become too fmall in the required terms of our progreffion to be re- 
garded, at leaft near the beginning of the table: hence, like as 1, r — 1, and 
r—I are the 1ft term with its 1ft and 2d differences ; fo r#, r*. r — 1, and 
vx. 7 — 1\* are any other term with its 1ft and 2d differences. And by this rule 
the 1ft and 2d differences are to be found for every fet of g means, viz. multi- 
plying the 1ft term of any clafs (which will be the feveral terms of the feries E, 
i’, E3, &c, or every roth term of the feries F, F*, F?, &c) by r — ror F — 1 
for the 1ft difference, and this multiplied by F — 1 again for the true 2d dif- 
ference at the beginning of that clafs. Thus the roth root of 1,0002302850, or 
E, gives 1,000023026116 for F or the 1ft mean of the loweft clafs; therefore, 
— 1 =r — 1 = 000023026116 Is its 1ft difference, and the {quare of it is 
7— 1} = ,0000000005302 it 2d difference ; then is ,000023026116 F™ or 
3000023026116 E” the rft difference, and ,o000000005302 F**” or ,o00000000 
5302 E*, isthe 2d difference at the beginning of the ath clafs of decades. And 
this 2d difference is ufed as the conftant 2d difference through all the 10 terms, 
except towards the end of the table, where the differences increafe faft enough to 
require a fall correction of the 2d difference, and which Mr. Dodfon effects by 
taking a mean 2d difference among all the 2d differences in this manner ; having 


found the feries of 1{t differences F — 1, E’, F— 1. Rin’ Fes 1 B37? ¢- 


take the differences of thefe, and ~. of them will be the mean 2d differences to 
beufed, namely;*—. pitas E, <—, Et? 
differences. And this is not only the more exa¢t, but alfo the eafier, way. The 
common 2d difference and the fucceffive 1ft differences are then continually 
added through the whole decade, to give the fucceffive terms of the required 
progreffion.. 


I I 
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STRUCTURE: LOGARIFFHMORUM. 


By OvSi We. te AOE Maik. 


MNES proportiones inter fe wquales, quacunque varietate bino- 
rum unius, & binorum alterius terminorum, eadem quantitate 
metiri feu exprimere. 


AL Xel OFM AY I. 


Si fuerint quantitates quotcunque ejufdem generis, quocunque ordine fibi 
invicem fuccedentes, ut fi ordine magnitudinis fibi invicem fuccedant : pro- 
portio extremarum compofita effe intelligitur ex omnibus proportionibus inter- 
mediis binarum, & binarum inter fe vicinarum. 

Seu, quod eodem redit, proportio minuitur aucto minori termino, vel dimi- 
nuto majori; augetur rationibus contrariis. 


Ii tae Pe RK OOPS OL SLL vlt £0; 


Medium proportionale inter duos terminos dividit proportionem 
terminorum in duas proportiones inter fe equales. 


Nam fi funt duo termini, eorumque medium proportionale: eft ergd inter 
tres quantitates Analogia feu Proportionalitas. 
. . . ~ , e 
At Analogia definitur equalitate twy Aoywy, proportionum : quare propor- 
tiones fectione conftitute, utpote partes proportionis totius propofite, funt inter 
fe equales. 
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Si fuerint quantitates quotcunque crefcentes ordine : proportio extremarum 
divifa eft per intermedias in partes una plures quam funt intermediz, divifio- 


nem facientes. 
Boe Sic 
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Sic quatuor interftitia digitorum arguunt quinque digitos. Sic quinque cor- 
pora regularia fibi invicem inferta ordine interpofitis orbibus infcriptis & cir- 
cum(criptis, arguunt orbium talium fex efle. 


POLO FT SUSE Ao Aa ae Ts 


Proportionem inter datos duos terminos quofcunque dividere in parte® 
quotcunque (ut in partes numero continué multiplici_ pro- 
greflionis binariz) & eoufque donec partes oriantur 
minores quantitate propofita. 


Proportio enim eft etiam una ex quantitatibus continuis in infinitum di- 
viduis. 


Vide hic typum divife proportionis inter 10 & 7, per triginta proportionales 
medias. 


at 




















Unica Prima. 


ie) EXEMPLUM SECTIONIS, Zz 
@S'es 3 QeEa5 
2.5 .S 2) In qua proportio, que eft inter 10 pees s 
BS S88 & 7, tricefimo actu, in partes BT ais 
Boos zquales 1073741824 fecatur, per Be vets 
® BB os totidem (und minus) medias pro- fae, & 8 5 
BAe Ba portionales claffis tricefime, ubi ex ofa 3 
P's .o eZ unaqualibet claffe fola maxima, & a Pg 
= Ble termino proportionis majori. vici- 2528 
@25'o nifima, hic exprimitur. os S 

Major terminus. I0O0O000000000000000000 
Eee |! 99999999900782050900 1073741524 
29. | 99999999933504113801 536870912 
ae 99999999867 125227702 26843 5456 
27 #2. | 999999997342 50455589 134217728 
ZONE, | 99999999408 512912883 07108364 
25 &. 9999999893702 5838590 33554432 
24 2. | 999999978740516088629 10777210 
23 @. 99999995748103422452 8388608 
22 2. | 99999991496207625698 4194304 
Zi ee 999999%2992414774542 2097152 
20 &. | 9999996598483 2451665 1048576 
19 @. 999999319696 70473647 524.288 
18 w, is 99999853939399228474 262144 
17 2. 99999727878983 5381819 PSYO72 
10 &. meet 99999455758707002114 65536 
15 #. 99998911520377310068 32768 
14 @. aie 99997823052602499026 16384 
13 @. 9999 5646152595997706 8192 
12 2. | 999912924947 51867706 4096 
Tr et 99982585747710211873 2048 
IO @. | 99995174527982251100 1024 
9 2. 9050 MET EACORSTA79° igi 
Ee ie | 9986077086 3843831172 256 
99721735575211210274 128 
oe e. | eae 450059 64 
by se . 8891579553719496052 32 
Quindecim 4te. | PANE REIS 16 
Septem Tertiz. 9553 9490757149812386 8 
Tres Secundz. | 91469121922869443920 4 
2 

| 


Minor terminus, 


Hec unica primain fua 
feu prima claffe, fit etiam 
una,eaque media, trium fe- 
cundarum ; & tres fe- 
cunde ifte, funt etiam 
inter feptem tertias, me- 
diz fcilicet inter alias 
quatuor accedentes: & 
hz feptem tertiz, infertis 
aliis octo, fiunt quinde- 
cim quarte, & fic con- 
f{equenter, 
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8 3666002653407554820 
70000000000000000000 


Hic differentia maximz ex tricefimis mediis pro— 
portionalibus 4 termino feétz proportionis majori, eft 
ifta 00000, 00003, 32179, 43100. Hecigitur diffe- 
rentia conftituitur ex arbitrio, pro menfura hujus 
minimi elementi, fecte proportionis, feu pro Lo- 
garithmo diz Tricefimarum maximz, Hic igitur 
Logarithmus multiplicatus in numerum_partium, 
quas conftituunt illz tricefime, producit fequentem 
Logarithmum 35667, 49481, 37222, 14400. Hic 
eft Logarithmus termini minoris,  {cilicet 
70000, 00000, 00000, 90000, 











Hic numerus unitate 
fuperat numerum me- 
diarum proportionalium 
cujufque claffis, 


6 JOANNIS KEPLERI 


Hic Typus fic intelligatur: Inter Terminos, majorem 100, &c. & minorem 
4o &c. queratur media proportionalis, hec erit 833 &c. Sunt ergo propor- 
tionis inter dictos terminos conftitute partes due, una inter 100 & 83%, 
altera inter 832 & 7o. He per 1 prop. funt inter fe equales. Queratur 
fecund6, media proportionalis inter 100 & 83% &c. hec erit 91} &c. rurfum- 
que erunt partes inter fe equales, unainter too &c. & g1} &c. & altera inter 
91% &c. & 83% &c. Ita prior femiffis proportionis totius hic eft divifus in 
duas quartas partes ejufdem totius. Et intelligitur femiffis alter, qui erat inter 
832 & 70, per fociam ipfius 91%, feu fecundarum trium minimam (que in 
hoc typo non exprimitur) fimiliter divifus effe in alias duas quartas totius. 
Queratur tertid media proportionalis inter 100, &c. & 91% &c. hec erit 
952 &c. determinans cum 100 partem totius o¢tavam, quod indicat numerus 
illi ad dextram exterius refpondens. Et fic deinceps. 


PQS, TU. LAT IU M 7 MIT. 


Minimum proportionis elementum quantulum pro minimo_placuerit, 
metiri feu fignare per quantitatem quamcunque; ut per 
exceflum terminorum hujus Elementi. 


ET POR FOE OSSil TO: 


Cum fuerint tres continué proportionales, quz eft proportio primz 
. ad fecundam, vel fecunde ad tertiam, eadem eft proportio 
differentiz priorum, ad differentiam pofteriorum. 


B KM, pofteriorum ui: Dico, ut eft ax ad en, fic efle KM ad 


HI. Eft enim we ad Fp, ut ka ad HE ex hypothefi. Sed HE eft 
equalis ipfi Ma, et Fp equalis ipfi 1z, rurfum ex hypothefi. Quare 
etlam MA eritad 1E, ut KA ad HE ; quare per 17 quinti Eucl. etiam 
refidua KM ad refiduam HI, erit ut tota Ka ad totam HE. 


H -IM 
F -lI .10 . . e . . . 
Sint continué proportionales ak, EH, DF, differentia priorum 
DE A 


G 
Ill (BRO P O's PP. 


Cum fuerint aliquot quantitates in proportione continua, minimarum 
minima erit differentia, maximarum maxima. 


Nam per 2 prop. ficut eft maxima ad vicinam minorem, fic eft differentia 
inter maximas, ad differentiam fuccedentiunr: Minor igitur eft-quelibet dif- 


ferentiarum. fuccedentium, quam antecedens. Minima igitur eft ultima dif- 
ferentia, que fcilicet eft inter minimas. 


IV. PRO- 


ee ee ¥, 
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IV. PROPOSITIO. 


Cimm fuerint aliquot quantitates in proportione continua: fi dif- 
ferentia maximarum ftatuitur menfura proportionis illarum : 
differentiz quarumcunque duarum deinceps erunt 
minores menfura proportionis illarum jufta. 


Nam quia ponuntur continue proportionales, igitur equalis eft proportio 
inter duas maximas, & proportio inter quafcunque duas minores deinceps fitas 
per 1 Prop. Major vero eft differentia inter maximas, differentiis inter 
quafcunque alias deinceps fitas per 3. Si ergo major differentia ftatuitur 
menfura proportionis inter duas maximas per 3 poftulatum; tunc eadem duarum 
maximarum differentia ftatuitur etiam menfura proportionis inter duas minores 
deinceps fequentes. At differentia inter duas minores, minor etiam eft dif- 
ferentia inter maximas per 3 Prop. quare etiam minor eft, quam ut fuorum 
terminorum proportionem metiatur. 


Vin iPRO POS LT £0. 


In continué proportionalibus fi differentia maximarum _ ftatuitur 
menfura proportionis illarum : omnes relique proportiones, que 
funt inter maximam & unamquamlibet reliquarum 
minorum, fortientur menfuras, majores diffe- 
rentiis fuorum terminorum. M)- 


K 


Nam proportio maximz ak ad minimam GB componitur ex pro- 
portionibus binarum, & binarum deinceps ufque ad minimam, per ,|_ 


Axioma 1. At omnes binarum deinceps fitarum proportiones inter ie 
fe funt equales per 1 prop. menfuras igitur etiam equales habent 
per poftulat. 1. Quare quot funt elementa proportionis inter maxi- 
mam AK & minimam gp, toties differentia KM, maximarum Ka, 
HE, vel MA, continetur in menfuraé proportionis maxime ka ad gees 


minimam BG. 
Jam verd maxime KA & minime Be, differentia KL componitur ex dif- 


ferentiis KM, Mo, OL binarum, & binarum deinceps fitarum omnibus. 

Sed qualibet differentia mo, or, binarum deinceps feorfim minor eft dif- 
ferentia KM maximarum per 3 Prop. quare etiam totidem juncte differentie 
binarum deinceps, id eft, differentia KL maxime Ka, & minime Boe erit 
minor quam multiplex ipfius km differentia maximarum, fecundum numerum 
elementorum proportionis fectz. Sed multiplex ifta eft menfura proportionis 
inter maximam kA & minimam ze, ut jam oftenfum. Ergo differentia kx 
maxime & minime non equat menfuram proportionis earum, pofitis que funt 


ofita. 
: In 
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In numeris fic. Sint numeri 1000, goo, 810, 729, continue proportionales. 
Maximi funt 1000, 900. Eorum differentia eft 100. Sit hec menfura arbi- 
traria_ proportionis 1000, goo. Erit igitur etiam menfura hec proportionis 
goo, 810, & proportionis 810, 729. Compofita igitur proportionis inter 1000 
& 729 menfura erit 300, quia elementa zqualia proportionis tria funt, per 

uos medios proportionales per axioma 2. Atqui terminorum hujus pro- 
portionis, {cilicet 1000 & 729, differentia eft 271, multo minor quam 300, 
triplum ipfius 100. 


Viste aR OP PSO Pi: 


In continué proportionalibus, fi differentia maxime & unius minorum 
non deinceps fequentis ftatuitur menfura proportionis illarum: reliquz 
proportiones, que quidem funt inter maximam & unam prius afcita 
majorem, fortientur menfuram minorem differentia fuorum terminorum : 
qu vero proportiones funt inter quantitatem maximam & unam- 

uamlibet, prius afcita minorem, nancifcentur menfuram majorem, 
quam eft differentia f{uorum terminorum. 


‘e » Sint proportionales AK, EH, DF, GB, & afflumantur maxi- 

u -jm ma quidem ax, & una minorum non deinceps DF, fitque illarum 
ees Coan differentia Ko, & Ko menfuret quantitatem proportionis inter AK 

& pF. Et fint alia quantitates, EM quidem major prius afcita DF; 
cB vero:illa minor: & fit x-differentia ipfarum ax, EH; fic 
ut vel Mo fit -differentiaipfarum EH, DF ; denique, Fc fit differentia 
ipfarum pF,. GB. Dico primd menfuram proportionis AK, EH 
fore minorem differentia terminorum MK. 

Nam quia proportio AK, DF, menfuram accipit ko, eadem verd 
proportio habet partes zquales conftitutas per mediam proportionalem 
G D & a EH, peri prop. Proportionis igitur aK, EH menfura erit dimidia 

ipfius Ko pert poftul. (vel pars alia aliquota, fecundum numerum 
interyetarum En.) At differentia MK major eft-quam Mo refidua de Ko per 3 
prop. Major igitur quam dimidium ipfius ko. Ergé & major, quam ut 
pofit effe menfura proportionis inter Ka & HE majorem prius afcita FD. 

Dico fecundé menfuram proportionis ax, GB fore majorem differentia Lx. 
Rurfum enim proportionis EH, DF, que femiffis eft ipfius ak, DF, menfura 
erit femiffis ipfius Ko per 1 poftul. vel pars alia aliquota, &c. At differentia 
Ht vel mo minor eft quam Mx, refidua de Ko per 3: prop. Minor igitur ur, 
quam dimidium ipfius ko. Ergé minor quam menfura proportionis EH, DF. 
Sed.differentia re vel ox rurfum minor eft, quam differentia mo per 3 prop. 
Plus igitur deficit oL menfura proportionis DF, GB, qtiam- Mo, a menfura pro- 
portionis En, DF. Eft vero proportio DF, GB, zequalis proportionl EH, DF, 
quia hac quidem vice ipfi DF gqué propinqua ett GB verfus minora, atque EH 
verfus majora, & fi hec non effet, alia fumi polit, quippe inter continué pro- 
portionales. Deficit igitur o1 a menfurd proportionis pF, cB: fed Ko ftatuitur 
effe ipfa menfura proportionis AK, DF. 

Cim 





Ti 
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Cim ergo proportio AK, GB, compofita fit ex proportione aK, pF, & 
proportione DF, GB, per ax. rt. Menfura etiam illius compofita erit ex men- 
furis harum ; ut fi proportio pF, cg femiffis eft ipfius proportionis ak, pF, & 
proportio ak, GB fefquialtera ipfius aK, DF 3 erit etiam ipfius Ko fufcepta 
men{ure, fe{quialtera pro ipfius AK, GB proportionis menfura habenda. 

Similiter VETO 1OGr KL componitur €X KO, OL; oL vero demonttrata eft effe 
minor dimidia ipfius ko: Tota igitur KL minor eft quam fefquialtera ipfius 
KO, minor igitur quam menfura proportionis fuze inter AK, GB. 

Per numeros fic: Sint continué proportionales 100000, goo00, Propor-  Diffe- 
81000, 72900, 65610, 59049. Eligantur 100000, 72900, earumque tionales. rentia, 


differentia 27100 ftatuatur menfura proportionis  terminorum. pee ~10000 

Cum igitur hec proportio habeat partes tres equales, quarum 81000 73°09 

una 100000, goooo, cum differentia to000: altera gooo0o0, 81000, 77999 — 4290 
65610 


cum differentia gooo: tertia 81000, 72900, cum differentia 8100. s904q  -659? 
Quelibet vero proportionum harum fit pars tertia fue totius, 

valebit etiam tertiam partem menfure illius, fcilicet 90333, hec vero menfura 
mee earns proportionis minor quidem eft, quam primorum terminorum 
differentia 10000, major vero quam fecunda differentia gooo, major etiam 
multo quam tertia 8100. Confequenter etiam major quam differentia 7290, 
numerorum 72900, 65610: quam & differentia 6561 numerorum 65610, 59049. 
Ac proinde proportionis 100000, gooo terminorum differentia 10000, excedit 
menfuram fufceptam 90334. Nec minus etiam proportionis 100000, 81000 
differentia 19000 excedit menfuram fuam, fcilicet duplum ipfius 90334, fcilicet 
180664, quia termini minores 90000, & 81000 adhuc ftant ante primo ad- 
junéum 72900. Econtrario proportionis 100000, 65610 differentia 34390 minor 
eft quam illius menfura 361334, quadruplum fcilicet ipfius 90334. Sic etiam 
proportionis 100000, 59049 differentia 40951 minor eft quintuplo ipfius 
90334, fcilicet 45166}, quia termini minores 65610 & 59049 fant poft primo 
adjunctum 72900 utpote minores illo. 


Vilcrese RK OR Ors? ict TO. 


Si quantitates aliquot ordine magnitudinis deinceps  collocentur, 
bine deinceps proportiones zquales facientes, ipfz 
quantitates continué proportionales erunt. 


Collocentur deinceps a, D, B, E, c, hoc ordine minores a 
prima, fintque an & Bc proportiones equales, dico B effe me- 
diam proportionalem inter a, c. Si enim non: erit vel major 
vel minor media proportionali ; ; fit major illa, & fit verbi caufa & 
ipfa media proportionalis. Erit igitur aE proportio major quam ap sec 
AB, per I ax. quare EC minor quam aE. At fiE media proportionalis, tunc 
AE & Ec proportiones funt equales per 1 prop. Non igitur minor erit media 
proportionalis quam B. 

Sit major, & fit p, rurfum idem abfurdum fequetur. 


Si ergo AaB, BC zequales proportiones, ipfa p eft media proportionis, &c. 
( VIII, PRQ- 








iy ) 
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Si quantitates quecunque deinceps collocentur, ordine magnitudinis, 
quarum, quz intermediz, non {int inter proportionales, medias, pro- 
portionis cujufcenque, five actu continuate, five poteftate continuandx 
interpofitione omiflarum: intermedix tales proportionem extremarum 
non dividunt in commenfurabilia. 


ee o. 1. Commenfurabilia enim ex eo dicuntur, quod habeant unam 

communem menfuram, quam quodlibet contineat fecundum certum 
numerum, aliquoties exacté, fic ut nihil, quod e& menfura minus fit, reftet re- 
fiduum. 2. Jam vero menfura proportionum communis, eft & ipfa aliqua pro- 
portio, minor utraque menfuranda. 3. Omnis vero proportio eft inter duos 
terminos. 4. Et Proportio repetitione fui, menfurans aliam proportionem, in- 
cipit ab uno menfurande termino, eique fociat alium, pro ratione quantitatis 
fue minoris: tum illo jam pro antecedenti fumpto, ftatuit alum confequentem, 
hoc identidem, quoadufque permeatur proportionis menfurande quantitas : 
non aliter, quam cum intervallo pedum Circini metimur lineam, fixo pede Cir- 
cini in una Jinee extremitate, pede altero punctum fignamus, deinde pede priore 
in hoc punctum tranflato, punctum aliud altero pede metamur, verfus ulteriora, 
donec emenfi fuerimus totam lineam. 5. Et Proportio proportionem exacté 
menfurare dicitur, quando in hac continua terminorum interpofitione & coap- 
tatione tandem ultimus terminus proportionis menfurantis, cum fecundo termino 
meniurate coincidit in quantitate, Igitur identitas illa proportionis menfurandis 
continue repetite eficit, terminos continue proportionales per 7 prop. Ergo fi 
proportio aliqua duas proportiones exacté metitur, neceffe eft, ut termini quos 
ipfa menfurans interponit, fint cum ipfius menfurande terminis continue pro- 
portionales. Si ergo nulla unquam, quantumvis parva proportio poteft iaveniri, 
que repetitione ful, terminos ultimos affequatur proportionum menfurandarum, 
fhe ut tam major communis terminus, quam duo minores proportionum menfu- 
randarum fint cum menfurantis terminis interpofitis continué proportionales : 
proportiones ille funt inter fe incommenturabiles. 


IX PROPOSE TBO. 


Cum duz longitudines effabiles non fuerint ad invicem, ut duo numeri 
ejufdem fpeciei figurative, verbi caufa, duo quadrati, aut duo cubi: 
non, cadent inter illas, longitudines alix effabiles, medi proportionales, 
numero tot quot ipta fpecies poftulat, verbi causa, quadrati unam, 
cubi duas, biquadrati tres, &c. 


| Sint enim due longitudines ap habentes, fe quidem ad invi- 

cem, ut numerus ad numerum, at non ut numerus cubicus ad 
| cubicum: & quia de cubo ‘agimus, de duabus igitur mediis pro- 
| portionalibus erit dicendum, fintee 8 & c, Dicozs & c non efle 
p longitudines effabiles. 


| J zeoeael 
el 
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Si enim quis contendat effe effabiles, efto hoc pofitum. Sunt igitur ut 
Numeri. Sunt autem fimul medie proportionales inter a, p, ex hypothefi. Et 
quia etiam a, D funt ut numeri, quippe effabiles, & ipfe fupponuntur, habent 
vero duas medias 8 & c, ut numeros, quare per 21 o¢tavi Eucl. a & vp 
fimiles erunt folidi: quare per 27 eyufdem erunt ad invicem, ut Numerus ad 
numerum cubicum. Hoc vero eft contra primam propofitionis hypothefin. Feal- 
fum igitur pofitum fuit, 8 & c effe longitudine effabiles. Vera igitur eft negatio 
in propofitione comprehenfa. 

Eodem modo etiam de quadratis, & de und media proportionali ratiocinari 
poflumus, deductione ad impoffibile: nec minus & de ceteris fpeciebus, poft 
quadratum & cubum fequentibus. 


X. PROPOSITIO. 


S1 ex aliquot quantitatibus effabilibus ordine magnitudinis invicem 
fequentibus due extreme non fuerint ad invicem, ut duo 
numeri quadrati, aut duo cubi, aut duo alii eyufdem 
{peciei; intermediarum nulla dividet proportionem 
in commenfurabilia. 


Nam nifi due quantitates effabiles recipiant media proportionalia effabilia, 
earum proportio non dividetur per effabilem intermediam in commenturabilia 
per 8 prop. At fi due quantitates non fuerint inter fe, ut duo numeri ejufdem 
{peciei figurative, non recipiunt media proportionalia effabilia, per g prop. 
Quare ille intermedia quas propofitio admittit, cum fint effabiles, non erunt ex 
proportionalibus mediis. Non igitur dividunt proportionem extremarum in 
commenturabilia. f 


xi. PROPOSITIO. 


Omnes proportiones deinceps ordinate, que funt inter terminos 
effabiles zqualitate Arithmetica fe invicem excedentes, inter 
fe funt incommentfurabiles. 


Nam termini extremi effabiles vel recipiunt effabilem mediam propor- 
tionalem quantitatem unam plurefve, vel non recipiunt. Si non recipiunt, 
nulla igitur effabili, & fic neque medio arithmetico dividitur eorum proportio 
in commenfurabilia per 8 prop. Recipiant verd effabile medium propurtionale, 
ut termini 8 & 18, recipiunt enim 12 effabilem, cum fint ut 4 ad 9, quadratus 
ad quadratum. Eft verd inter 8, 18, medium Arithmeticum 13, tdeo 
proportio 8, 13 major eft quam 8, 12 & 13, 18 minor, quam 12, 18, quanti- 
tate utrinque parve proportionis inter terminos 12, 13, fed proportio 12, 13 
nulli reliquarum eft commenfurabilis. Nam termini 8, 13, quia non funt ad 
invicem, ut numerus figuratus ad alium ejufdem figurationis per 10 prop. non 

Coreg caprunt 
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capiunt mediam vel medias proportionales eflabiles, quare numerus 12 non eft 
unus ex iis numeris, qui inter 8 & 13 intercidunt in continua proportione : non 
eft igitur commenfurabilis proportio 8, 13 proportioni12, 13 vel 8,12. Sicex 
iifdem fundamentis, quia termini 12,-18 non capiunt effabilem mediam pro- 
portionalem: ergo 12, 13 & 13, 18 funt incommenturabiles ; ad commentfurabi- 
lem igitur 8, 12 ip 8, 18 eft appofita incommenfurabilis 12, 13. Tota ergo 
8, 13 eft ipfi 8, 18 incommenfurabilis. Sic in 13, 18 de commenfurabili 12, 18 
dempta eft pars incommenfurabilis 12, 13, refidua ergo 13, 18 eft incommen- 
furabilis ipfi 12, 18. At neque proportio inter 8, 13 eft commenturabilis ipfi 
proportioni inter 13, 18, quia tota inter 8, 18 alterutri parti inter 8, 13 eft 
incommenturabilis, ergo & partes invicem per 16 decimi Eucl. Item fi effent 
partes commenfurabiles, menfuram utraque communem haberet, atque illa etiam 
compofitam inter 8, 18 emetiretur, & fic partes cum tota commenturabiles effent, 
atqui jam demonftratum eft, neutram partem tot effe commenfurabilem. Non 
funt igitur partes, quas hic facit medium arithmeticum inter fe commentu- 
rabiles. . 


ALI .P ROP OS TT LO. 


Si quantitates quecunque deinceps collocentur ordine magnitudinis, pro- 
portionis vero inter maximas menfura {ftatuatur differentia inter eas, 
differentia inter quafcunque alias, ex pofitis, minor erit menfura 
fuze proportionis; & fi proportionis inter minimas menfura ftatuatur 
differentia minimarum: differentiz reliquz erunt majores menfura 
proportionis fuorum terminorum. 


Aut enim continué proportionales funt quantitates collocate atu, vel 
poteftate fupplendi omiffas, & tunc patet propofitum per vi & per i. Aut 
non funt in proportione continua, fic ut partes conftituant incommentfurabiles : 
& tum conceptione mentis in infinitas particulas equales fecari intelligeretur per 
interpofitas infinitas medias proportionales: ita redigentur cum dis, que au 
funt continue proportionales ad eandem vim demonftrationis. 


COROLLARIUM. } 


Quod fi fuperet menfura proportionis inter maximas, differentiam earum : 


hujus menfure ad hanc differentiam proportio minor erit quam fequentis men-_ 


fure ad differentiam fuam : cum proportionalium eadem fit ratio. 


XIII. PROPOSITIO. 


Si quantitates tres ordine magnitudinis fe infequantur, proportio mini- 
marum duarum in propertione extremarum continebitur rarius, quam 
differentia minimarum in differentia extremarum: ®& viciflim pro- 
portio maximarum in proportione extremarum continebitur fepius, 
quam differentia illarum in differentia harum. 

Con- 


ry eee es © Bree 
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Contineatur enim in adjecto diagrammate differentia minimarum 
EI, Vel MN, in differentia DN extremarum aliquoties licet non exacté: ™I- 5 
& capiat proportio minimarum BE, cF menfuram differentiam mn, 
erit igitur proportionis AD, cF menfura minor quam differentia pn ¥J- 1]- 
Her M2 's) rarius igitur continebituir MN, in menfura ipfius ap, CF 
proportionis, quam in Np longiore ; rarius igitur & ipfa proportio 
in proportione. Viciffim contineatur pM, differentia in pw aliquoties : 
& fit pM menfura proportionis AD, BE. Erit proportionis AD, 
cF menfura major quam DN, fepius igitur erit DM, in menfura 
ipfius AD, cF, quam in DN. Ergo, &c. 


0 en. 


> 
w 


CIO Re Or, De AYRE UM 


Differentia eadem inter terminos binos hinc majores, inde minores exiftente : 
proportio inter majores minor erit, inter minores major. 


SV eae Ob Op bl kOe 


Si quantitates tres ordinentur deinceps, zqualibus differentiis invicem 
excedentes: proportio inter extremas eft major quam 
dupla proportionis maximarum. 


Sint tres quantitates, AD maxima, BE media, cr minima, & fit ? 
exceflus prime fuper fecundam pM, equalis exceflui fecunde fuper m}- £ 
tertiam EI, vel Mn. Dico proportionem inter ap, cF, majorem 
effe quam duplam ipfius inter ap ad Be. Menfuretur enim proportio 
AD, BE per differentiam pM per 3 poftul. Erit igitur menfura pro- 
portionis BE, CF major quam differentia 1z, vel NM per 12. Sed 
MN #quat DM menfuram proportionis inter ap, BE. Ergo menfura 
proportionis BE, cF eft major menfura proportionis ap, BE; Et fic 
ipfa proportio BE, cF major eft proportione ap, BE. Sed pro- 
portio AD, CF componitur ex proportione AD, BE & ex proportione a 3 
BE, CF per axioma 1. Ergo proportio ap, cr partes habet ap, BE, 

& eam majorem BE, CF, majorigitur dupla ipfius ap, BE. 


COROLLARIUM. 


Hine fequitur, femiffem proportionis extremarum effe majorem proportione 
maximarum, minorem proportione minimarum, 


BV PoP RO iG. Sil. £ O. 


Si dux quantitates proportionem conftituerint, dimidium vero quan- 
titatis majoris dematur de quantitate utraque, , refiduz 
quantitates proportionem conftituent majorem 
dupla_prioris. 
Sint 


{4 JOANNIS KEPLERI. 


Sint quantitates 10, 9 & ablato dimidio ipfius 10, hoc eft 5, ex utraque re- 
linguantur 5, 4. Dico proportionem inter 5, 4 dupla ipfius 10, 9 majorem 
effe. Duplicentur enim 5, 4 fient 10, 8, eritque proportio eadem 5, 4 que & 
10, 8. Differentia vero 10, 8, hoc eft 2, dupla erit differentia 5, 4, hoc eft 
differentie 10, 9, fcilicet 1. 

Si vero tres quantitates ordinentur 10, 9, 8, quarum prima 1o excedat tertiam 
8, duplo ejus, quod excedit fecundam 9, feu in quibus zquales funt exceflus 
10, 9 & 9, 8, proportio extremarum 10, 8 (id eft 5, 4) maior eft dupla ipfius 
10, 9 maximarum per 14. Ergo. 


XVie PROP OS At 1, 


Incommenfurabilium proportionum partes aliquote funt inter fe 
incommenfurabiles. 


Nam pars aliquota eft fui toti commenfurabilis, at tota illa perhibetur toti 
focie incommenfurabilis, ergo & pars unius toti alteri erit incommentfurabilis 
per 14decimi Eucl. & pro eadem, & parti aliquote alterius. 


XVII. PROPOSITIO. 


Si mille numeri invicem fuccedant ordine naturali, differentes bini 
unitate, initio fatto 4 maximo 1000; deinde proportio inter maximos 
1000, 99Q, bifectione continua, fecetur in partes minutiores, quam eft 
exceflus proportionis inter proximos 999, 998, fuper proportionem 
inter maximos 1000, 999: minimum vero illud elementum pro- 
portionis inter 1000, 999, capiat menfuram differentiam inter 1000 
& proporticnalem illam mediam, quz alter elementi terminus eft: 
ulterius fi proportio inter 1000, 998 feorfim fecetur in partes duplo 
plures quam prior proportio inter 1000, 999, & hujus feparate 
divifionis minimum elementum feorfim capiat menfuram, fuorum 
terminorum (quorum alter fit 1000) differentiam, eodemque modo 
quzlibet proportio ipfius 1000 ad fequentes numeros, ut 997, &c. 
bifeGtione continua fecetur in particulas tante magnitudinis, ut ver- 
fentur inter fefquiplum & dodrantem elementi, quod emerferat ex 
{ectione proportionis prime inter 1000 & 999, fingulifque elementis 
menfura detur A fuorum terminorum differentia, maximo exiftente 
1000, & fi hoc facto, cuicunque ex mille propottionibus, menifura 
conftituatur ex tanto numero menfurarum elementi ful, in quot ele- 
menta ipfa divifa fuit: proportiones omnes, ad omnem calculi fub- 
tilitatem, emendatas exaCtafque habebunt menfuras, 


Nam 
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Nam fuccedant invicem numeri 1000, 999, 998, &c. ordine naturali, dif- 
ferentes unitate: erit inter maximas 1000, 999 minima proportio : major inter 
proximos 999, 998: hec iterum major proxima inter 998 & 997 fic femper 
& hoc per 14 prop. Donec 500, 499 fiat major quam dupla iplius 1000, 999 
per prop. 15. Dico fecund6 exceflum fecunde fuper primam fore minimum : 
fic ut femper exceffus fequentis fuper praecedentem fit major priore exceflu : 
ut quoties fequens proportio duplo longius diftiterit 4 prima, quam aliqua, 
precedentium, toties exceffus fequentis. fuper primain am plius quam duplo 
major fit exceilu precedentis. Fiat enim ut tooo ad ggq, fic 999 ad 998223 


Toco” 
X 


Igitur proportio 999 ad 998 raee eft eadem que 1000 ad ggg. Aufer lam a 
proportione 999, 998, relinquitur exceflus 998001, 998000. 

Fiat etiam ut 1000 ad ggq, fic g98 ad 99] sees: Igitur proportio 998 ad 
09] rooe eft eadem que 1000 ad 999. Aufer illam a proportione 998, 997, re- 
linguitur exceilus, proportio inter 997002 & gg7o00. At in priori exceffu 
proportionis 998001, 998000, termini differebant per 1, in hoc verd exceffu 
termini 997002, 997000 differunt per 2. Atqui fi equales fuiffent majores 
termini hic & illfc, proportio fequens, ubi dupla differentia prioris, fuiffet 
major dupla ipfius per 14. Multo igitur major erit proportio, ubi etiam 
minor fuerit terminus, qui proportioni fequenti eft loco majoris feilicet 
997002. 

Lucis caufa fint numeri minores & pauciores, & qui etiam unitate differant, 
MENLO," @, nha 7 ams 15 544 4335 2, I. Dico exceffum proportionis 8, 7 fuper pro- 
port. 10, 9, amplius quam duplo majorem eile quam exceflum proportionis 9, 8 
fuper eandem 10, 9. Reducatur enim ut prius prima proportio inter 10, 9 
cum fingulis fequentium, quas bini deinceps numeri conftituunt, reducantur, 
inquam, ad communem terminum maximum. Hic etiam exceffuum termini 
differunt magis, magifque, ut quia 72, 70 eft loco fecundo, differentia 2 (ut 
prioris 1, inter 81, 80, dupla) indicat exceffum 72, 70 effe majorem duplo ipfius 
81, 80. Sic 54, 50 loco quarto major duplo eft ipfius 72, 70 loco fecundo. Sic 
18, 10 loco octavo major duplo ipfius 54, 50, indice differentia 8, dupla ipfius 
4, inter terminos minores. 





At propor- 
Eft tio inter | Exceffus il- 
10, g valet larum. 
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Cum igitur in priori exemplo mille numerorum, minimus exceflus fit 
998001, 998000, facilc fecamus proportionem primam 1000, 999 in partes zquales, 
minores, pofito exceffu numero. Reducatur enim ille exceifus ad terminum 
minorem dividende, fiat {cilicet ut 998000 ad 998001, fic _g9g000000000 ad 
999001002004, &c. unde apparet differentiam terminorum fier1 1002004, &c. 
que eft paulo major quam millefima pars de differentia terminorum propor- 
tionis prime. Ergo per 13 non totupla pars proportionis 1000, 999 eft in 
exceflu proportionis $ fequentis 999, 998. 

Queratur ergd medium proportionale inter 1000, 999. Id fecabit propor- 
tionem terminorum in ewquales duas partes, per 1 prop. queratur fecundo 
inter hanc inventam mediam, & 1000 alia media proportionalis, ut ita prior 
media intelligatur, circumdata duabus mediis proportionalibus aliis, quarum 
tamen unius folum, verfus terminum 1000 inveftigatione opus eft. Per has 
igitur tres medias (ut eft in ax. 2.) fecabitur proportio in partes 4. Sic pro- 
portionalis tertia inter prius inventam, & 1000 fecabit in partes 8 quarta in 16, 
& fic confequenter (per poftul. 2) in 32, 64; 128,256, 512, 1024, quod fit actu 
decimo. Hic itaque numerus 1024 certd conftituit particulas proportionis 
1000, 999 minores fupra inveftigato exceffu: quia proportio capit hujus exceflus 
minus quam mille; hic verd “conftituuntur mille viginti quatuor particule. 
Hic igitur particula millefima vicefima quarta capiat loco menfure, differentiam 
termini fii minoris, feu medie proportionalis decime a termino majore 1000 
per 3 poftulat. 

Pergimus ad fimilem fectionem proportionis inter 1000, 998. Hac igitur eft 
incommenfurabilis priori 1000, 999. Nam per 11 prop. proportio 999, 998 eft 
incommenturabilis proportioni 1000, 999, qui termini bini differunt unitate aqua- 
liter, fed proportio 1000, 998 componitur ex illis inter fe incommenfurabilibus 
per axiom. 1. Cum verd totum in incommenfurabilia fecatur, ipfum fingulis 
eft incommenfurabile per 17 decimi Eucl. 

Eft veré hec proportio 1000, 998 major quam dupla prioris 1000, 999 exceffu 
incommenfurabili, ut fupra pisenone premifize 14 indicatum. Pars igitur 
ejus on efima vigefima quarta plus quam duplo major eft minimo elemento 
priori ; bifecetur igitur, ut totius fiant partes 2048 per inguifitionem undecime 
a aceite Tunc fané elementum hoc ejus erit proximé equale elemento 
minimo prioris, majus tamen illo etiamnum, & illi incommenfurabile per 16 

remiffam. 

Si ergo illud accepit menfuram, differentiam fuorum terminorum, hoc jam 
elementum proportionis, quippe majus illo, menfuram habebit majorem dif- 
ferentia {uorum terminorum, per 12 prop. Ac proinde fi prioris elementi ter- 
minorum differentia muluplicetur 10241es pro menfura proportionis inter 1000, 
999 tunc pofterioris Soran terminorum differentia, miultiplicata 2048ies, 
adhuc minor erit menfura proportionis inter 1000, 998. 

Verumtamen fi attendamus ad quantitatem hujus defectus, ila eft omnind 
fubtilifima, & nulla calculi diligentid obfervabi lis. Quia enim proportio inter 
1000 & ogo fetta eft in particulas plus quam mille, & elementi tam parvi 
menfura conftituta-eft differentia terminorum 1000000, "& 999999, feilicet 1, & 
minor adhuc certé proportio proxima inter 999999, 999998 major priori per 
12 prop, menfuram habebit, que excedat terminorum differentiam primam 

Vix 
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vix millies millefima fui; ac proinde compofita proportio roco0ce, 999998 
major ‘eft dupla prioris vix millies millefima prioris particula. At jam ele- 
mentum fecund# proportionis inter 1000, 998 in fuperioribus conftirutum, ne- 
quaquam eft majus duplo prioris proportionis elemento ; fed ob idipfum facte 
{unt partes non 1024, fed 2048, ut effet pars ifta proximé zequalis priori, quo- 
modo excedit illam rurfum vix millefima parte illius, fi ergd totum fuperadderet 
differentia fuze millies millefimam, ad conftituendam proportionis menfuram, 
pars utique millefima totius non plus addet, quam millies millefime prioris 
elementi millefimam. 

Tranfeamus ad fectionem fequentis proportionis inter 1000, 997. Hec verd 
eft paulo major quam tripla prime inter 1000, 999. Quare fi fecetur in equales 
1024 particulas, particula talis etiam erit paulo major quam tripla elementi 
primi. Sin ulterius ille bifecentur per undecimam proportionalem, exiftent 
numero 2048, eritque unaquelibet major quam fefquialtera primi elementi. 
Nam triple dimidia eft ipfa fefquialtera totus. Quia ergd fuperant primum 
elementum plus quam dimidio ipfius, bifecentur denuo conftitutione duodecime 
proportionalis, ut fiant partes 4096 : quelibet major dodrante prioris elementi, 
quia fefquialteri dimidium eft dodrans. Satis igitur appropinquat elemento 
priori. Si igitur huic elemento proportionis tertie menfura feorfim ponatur, 
differentia terminorum ipfius peccabit quidem illa exceffu, per 12 premiffam, 
at peccato nunquam eftimabili, ob caufas in fecunde fectione dictas. 

Hoc pacto, proportio inter 1000, 996, per fectionem in 4096, pauld majus 
fortitur elementum quam eft elementum prime, & proportio inter 1000, 995 
paulé majus quinque quantis primi elementi. At proportio inter 1000, 994. 
jam per tredecimam proportionalem, capere debet partes 8192 ut fint rurfum 
paulé majores dodrante primi elementi. Et proportio inter 1000, 993 paul) ma- 
jores habebit feptem o¢tavis primi, & proportio inter 1000, 992 rurfum pauld 
majores primo elemento. 

Hoc igitur tantifper obtinet, quoad numeri ordinis millenarii proximi invicem 
appropinquaverint magis ipfi 500 dimidio primi, quan ipfi primo 1000. 

Nam quia proportio inter 500, 499 major eft quam dupla proportionis inter 
1000, 999 per 15 premiflam: Jam igitur exceflus ipfius 500, 499 fuper ipfam 
10005 999, fuperat ipfam 1000, 999, quare in feCtione proportionum, que proxi- 
mé antecedunt proportionem inter 500 & 499 per unam faperabundantem, 
bifectionem, vel etiam quadrifectionem, redigendum eft elementum, emergens 
ad propinquitatem elementi prioris in propofitione prefinitam. Atin lis que 
fequuntur proportionem inter 501 & 500 {fectione porrd non eft opus. Nam 
quia proportio inter 500, 499 eadem eft que inter 1000, 998, idcirco fi fuerit 
notificata 1000, 998 & 1000, 500, nofcetur etiam compofita ex utraque 1000, 499 
fine fectione laboriofa. Igitur inquifitio proportionalium definit in proportione 


dupla,: fcilicet inter 1000 & 500. 
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AVille (UPR OP OS 1 ti oO, 


Cognita proportione numeri cujufcunque ad primum 1ooo: fimul 
cognofcitur etiam numerorum reliquorum continue ejufdem 
proportionis, ad eundem primum 1000. proportio, 


Nota fit menfura proportionis inter a & B. Et fit ut aads, 

fic Badc, & c adv, & pads. Erunt igitur equales menfure 

proportionum harum fingularum ei, que eft primo note a ad B 
Cc 


— 


| per 1 poftul. Jam vero proportio a ad c componitur ex pro- 
| | portionibus a ad B, & Badc, per 1 ax. quare & menfura pro- 
p & portionis Ac componetur ex duarum proportionum as & Bec 
menfuris. Id eft, menfura ipfius aB  duplicata, dat menfuram 

ipfius ac, triplicata ipfius aD, quadruplicata ipfius. az. 

Hoc pacto cognita proportione inter 1000, 900, cognofcitur etiam ipfius 
1000 ad 810, & ad 729. 
Et ex 1000 ad 800, etiam 1000 ad 640 & ad 512, 
Et ex 1000 ad 700, etiam 1000 ad 490 & ad 343. 
Et ex 1000 ad 600, etiam 1000 ad 360 & ad 216. 
Et ex 1000 ad 500, etiam 1000 ad 250 & ad 125. 


A B 


COROLLARIU™M. 


Hinc oritur preceptum quadrandi, cubicé multiplicandi, &c. & viciffim 
radicem quadratam, cubicam, &c. extrahendi in primis numerorum figuris. 
Eft enim ut maximus chiliadis tanquam denominator ad numerum propofitum. 
tanquam numeratorem, fic hic ad fractionis quadratum, & hoc ad cubum. 


xIX. PROPOSITIO. 


Cognita proportione numeri ad primum 1000; fi duo alii in eadem 
inter fe proportione fuerint ; eorum unius proportione ad 
1000 cognita, nofcetur etiam reliqui proportio 
ad eundem 1000. 


Sit a 1000, & nota menfura proportionis a ad 8. Sit verd ut «a ad B, 
fic c ad p, & fit nota menfura proportionis a ad c. Dico etiam innotefcere 
menfuram proportionis a ad D. Quia enim nota eft menfura ipfius az pro- 
portionis, nota etiam erit ipfius CD proportionis, ut que illi ponitur equalis, 
per 1 poftul. Nota vero eft etiam ac, & ap eft compofita ex ac & cp, per 
I ax. quare etiam menfura ipfius AD componetur ex menfura ipfius ac, ut 
ex menfura ipfius cp, id eft, ipfius AB. 
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\ COROLLARIUM I. 


Hoc pacto, ex notificatis proportionibus quindecim, prop. 18 premiflis, 
nofcentur alia centum viginti numerorum intra millenarium, ad ipfum mille- 
narium. 

Quoties enim date fuerint proportiones ad 1000 duorum numerorum talium, 
in quibus vel ambobus, duos ultimos locos habuerint cyphree, ut 900, 800, vel in 
eorum altero quidem duos, in reliquo veré unum, ut 700, 810, velut 700, 10. 
Vel fi unum folum, eumque ultimum in utroque numero locum ex tribus obti- 


nuerit cyphra : qua tamen hanc cyphram antecedit figura in altero numero, ex: 


paribus in reliquo quinarius fuerit, ut 620, 950 fic 620, | 50 fic 20, 950, vel fi alter 
quidem cyphra in ultimo loco caruerit, ex paribus tamen fuerit ut 512, 12 vel 2 


reliquus fuerit 00. Omnibus hifce cafibus inftituta multiplicatione numerorum, ; 


proveniunt in fine tres cyphre, quibus abjeétis formatur numerus, unus ex 
mille ordinis naturalis, feu progreffionis arithmetice. 


COROLLARIUM II. 


Hinc oritur preceptum tractandi regulam trium, quando uno loco occurrit 


rotundus 1000. 
Nam fi ille occurrit primo loco in tali fitu : 
A 1000 dat B, quid c? 
Tunc additur menfura proportionis aB ad menfuram proportionis ac, ita fit 


menfura proportionis AD. 
Sin autem 1000 occurrat loco fecundo vel tertio, in tali fitu B dat a 1000, 


quid c? vel tali B dat c, quid a 1000? 


Tunc aufertur menfura proportionis aB a menfura proportionis ac, vel ejus - 
multiplicis proxime majoris, ita relinquitur menfura vel ipfius proportionis ap, 


vel ejus aque muldplicis. 
xX. PROPOSITIO. 


Quando fuerint ut primus ad fecundum, fic tertius ad quartum, 
notz vero fuerint proportiones ipfius 1000 ad tres priores, 
innotefcet etiam proportio ejufdem rooo ad 
quartum. 


Sit enim a 1000, & fit ut B adc, fic pad. Note ver6 fint proportiones 
AB, AC, AD; Dico innotefcere etiam proportionem az. Nam quia ut B ad 
c, fic p ad £, equalis eft igitur menfura proportionis Bc, menfure proportionis 
DE. Sed BE eft compofita ex BD, DE peri axiom. A%qualis igitur erit pro- 
portio BE, proportionibus BD, Bc fimul fumptis. Sed & ae eft “compofita ex 
AB, BE: fic AD €X AB, BD, fic Ac ex AB, BC per I axioma. Si ergd pro 


BD, Bc, fumantur proportiones note AD, ac, tunc AB bis acceffit. Viciffim ‘ 


fi pro BE fumatur aE proportio quefita, tunc as femel tantum acceffit. Si 
ergd a junctis ap, ac notis, abftuleris a8 notamfemel, relinquitur AE proportio 


queefita, 
D 2 COROL= 
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COROLLARIUM Te 


Hac methodo preterquam quod fuperiorum chiliadis multe iteraté ex- 
quiruntur, accedunt illis infuper aliquot aliz. 


COROLLARIUM II. 


Hine oritur preceptum tractandi regulam trium, quando nufpiam occurrit 
rotundus 1000: ut fi fic collocentur tres, B dat c, quid p? 

Nam additur menfura proportionis ac, menfurz proportionis ap, & 4 fumma 
aufertur menfura proportionis aB, vel ejus aliqua pars aliquota; ita relinquitur 
menfura proportionis AE, vel ejus equé multiplex. 


DEFINITIO. 


Menfura cujuflibet proportionis inter tooo & numerum eo minorem, 
ut eft definita in fuperioribus, exprefla numero, apponatur ad hunc 
numerum minorem in Chiliade, dicaturque LOGARITHMUS ejus, hoc 
eft, numerus (2p.8es) indicans proportionem (Acyov) quam habet ad. 
1000 numerus ille cui logarithmus apponitur. 


XXI PROPOSITIO. 


Si primus numerus fit femidiameter circuli feu finus totus: omnis 
numerus minor, ut finus complementi alicujus arcus, logarithmum 
habet majorem fagitta arcus, minorem vero exceflu fecantis arcus 
fupra radium feu femidiametrum, excepto unico proximo poft femi- 
diametrum, quia illius logarithmus ex hypothefi eft equalis fa- 
gitte. whl tis 


Sit a centrum circuli, ap femidiameter, pI, DE arcus, eorumque finus 
1c, EB, finus veré complementorum fint cA, BA, fagitte cp, Bp. Sit autem 
ut AD ad ac, fic ac ad as. Amplius fint eorundem arcuum fecantes ac, 
AF, per terminos 1, £E, in tangentes DG, DF educti, . 
& ipfi ac equalis abfcindatur ab ar, que fit aK; 
denique fit cp menfura proportionis ca, AD, ut minimi 
elementi arbitrarii. Dico menfuram proportionis Ba ad 
AD, hoc eft, logarithmum ipfius Ba, majorem efle quam 
BD, minorem verOd quam EF. Quod major fit quam BD, 
demonftratum eft fupra propofitione duodecima. Quod 
verdé minores fint menfure proportionum harum 1G, CF 
fic probatur. Primum de ca, cum ipfa cp fagitta, utpote 
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in minimo proportionum elemento ponatur effe logarithmus ipfius ca: cp fané 
eft mihor quam ic. Ut enim ca ad ap, fic 1a, hoc eft Da, ad ac, quiaDe & cr 
parallele. Eft igitur ap media proportionalis inter ca & ac. Ut igitur 
ca ad ap, fic diiferentia ca, aD, hoc eft, cp, ad differentiam fequentem pa, 
AG, hoc eft, ad 16. Sed ca eft minor quam ab, ergo & cp eft minor 
quam 1c. Sed cp eft logarithmus ipfius ca finus complementi arcus Ip, & 
1G eft exceffus fecantis eyufdem arcus. Ergo logarithmus minor eft hoc 
exceffu. 

Tranfeamus ad BA: cujus logarithmus major eft quam sp, demonftrandum 
eft, illum non effe tanté majorem ipf{a BD, quin interim maneat minor ipfo EF. 
Rurfum igitur ap eft media proportionalis inter Ba & ar. Et quia pofita eft 
ut Baad ac, fic ca ad aD: quare etiam ut EA ad ac, vel ax, fic Ka vel 
Gaad aF. Suntigitur continue proportionales ifte aB, Ac, AD, AK vel ac & 
AF. In eadem igitur proportione funt etiam Bc, cD, 1G, vel EK & KrF. 
Minor vero eft cp quam 1c, ut prius oftenfum, minor igitur erit etiam 16 vel 
EK quam KE. Total igitur EF major eft quam dupla ipfius 16, multd magis 
igitur EF major erit quam dupla ipfius cp minoris. At proportionis inter Ba,. 
AD, ut que dupla eft ipfius Ba, ac peri propofitionem, menfura feu lo- 
garithmus ipfius Ba, eft precifé duplus ipfius cp per 1 poftul. Minor eft ergo. 
logarithmus ipfius Ba exceffu fecantis EF. ~ Erat autem major fagitt Bp. Patet 
ergo propofitum. 


XXII. PROPOSITIOn 


lifdem pofitis, fagitta arcus cum exceffu fecantis fuperat duplum 
logarithmi, ad finum complementi apponendi. 


Sit enim primdé Sinus complementi longiffimus, aut longiffima mediarum 
proportionalium, quibus aliqua proportio dividitur in 
partes arbitrario numero multas ; fic ut ejus, verbi caufa, 
Ac refiduum cp, feu fagitta arcus 1D fit ipfifima men- 
fura arbitraria proportionis cp, logarithmus igitur ipfius 
ea eft cp. At ic eft major ipfa cp. Junéti igitur: 
exceffus fecantis 1¢ & fagitta cp, plus efficiunt quam 
duplum ipfius cp. a oa 

Sit deinde alia quecunque minor linea proportionis 

continue, ut AaB, & educta ex B perpendiculari in cir- 
pet ererieirn E, connexifque aE, & DG continuatis in F, fit EF exceflus fe- 
cantis, & Bp fagitta ejufdem fcilicet arcus ED. Dico junctos er & Bp, facere 
plus quam duplum logarithmi ad Ba apponendi, feu menfure ipfius BA, 
AD proportionis. 

Quia eft ut Baad ap, fic pa ad ar, & ca media proportionalis i inter BA, 
AD, ut igitur Ba ad ac, fic Ga ad aF, quare per 25 quinti Eucl. Ba, aF june 
funt longiores junctis cA, aG, five quia ut Ba ad ab, fic DA ad AF, quare 

Bay, 
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BA, AF juncte, fuperant Da, ap duas medias. Ut vero Ba ad ac, fic etiam 
gc ad cp, & 1c ad KF per 2 prop. quare etiam Bc & KF junéte, fuperant 
cp & 1c junctas. At cp, 16 plus funt quam duplum ipfius cp. Ergé gc 
KF juncte, multd plus funt quam duplum ipfius cp. Et fic Bp, EF plus 
funt quam quadruplum ipfius cp. Sed duplum ipfius cp eft logarithmus feu 
menfura proportionis BA, aD per 1 poftul. Erg6é sp, EF juncte, plus funt 
quam duplum logarithmi ipfius Ba, feu menfure proportionis Ba, aD. 

Sit tertié proportio BA, Ac minor vel major quam ca, ap, demonftrabitur 
nihilominus quod juncte sc, KF, fuperent duplum tante partitionis de cp, 
quanta portio eft proportio BA, AC, proportionis CA, AD. 


COROLLARIUM. 


Logarithmus Sinus complementi eft minor medio arithmetico inter fagittam 
& exceffum fecantis. 


PRECEPTUM. 


Sinus invent! in Canone Sinuum refiduum ad totum adde exceffui 
fecantis complementi, fummz dimidium fuperat lo- 
garithmum, fagitta ipfa proximé minor eft 
logarithmo. 


Efto Sinus 99970,14.90 arcus 

Ejus refiduum ad fin. totum 29,8510 fagitta arcus complementi minor logarithmo 
29,8599 exceffus fecantis 
59,7t09 fumma 
29,8555 dimidium majus logarithmo. 

29,8510 

2958555: 


Ergo logarithmus eft inter 


PRECEPTUM ALIUD. 


Invento finus logarithmo, invenies etiam proximé logarithmum 
“numeri rotundi, qui finu tuo fcrupulato proximé minor eft, 
fi finus ferupulofi exceflum fupra numerum rotundum 
adjeceris logarithmo finus invento. 


Ut quia finus 99970,149, logarithmus inventus eft 29,854 circiter, fi 
jam vis fcire logarithmum rotundi 99970,000, vides exceflum tui finus 
6 fcru- 
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fcrupulofi effe 149, hunc adde ad inventum finus locate kira ims obfervato 
puncto. Sic 29,354 
149 








ad! 30,003. Hic eft logarithmus rotundi numeri 99970,000 
proximé. 


XXIII. PROPOSITIO. 


Si :tres quantitates invicem fuccefferint, equalibus exceffibus diffe- 
rentes, menfura proportionis inter maximam & mediam, cum menfura 
alterius inter mediam & minimam conftituet’ proportionem, majorem 
— quidem proportione majorum, minorem vero proportione minorum. 


A 


os 
Q 
ug 
o 





G - 





Sint tres quantitates AD, ac, aH, equalibus exceffibus pc, cH; fit autem 
menfura proportionis DA, ac linea dy, menfura ver6é proportionis ca, AH, 
linea yy. Dico proportionem ipfius by ad yy majorem quidem effe pro- 
portione ipfius ca ad aD, minorem ver proportione ipfius Ha ad ac. Fiat 
enim ut pa ad ac, ficcaad ag. Ut igitur pa ad ac, fic pc adcs per 2 
prop. Sed longior eft DA quam ac, longior igitur pc quam cs, longior 
igitur & cH quam cs, differentia BH. 

Cum igitur equales fint proportiones DA, Ac & CA, AB, per I prop. men-. 
fura verd ipfius DA, Ac fit linea dy, habebit & ca, aB menfuram equalem 
ipfi dy, per 1 poftul. Et cum proportio ca, au fit compofita ex pro- 
portione cA, AB & proportione BA, AH. Major igitur erit proportio ca, aH, 
quam proportio DA, AC, equalis Ipfi ca, AaB. Major igitur etiam menfura 
ejus yy quam yd. Abfcindatur 4 yy equalis ip yd, que fit yf, refidua 
igitur (4, menfura erit refidue proportionis Ba, aH. Erit autem proportio 
8 ad cB minor quam 6y ad BH per 12 coroll. id eft, major eft By refpectu 
By vel yd, quam ue refpectu pc. Compofitis igitur terminis, illic y@ & 
G7 in yy, hic cp & BH in cH, major erit yy refpectu yf, vel ejus equalis 
yd, quam cH refpectu cB. Major igitur eft proportio inter dy, 7, quam inter 
BC, CH, id eft, cD. | 

Ut veré pe ad cp, fic ca ad ap per 2 prop. Major igitur proportio, inter 
dy, yn, quam inter ca, ap. Sed dy & vi funt menfure, illa quidem 
proportionis inter DA, ac majores, hec verd proportionis inter Ca, AH mi- 
nores. Erg6 proportio menfirarum major eft proportione terminorum mi- 
norum, 


Rurfum 
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Rurfum fiat ut Ha ad ac, fic caad at. Ut igitur na ad ac, fic Hc ad’ 
cL, per 2. Sed brevior eft Ha quam ac, brevior igitur Hc, hoc eft De, quam 
cL, differentia pt. Cum igitur equales fint proportiones HA, ac, & ca, 
AL, per 1 prop. Menfura verd ipfius Ha, ac, fic linea yy, habebit & 
CA, AL menfuram equalem ipfi yy, per 1 poftul, Efto ya, Minor vero erat 
proportionis cA, AD menfura, puta yd, minor igitur eityd quam ya. Ex- 
ceflus igitur dA erit menfura proportionis inter DA, AL, appofite ad pro- 
portionem inter ca, aD. Et quiatermini pa, at, funt longiores quam ca, 
AD, quare per 12 coroll. minor eft dA refpectu Ay, vel yy, quam bu refpectu 
ue. Major igitur refidua yd refpectu ya, vel yy, quam cp vel uc re- 
{pectu cr. Et quia proportio minuitur cuncto minori termino, per ax, 
1. Minor igitur eft proportio inter dy, yu, quam inter Hc, ct. Ut vero 
HC uad! cu, fic termini trium minores HA ad ac, per 2 converfam. Minor eft 
igitur proportio inter dy, yyy menfuras proportionum, quarum unam facit 
major terminus cum medio, alteram medius cum minimo, quam inter terminos 
minores. 


XXIV. PROPOSITIO. 


Dicta proportio inter duas menfuras, eft minor dimidié proportione 
inter terminos extremos, 


A H ‘Vv D 
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Sint enim termini extremi, ut prius AH, AD, media duo, arithmeticum 
ac, geometricum Av, fit proportionis pa, ac menfura dy, vel zqualis ipfi 
pe, vel etiam major per poftul. 3. & applicetur ipfi dy, alia yu, que fit 
menfura jufta proportionis CA, Av, ut fic tota dv menfuret proportionem Da, 
ay, refidue igitur proportionis va, au menfura, erit priori dv zqualis, per 
1 poftul. & 1 prop. fit ea vy: Quia igitur dy eft vel equalis, vel “major quam 
pc, fequentis yu proportio ad cv, erit major quam proportio ipfius v3 ad 
cp, & terti vy proportio ad vw rurfum erit major quam fecunde yu ad fecun- 
dam cv. Et per compofitionem totius 43 ad totam HD major erit proportio quam 
partis vy ad partem vc. Permutatim igitur major erit proportio totius 43 
termini majoris in priori, ad vy majorem, in pofteriori, quam totius Hp termini 
minoris, in priori proportione ad ve terminum minorem in pofteriori. Sed 
tota 4d conftat ex terminis yy, vd, quorum differentia yv, fimiliter DH con- 
{tat ex terminis Dy, vH, quorum differentia ve: Major igitur eft proportio 
terminorum yy, yd, junctarum, ad fuam differentiam yv, quam terminorum 
Dv, VH, ad differentiam vc. At veré aucta proportione fumme terminorum, 
ad fuam differentiam, minuitur ipforum inter fe terminorum feorfim pofitorum 
proportio, per coroll, 4, 13 & communem notitiam, quod proportionalium 


eadem fit ratio: Minor eft itaque proportio inter yy, yd, quam inter pv, vH. 
Sed 
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Sed proportio Dv ad va eft wqualis proportioni.pa ad av per 2. Hee verd 
pa ad av proportio eft dimidia ipfus pa ad aw per r prop. Minor eft ergd 
proportio inter yy, yd, menfuras proportionum Ha, ac & ca, apd, quim 
dimidia inter terminos HA, aD. 


Bik MiP es UM a Hol Crees Sat. 





Logarithmorum 
‘ R Numerorum Bites differentia, feu 
Senne! e differentiz. Logarithmi. menfure pro- 
portio. 
1000 00 
750 iar 28768,21 | 2870821 
$00 5 69314,72 4954955 





Si verd fiat ut 1000 ad medium proportionale inter terminos extremos 
1000 & 500 (id eft, ad 70710,68), fic menfura proportionis prioris, que eft 
28768,21 ad aliquem; is prodibit 40684,40, major quam menfura propor- 
tionis pofterioris. 

Si vero fiat ut medium proportionale inter 1000 & 360 (id eft, ut 600) ad 
tooo, fic menfura proportionis pofterioris 63598,86 ad aliquem, is prodibit 
38159,32, minor quam menfura proportionis prioris inter 1000 & 600. 


ALIUD EXEMPLUM. 





we | we | sao | seta 
360 ya 102165,11 63598, 





COROLLARIUM, 


Cum igitur medium arithmeticum difpefcat proportionem in partes inequales, 
quarum una major eft femiffe totius, altera minor, fi queratur, que ergo fit 
ipfarum proportionum proportio inter fe, refpondetur, quod ea fit paulo mince 


femiffe dicto. * 
EB Exemplum 
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Exemplum inquirendi proxime majus, & proximé minus 
aliquid, menfura proportionis propofita. 


Nota fit menfura proportionis inter 1000, goo, que fit 10536,05, queritur 
menfura proportionis goo, 800, ut fint equales differentia inter 1000, goo & 
inter goo, 800. 

Eft igitur ut g ad 8 fic 10536,05 ad 11706,72. Menfura verd pro- 
portionis 9, 8 eft major. Rurfum ut medium proportionale inter 8, 10 (quod 
eft 89,442719) ad to, fic 10536,05, ad 11779,66. At menfura propor- 
tionis inter 9 & 8 eft minor, f{cilicet 11778,30. 


NOTITIA COMMUNIS. 


Omnis Numerus quantitatem exprimit effabilem. 


XXV. PROPOSITION 


Si numeri mille fuccedant invicem, ordine naturali, bini differentes 
unitate ; fufcipiantur vero bini quicunque, deinceps ordinati, tanquam: 
termini proportionis .alicujus; erit hujus proportionis menfura, ad 
menfuram proportionis inter duos maximos Chiliadis, in proportione 
majore quidem quam quantam habet maximus ipfe 1000 ad ma- 
jorem ex terminis fufceptis ; minore verO quam quantam habet idem 
rooo ad minorem ex fufceptis. Minore etiam, quam quantam habet 
1000 ad medium proportionale inter fufceptos. 


Sufcipiantur enim ex mille duo quicunque deinceps, puta 501 & soo. Et 
fit logarithmus prioris 69114,92, pofterioris 69314,72. Horum _ logarith- 
morum differentia eft 199,80. ‘Quare per definitionem proportionis inter 501 
& 500 menfura eft 199,80. Eodem modo, quia maximi tooo logarithmus 
eft o; proximi vero 999 logarithmus eft 100,05, & horum duorum logarith- 
morum differentia itidem 100,05, menfura igitur proportionis inter 1000, goo. 
(vel inter 100000;00 & 99990,00) eft 100,05; .copuletur jam maximus 1000 
cum utroque fufceptorum, fcilicet & cum 501, & cum 500, copuletur etiam: 
menfura 199,80 cum menturé 100,05, dico proportione inter toeo & 501 ma- 
jorem effe proportionem inter 199,80 & 100,05, mmorem vero eandem pro- 
portione inter L000, 500. — 

Demonitratum eft enim in prop. 23, menfuras duarum proportionum deinceps 
ordinatarum, comprehendere proportionem majorem minore earum, que fint 
deinceps. Ut fi fint tres termini deinceps 1000, 999, 998 quorum priores 
quidem 1000, 999 faciant proportionem precedentem, pofteriores 9995 998 
fequentem, precedentis quidem proportionis menfura, ut prius erit 100,05, 
fequentis verO menfura erit 100,15. Ha due menture 100,15 & Loa, 
conftituunt proportionem majorem, guam termini 1000°& 999. 

Jam vero due menfure, altera quidem proportionis inter 1000 & 999 hoc 
eft, 100,05 altera verO proportionis inter 501 & 500, hoc eft, 199,80; he, 

inquam, 


O5> 
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inquam, due menfure, ut termini confiderate proportionem inter fe conftituunt 
compofitam ex proportionibus omnibus, omnium binarum, & binarum deinceps 
menfurarum, intercedentium per axiom. 1. Similiter verO etiam termini ipfi 
tooo & sor proportionem inter fe conftituunt compofitam ex totidem, hoc eft, 
omnibus proportionibus omnium binorum, & binorum deinceps numerorum 
inter 1000 & 501 intercedentem per idem ax. I. 

Compofitorum vero ex partibus «que multiplicibus proportionalibus, eadem 
eft proportio, qua partium inter fe fingularum, hinc & inde combinatarum 
per rt. quinti Eucl. Ergo etiam he non deinceps fite, fed longé diftantes 
menfure 100,05 & 199,80 proportionem facient majorem quam termini 
non deinceps fiti, fed diftantes longé, feilicet 1000 & 501. odem tenore rur- 
fum incipiendo fyllogifmum eundem inferemus duas menfuras deinceps 
00,15, & 100,05, conftituere proportionem minorem quam duos terminos 
deinceps 999 & 998. Menfurarum vero 100,05 & 199,80 proportionem 
componi ex omnibus interjectis, & fimiliter terminorum 999 & 500 proportionem 
componl ex totidem interjectis, quare etiam propor tionem inter 100 & 999,80 
minorem efle quam inter 999 & 500. Multo igitur minorem quam inter 1000 
& 500, ut que ad proportionem 999, 500, addit proportionem 1000, 999. 

Tertio per eadem fyllogifmi veftigia euntes, fic colligemus ex prop. 24 
premifsa. 

Menfurarum deinceps fitarum, fcilicet 1000,15 8& 1000,0%, proportio eft 
minor quam ea que eft inter tooo & medium proportionale terminorum 
1000, 998, vel quam ea que eft inter hoc medium proportionale terminorum 
1000, 998 & terminum 998. Menfurarum vero non deinceps, ut 100,05 & 
199,80, proportio componitur ex interjectis omnium binarum, & binarum 
deinceps proportionalibus; & terminorum, quorum unus eft "medium pro- 
portionale inter 1000 & 998, id eft, 998000 alter 500: vel quod idem eft 
unus 1000 & alter medium proportionale inter 501 & 500, feu /250500; hec, 
inquatn, proportio componitur ex proportionibus, quas conftituunt totidem in- 
terjecte binorum, & binorum numerorum medi proportionales linee, accen- 
fito termino 1000. Quare etiam menfure non deinceps fite, {cilicet 100,05 
& 199,80 proportionem, exhibent minorem quam 1000, cum medio pro- 
portionali inter fufceptos 501 & soo. 


COROGOLLARIUM I: 


Propofito numeré quocunque infra 1000, ejufque logarithmo, quecunque 
differentie logarithmorum antecedunt propofitum, verfus initium chiliadis, 
funt ad primum logarithmum (qui fcilicet ad 999 apponitur) in proportione 
majore, quam tooo ad propofitum quacunque fequuntur verfus ultimum lo- 
parithmum, funt ad eum in proportione minore. 


COROLLARIUM ItI. 


Hoc adjumento facilé implentur loca chiliadis, que per fuperiores pro- 
politiones nondum funt fortita fuos logarithmos, 


E 2 XXVI. PROX 
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Differentia binorum logarithmorum, qui funt adfcripti ad numeros 
einceps, eft ad eorundem numerorum diif iam, 1 i 
deinceps, eft ad d differentiam, in proportione 
majori quidem quam eft 1000 ad numerorum majorem; minore vero 
quam idem r1ooo eft ad numerorum minorem, 


Facilé demonftratur per antecedentem ejufque corollarium. Nam ex und 
parte differentia duorum deinceps numerorum perpetuo eft unitas (feu in pro- 
longatis perpetud 100,00.) Jam verd ultimus logarithmus eft 100,05, idem, 
qui ~8& menfure ultime & minime proportionis. Nulla igitur differentia 
numerorum deinceps differt 4 menfurd ultime proportionis plus quam quinque 
unitatibus numerorum prolongatorum. Ex altera verd parte menfura pro- 
portionis duorum deinceps numerorum nihil eft aliud, quam differentia duorum 
ad illos numeros pofitorum logarithmorum, per definitionem. Si igitur inter 
meniuram fufcepte proportionis, & inter menfuram proportionis ultime eft 
major proportio, quam inter 1000 & terminum fufcepte majorem, erit etiam 
inter differentiam logarithmorum deinceps, & inter differentiam numerorum, 
ad quos funt logarithm, proportio major quam inter 1000 & terminum fufcepta. 
majorem. Nam quod majori majus eft, ipfius quoque multo eft majus, Sed 
proportio inter differentiam logarithmorum, deinceps (verbi caufa) inter 199,80 
& 1000,00 differentiam perpetuam numerorum deinceps, eft major quam 
proportio inter 199,80 & 100,05; exceffus enim eft proportio inter 100,05, 
& 100,00. Et inter 199,80 & 100,05 proportio major fuit demonftrata in 
precedenti. Ergo multo eft majer proportio inter 199,80 & 100,00 quam 
inter 1000 & (ver bi caufa) sor terminum fufcepte majorem. Est verd eadem 
proportio inter 199,80 differentiam logarithmorum, & 100,00 differentiam, 
numerorum, etiam minor quam proportio inter r000 & 500, terminum fufcepte’ 
minorem, quod fic probo. 

Proportio inter 199,80 & 100,05, eft minor quam proportio inter 999 & 
500, per demonftrata 25 precedente; fimiliter vero etiam proportio inter 
100,05 & 100,00, feu “inter 20,01 & 20,00, eft minor quam _ propottio. 
inter 1000 & 999 per coroll. ad 13, quia {cilicet eadem eft differentia numerorum 
majoram 2001. & 2000, que minorum r1ooo & 999, utrobique fcilicet 
unitas, 

Componitur vero proportio inter 199,80 & 100,00 ex utraque fue focietatis 
minore, {cilicet ex prop. 199,80 ad 100,05 & ex prop. 100,05, ad 100,00.. 
Sic etiam proportio 1000 ad s00 componitur ex utraque fue focietatis ma- 
jore, {cilicet ex prop. 999 ad 500, & ex prop. 1000 ad 999. Ergo etiam ipfa. 
compofita prior erit minor, & compofita pofterior erit major. 


SXVIT. PRO= 
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Si numeri fuccedant invicem ordine naturali, bini deinceps différentes 
unitate ; ad fingulos verd apponantur logarithmi indices, feu menfure 
proportionum, quas conftituunt abfoluti illi & rotundi numeri cum 
eor'um maximo 1000; incrementa feu differentie horum_logarith- 
morum, fe habent ad lcgarithmum elementi minimi proportionum, 
ficut fecantes ipfi toti arcuum, quorum complementis abfoluti bini 
numeri ut finus competunt, fefe habent ad numerum maximum, feu . 
radium circuli: fic ut ex duobus fecantibus duorum numerorum, inter 
quorum logarithmos differentia proponitur, minor quidem minorem 
conftituat proportionem cum radio, quam differentia propofita cum 
omnium prima, major majorem, atque etiam medium proportionale 
inter fecantes majorem itidem, } 


In fchemate prop. 21 fint equales Dc, cs differentix 
numerorum abfolutorum ca, BA, quorum maximus Da. 
Et quia pc, cB equales, major igitur eft proportio 
BA, AC terminorum minorum, minor ca, AD majorum 
per corollar, ad 13. Major igitur & menfura pro- 
portionis BA, AC, quam proportionis ca, aD, hoc eft 
differentia logarithmorum ipfis ca & Ba _ abfolutus 
refpondentium, eft major primo logarithmo per cn re- pated asad, 
prefentato. Sit dy logarithmus ipfius ca, & 36 in 6 yy BG 
eafdem lineew partes, fit logarithmus ipfius Ba, & 
refpondeat ipfi ca, fecans Ga, & ipfi Ba, fecans Fa. Dico proportionem by 
ad +6, majorem effe quam proportionem GaA-ad aD, minorem vero quam Fa 
ad AD, minorem etiam quam medium proportionale inter Fa & ca. Nam per 
26 preced. major eft proportio pa ad ap quam 6y ad yd, major etiam DA 
ad medium inter BA, DA: fed Fa ad AD proportio equalis eft proportioni pa 
ad aB, quia pa eft medium proportionale inter Ba, aF: fic etiam medit 
geometrici inter Fa, GA ad Da proportio equalis eft proportioni pa, ad medium 
geometricum inter Da, aB. Major igitur etiam ra ad ap, major etiam medii 
proportionalis inter FA, ac ad aD quam /y ad yd. Sic per eandem minor 
eft paad ac, & fic etiam Ga ad aD quam Gy ad yo. 

® 


COROLLARIUM IT. 





Idem obtinet etiam tunc, fi duo termini differunt, non folé unitate elementi. 
minimi, fed alia unitate, que fit illius decupla, centupla, miullecupla. 


COROLELEARIUM | fi. 


Hinc differentie fatis jufte, prefertim ubi abfoluti numeri fatis magni funt, 


extrul poffunt, fumpto medio arithmetico inter duos fecantes parvos, vel etiam 
(i 
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(fi placet labor) medio geometrico inter fecantes majores, exque differentiis 
continué additis, accumulari logarithm. 


COROLLARIUM Hii, PRACEPTUM. 


Divide finum totiim per utrumque proportionis fufcepte termintim, qtiotientis 
utriufque medium arithmeticum eft queftum incrementum, hoc adde ad 
logarithmum termini majoris, prodit logarithmus termini minoris. 


EXEMPLUM, 


Propius & om~ Datus efto logarithmus ad 700, feilicet 35667,4948, queritur 


cereal iediich Jogarithmus ad 699. Divide ergo radium per 700, prodit 
goomsetciciin, sara init ene oa &c. divide etiam per 699, 
at non eft pre- , . 

tium opere tam prodit 1430672, " 

operofe,quando 


unus folus vel Medium arithmeticum eft 142,962 
alter logarith- | i een dk 

Pee ene Adde hoc ad 35667,4.948 
tuendus. YEP RE” 





Prodit logarithmus ad 699-+--35810,4568. 


COROLLARIUM IV. PRZACEPTUM DE LOGARITHMIS SINUUM. 


Incrementum logarithmorum inter duos finus fic inquirés: inter fecantes 
complementorum conftituatur medium geometricum, dividaturque per diffe- 
rentiam finuum, prodit differentia logarithmorum. 


EXEMPLUM. 


Sit fin. gr. o 1 29 09, fec. compl. 343774682 
o 2 58 18, fec. compl. 171887348 
Diff. 29 o9, medium geom. 2428, circiter 
2909. 
Quotiens 80000, eft major quefito 
incremento logarithmorum, quia fecantes admodum magni funt. 





APPENDIX. 


Eodem feré modo poffet etiam demontftrari, differentias fecundas effe in 
dupla proportione primarum, tertias in dupla fecundarum*. Verbi 
caufa, cum in ipfo principio logarithmorum differentia prima fit 100, 
00000, xqualis fcilicet ipfr differentiz numerorum 100000,00000, & 
99900,00000, fecunda feu differentiarum differentia 10000; tertia 


* Hee falfa eft. Vide Huttoni Mathematical Tables, pa. 58. Epir. 
20. Poft- 
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20. Poftquam ad numerum 50000,00000 ventum fuerit, logarithmi 
quidem proximi differentiam faciunt 200,00000 qux fic habet ad 
differentiam primam, ficut numerus 50000,00000, ad maximum 
100000,00000. Secunda vero differentia eft 40000, in qua 10000 
continetur 4ter. Tertia 328, in qua 20 continetur 16ies. At ciim in 
re infolita laboremus penuria vocabulorum: quare ne nimium obfcura 
proponamus, demonftratio dimittatur intentata. | 


XXVIII PROPOSITIO 


Nullus numerus exa€té exprimit menfuram proportionis inter binos 
unius millenarii numeros, methodo fuperiori conftitutam. 


Nam quia termini uniufcujufque proportionis extremi non funt ab invicem, 
ut duo numeri ejufdem {peciei figurative ; tam multorum graduum, quot vices 
arbitrariz funt affumpte ad fecundam proportionem in minima elementa arbi- 
traria: mediz ergo proportionales elementa conftituentes funt ineffabiles per 9 
prop. Differentia igitur inter mediarum proportionalium maximam, & termi- 
num per tooo fignificatum eft & ipfa ineffabilis. Sed menfura proportionis 
inter 1000 & terminum minorem effabilem in chiliade eft multiplex hujus 
differentiole, id eft, & commenfurabilis eft illi. Ergo menfura hee eft ter- 
minis incommenturabilis, hoc eft, ineffabilis. At nullus ergd numerus, & fic 
neque logarithmus, exacte exprimit hanc menfuram. 


ADMONITIO. 


Intereft igitur obfervare, quoufque fefe proferat hoc vitium. Nam fi 
proportio 999, 1000 fecatur in particulas 1677216 per 24tas pro- 
portionales medias, & in particule unius menfura numero exprefsa 
peccetur femiffe unitatis: multiplicatus hic error cum ipsa menfura 
elementi in numerum elementorum proportionis, efliciet 8000000 


unitates. 
EXIX. 2 PiRiO FO $1 TPO. 


Si menfure proportionum omnium exprimantur numeris, feu loga- 
rithmis : non omnes proportiones fortientur legitimam 
fuam menfurx portionem ad omnem 
minutiarum fcrupulofitatem. 


Nam per 11 prop. proportiones numerorum chiliadis inter fe funt incom- 
menfurabiles ; omnes verd eorum logarithm funt eflabiles per ax. 3, & fic 
indicant menfuras inter fe commenfurabiles: inyufta igitur partitione, fi ad 


minima veniatur. 


NiO 79) Ay 
Locum idem habet etiam in finubus, inque proportione circuli ad circumferentiam, & paflim ; & 
intereft animadvertere, A qua figura numeri, vitium incipiat, ne in numeris ea pofterioribus fru- 


{ira impendamus operam. 
6 XXX. PRO- 
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Si ad numerum tooo chiliadis maximum referantur aliqui ma- 
jores, ipfi vero 1000, fit applicatus logarithmus o, logarithmi 
majoribus competentes erunt privativi. 


Referatur ad 1000 major 1024, fiatque ut 1024 ad 1000, fichic ad 97656,25 ; 
fit etiam menfura proportionis inter 100000,00 & .97656,25, logarithmus 
2371,6526. Ctm ergo proportio inter 1024 & 1000 fit equalis proportioni 
inter 100000,00 & 97656,25. Erit eadem menfura ejus. Et fi ad 1024 
apponeretur logarithmus o, tunc ad 1000 apponendus effet logarithmus 
2371,6526, ad numerum vero 97656,25 duplum hujus logarithmi, quia pro- 
portio 10240000 ad 97656,25 eft dupla proportionis 1024 ad 1000; fed quia 
ad tooo in chiliade apponitur log. 0, deterfo logarithmo, & 2371,6526, & 4 
duplo hujus etiam apud 97656,25, fimplum eft deterfum in canone chiliadis ; 
ergo etiam a logarithmo ipfius 1024, cui applicaveramus logarithmum o, de- 
tergendum eft tantundem. Si vero a o auferas 2371,6526, relinquitur 
2371,6526 privativum cum figno Coffico. | 


MET HO. 
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METHODUS COMPENDIOSISSIMA 
CONS TRUEN DA 


(epea aor edy Be an MLL 
rOGARITUMOR UY, 


RINCIPIO ‘inquiratur logarithmus, qui metitur proportionem inter 

100000,00 & 97656,25 quefita media preportionali, maxima vicefi- 
marum quartarum inter hos terminos, ejufque & numeri totalis prolongati 
differentia toties duplicaté : emerget autem logarithmus 2371,6526, qui idem 
eft etlam numeri 1024 defectivus per 3o. Secundo idem fiat etiam cum pro- 
portione inter 1000 & s00; emerget autem logarithmus ad = 500, ifte 
6931457193, qui idem etiam duplicationis logarithmus dicitur. 

_ Jam quia ut 1090 ad goo fic 1024 ad 512, & hic ad 256, & hic ad 128, 
& hic.ad 64, & hic ad 32, & hic-ad 16, & hicad 8, & hic ad 4, & hic ad 2, 
et hic ad 1. aM 

Decupla eft igitur proportio 1024 ad 1, proportionis 1000 ad 500. Quare 
logarithmus ad 1, ‘tunc quidem erit decuplus logarithmi ad 500, cum numerus 
1024 acceperit logarithmum o, fed ubi ei privativus 2371,6526, fuerit ap- 
plicatus, etiam ipfius 1 logarithmus erit diminuendus tanto. Diminuatur decu- 








plum duplicantis. 693147,1928 
— 2371,6526 
Hic eft logarithmus unitatis in 690775,5422 
chiliade noftra feu 100,00 
Et igitur 10,00. 921034,0563. 


Et quia ut 1 ad 10, fic hic ad 100, & hic ad 1000, tripla eft itaque proportio 
tooo ad 1° proportionis 1000 ad 100, tertia igitut pars logarithmi ad 1 eft ap- 
ponenda pro logarithmo ad roo, puta 230258,5141, & hic etiam eft logarith- 
mus decuplicationis, due vero tertie funt logarithmus ad 10, fcilicet 460517; 
0282. Quod fi duplicantem abftuleris a logarithmo ad 1, emergit loga- 
rithmus ad 2, fi ab hoc abftuleris Jogarithmum ad 10 reftat logarithmus 
quinduplicationis. 

F Logar. 


34 JOANNIS KEPLERI 


Logar. ad 1, 690775,5422 
Duplicans 69314,7193 
Logar. al 2, 621460,8229 
Légar. ad 10, poo s Mages 


See 
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Hifce fic praeparatis, jam conftruantur logarithmi centum maximorum, initio 
facto 4 999, hac methodo. Totalis 1000 prolongatus 7, cyphris dividatur per 
fingulos ordine; quotientes referantur in tabellam, funt enim fecantes illorum 
arcuum, quorum complementa habent divifores iftos pro finubus ; ut fi divifor 
feu finus complementi 999, quotiens feu fecans erit 100,10010, fin dividat 
901, quotiens erit 110,98779; fin goo quotiens erit 111,11111. Divifio 
autem continuatur propterea ufque ad octavam figuram, ut conftat nobis quan- 
tum differat medium arithmeticum 4 geometrico, ubi maxime. Ut fi multipli- 
catis in feduobus ultimis quotientibus, radix queratur, €a rit 111,04942. At 
medium arithmeticum inter duos quotientes eft 111,04945. 

In ftructura igitur centum minimorum logarithmorum media haec duo inter fe 
funt equalia, ufque ad feptimam figuram inclufivé: in octava oritur differentia 
ternaril. Pone in omnibus centum mediis effe tantam, Si ergo centum media 
arithmetica ordine accumules, peccarent illa exceflu non majore quam 00300, 
ternarli fcilicet in tertia figura poft punctum. At verd non eft in omnibus 
centum tanta differentia : in initialibus enim penitus evanefcit, ut inter 100,00000 
& 100,10010. Hic enim utrumque medium eft 100,05005 & differentia 
occultatur in figuris ulterioribus, fi quis illas erueret. Quare centum minimos 
logarithmos tutiffimé conftituimus per acumulationem mediarum proportionalium 
inter quotientes per 27 prop. Semper enim additis duobus fecantibus ad lo- 
garithmi prioris duplum conflatur duplum logarithmi pofterioris. 

Conftrutis his logarithmis ; eligatur logar. ad g60, qui erit 4082,2001 
feré. Huic fi continue adjeceris duplicantem, emergent . logarithmi ad 
480, 240, 120, 60, 30; 15. Quia proportio 960, ad 15 eft fextupla pro- 
portionis 1000 ad s00. Ita emerget logarithmus ad 15, qui eft 419970551 59, 


& ad 30 log. 35065557965. 
Hunc fi abftuleris a logar. ad 10 fcilicet 460517,0281 


Reftabit 109861,2316 triplicans logarithmus. 


Hunc ergo aufer 4 logar. ad 1,690775,5422 











Reftat logar. ad 3,580914,3 106. 


Idem etiam ex log. ad goo elici poteft, probationis caufa. Nam hujus logar. 
eft 105 36,0535. Et fi jam hic eft nimius ob caufam dictam. Nam ut 
1660 ad 909, fic go0o ad 8100, & ut 1000 ad 8100 fic hic ad 6561. Quadru- 
plum ergo logarithmi ad goo refpondet: numero 6561 (feu g0000,00 numero 
65610,00) {cilixet 42144,2140. At qui numerus 65610,00 eft ternarii de 

1000 con- 
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1ococontinué multiplex. Ecce 6561, 2187, 729, 243, 81, 27, 9, 3, I- 
Ergd proportio 6561 ad 1, eft octupla proportionis 3 ad 1. 

Erg6 logarithmo ad 1000 fcilicet 921034,0563 

Aufer log. ad 65610,00 {cilicet 42144,2140 

Refidui 87888 9,8423 
Pars octava 109861,2303 et paul6 minor quam prius. 








Scilicet, quia logarithmus ad goo, & fic etiam ejus quadruplum, jufto majus 
fuit, id verd fubtractum 4 jufto logar, ad 1, relinquit jufto minus. Et fané etiam 
bifectio continua proportionis inter to & g oftendit ultimas hujus logar. ad goo 
figuras, non 0f35 fed 0513 per 22 minus, cujus quadruplum eft 88 peccatum 
relidui, & hujus pars o¢tava 15 ad 2303 addita facit 2314, plané ut in priori 
proceffu invenimus 2316. 

Idem etiam ex priori logar. ad 960, alia vid, quia 1000 ad 960 eft ut 9600 
ad 9216, & cum logarithmus 960 fit 4082,2001, erit logar. ad 9216 duplus 
prioris {cilicet 8164,4002. At verd proportio 9216 ad g eft decupla propor- 
tionis 1000 ad 500. Ecce: 9216, 4608, 2304, 1152, 576, 288, 144, 72, 
36, 18, 9, & proportio g ad 1 eft dupla proportionis 3 ad1. Ergo ad decuplum 
duplationis 693147,1928 adde logar. ad numerum 92160,00 


{cilicet 8164,4002 








_ -701311,5930 aufer a logar. ad 10,00 ‘fummam 
que eft logar. ad 90,00 {cilic. 921034,0563 


Reftat 219722,4633 
Hujus dimid. 109861,2316 eft triplicans ut prius, 


Sic ex log. ad 990 (vel gg000,00) qui eft 1005,0331, vel fine decupli- 
cante, vel per eum peryeniemus ad logarithmum ad 11 (vel 1100,00). Nam 
ad g8o010,00 erit logarithmus duplus, fcilicet 2010,0675. Hic additur ad qua- 
druplum triplicantis, 439444,9256. 


facit 441454,9931 log. ad 1210,00 
Hoc aufer a log. | 








ad 10,00 921034,0563 
_  Reftat 47957906 32 
Huyus dimid. 239789,5316 Undecuplat. aufer 
a logar. ad 1. 690775,5422 
Reftat 450986,0106 log. ad 1100,00. 


Sic quia ut 1000 ad 980, fic hic eft ad 9604. Duplus igitur logarithmi ad 
980 eft logarithmus ad 9604, fcil. 4040,5422. Et verd proportio 9604 ad 
2401 eft dupla proportionis 1000 ad poo & proportio 24010,00 ad 10,00 eft 

2 qua. 
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-quadrupla proportionis. 70,00 ad 10,00,. Adde igitur duplum duplicantis,. 


fcilicet 138629,4386 














ad 40405422 

Summam 142669,9808 log. ad 2401 
Aufer a log. 10,00000 921034,0563 

Refidui 4783640775 


-» Pars quarta 194591,0194 feptupl.. 
Hoe igitur aufer&log.ad 100 ©230258,5141 





Reftat logar. ad 7oa 
vel 70000,00 


3566754947 


Atque hic idem ad 700 per continuam. bifectionei proportionis 10,7,. per 

maximam tricefimarum proportionalium exactiffimi tantus prodiit. Vide hanc 

fupra in tabella. Sic quia ut ro0o ad g50 fic 9500 eft ad 9025. Ergd lo- 

garithmus ad 9025 eft illus duplus, feilicet 10258,6606, | 
Adde duplum quinduplicantis fe. 321887,5896 





332146,2502 log. ad 3610,00 
921034,0563 


Confurgit 
Hunc aufer a log. ad to,00 


Cl 


Refidu 588887 ,8061 


Dimidium 2.94443,9030 novemdecuplat.. 
Aufer id a logar. ad 1 m—= 69077555422 
vel ad 100,00 


eee 





. Reftat 396331,6392 log. ad 1900,00.. 


Eundem derivabimius etiam ex 912, cujus logar. 9211,5306, & quia proportio: 
g12 ad 57 eft quadrupla proportionis 1060 ad 500. Duplicantis adde quadru~ 
plum, feilicet 277258,8771. Confurgit 286470,4077. Huic adde tripli- 
cantem | 


109861,2316 


cee 





Reftat 396331,6393 log. ad 1900,00 


_ Eundem. éx g50 derivabimus alia via : 
Logar. ad. 95060,00 








512953303 
Decuplans 230258,5141 
Logar. ad 9500,00 235387,8444 
Quinduplicans 16094397948: 
Logar. ad _1900,00 396331 763.92 


Sic 
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Sic ad logar. ad 988 4 1207,2999 
Adde duplicantis duplum —-138629,4386 
Venit logar. ad 247--------- 139836,6969 
Novemdecuplicans addatur 294443,9030 
Prodit logar. ad 13 -------- 434280,5999 
Auferatur logarith. ad 1 690775,5422 
Reftat 2 5649459423 tridecuplans. 
Sic ad logar. ad 969 3149;06072 
Adde triplicantem 109861,2316 
Venit log. ad 323 ---------- 113010,2988 
Adde novemdecuplum 294443,9030 
Venit log. ad 17 ---------- 40745452018 aufer hunc 4 logarith, 
ad 1 69077555422 — 








Reftat feptemdecuplans 2.83321,3404 


Sic ad logar. 986 1409,8927 
Adde duplicantem 6931457193 
Et feptemdecuplum 283321,3404 
Venit logar. ad 29----=---- 354045,9524 auferatur 
a logar. 1 6907755422, 
Reftat 336729,5898 undetriginduplans. 
Et ad log. ad 966 345932450 
Adde duplicantem 69344,7193 
Et triplicanten =. ~ 109861,2316 
Et feptuplicantem LQ4591 0194 
Venit log, ad 23° ~+-+--4-+~ 377226,11§3 qui ablatus 
a logar. ad 10,06 690775,5422 
_Relinquit 313549,4269 Viginticuplans. 
Eundem ex log. 920. Quia ut 1000 ad 920 fit 9200 ad 8464, ergo 
Logar. ad 920 duplum os fe 1667653247 
_ Adde ad quadruplum duplicantis 277258,8771 
Confurgit 29393552018 aufer 
a logar. 1 de 100,00 921034,0563 | 


Reftat 62098,854.5 
Dimidium 313549,4272 
Eundem ex logar. ad 920 jariy abundanti fic éxtruo: 


Ad logar: ad 920 8338, 1624. 
Adde duplicantis duplum 13862954386 
Et decuplicantem | aioe g8yar4r 
Venit logar.ad 2300 377226,71 gt | 
ao Sic 
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Sic ad logar. ad 930 7257,0706 maufculum 
Adde triplicantem 109861,2316 
Et decuplicantem 230258,5141 
Venit logar. ad 31 - - -  347376,8103 majufculus autem 
8149 verlor 
a logar. ad 1 690775,6422 
343398,7259 undetrigintuplicans mi- 
nufculus. 


Eundem ex log. ad 961 elicio fic. Nam quia ut 961 ad 31 fic hoc ad 1. 
Ergo, 


Aufer logarithmum ad 961 3978,08 76 
a logar. ad 1 69077,5422 


Reftat 686797,4540 
Hujus dimid. 343398,7273 undetrigintupla hic eft 


juftior. 


Jam quia intra millenarium quadratus major non eft quam 961, non igitur 
opus nobis erit multiplicationibus aliis, fecundum primos majores ipfo 31. Nam 
omnis primi majoris multiplex infra 1000 fecundum aliquem numerum mino- 
rem, quam 31 eft multiplex : ut 979 eft undecuplus primi 89. 

Ubi notandum, quod logarithmus alicujus proportionis multiplicis fit dif- 
ferentia inter logarithmum unitatis in chiliade, & inter logarithmum numeri, 
qui multiplicitate proportionis prodit. Is igitur logarithmus multiplicator additus 
logarithmo cujufque numeri, conftituit logarithmum partis, abftractus logarithmum 
multiplicis. Idem verum eft de logarithmis proportionum non multiplicium, 
qui funt nihil aliud q1am differentia, vel multiplicantium logarithmorum, vel 
appofitorum ad numeros multiplictum denominatores: ut eadem eft differentia 
inter feptuplicantem & triplicantem, que eft inter logar. ad 7 & logar. ad 3. 
Hec igitur addita logarithmo numeri tertii confticuit logarithmum numeri pro- 
portionalis tertio minoris, ablata conftituit logar. numeri proportionalis tertio 
majoris. 

Foc modo plerorumque primorum infra 500 logarithmi eruuntur ex uno 
centum pofitorum: nam in primo centenario nullus fupereft, in fecundo foli 
quinque 127, 149, 167, 173, 179, in tertio undecim 211, 223, 251, 257, 
263, 269, 271, 277, 281, 283, 293, in quarto undecim 337, 347, 249, 353 
359» 397, 373, 3795 383, 389, 397, in quinto novem 4ol, 409, 419, 421, 


431, 433, 439, 443, 449. Summa 36. 
Reftant ii qui funt inter 500 & goo, primi 59 numero, pretereaque etiam mul- 


tiplices jam exprefforum triginta fex totidem {cilicet dupli; ex iis minorum fe- 
decim tripli, eats feptem quadrupli, & ex his priorum quinque quintupli, 
duorum 127 & 149 fextupli, unius 127 feptuplus. - 
Ut igitur etiam ad hos, & ad primos fupra 500 numero 59 logarithmi ha- 
beantur, confiderande funt differentie logarithmorum pofitorum ad interfperfos 
hifce: & qua methodo differentiz prius funt conftitute logarithmorum 100 mi- 
norum ferie continua, eadem nunc etiam per prop. 27. coroll. 3, & maximé per 
ejus appendicem, fi quis ea dextré utatur, interrupta ferie, & quidem longé 
facilius he differentie funt fupplendz, quia plerunque vel unus folus, vel bini 
deinceps, rar6 tres deinceps logarithmis fuis carebunt, ita ut in accumulatione 
differentiarum crebro reverfio fiat, ad logarithmum jam antea certum. 
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Arcus Circuli 
cum diffe- 
rentiis. 


Sinus feu Nu- 
meri abfoluti. 


NN wn BP OO 


1,00 


2,00 


LOGARITHMI. 


Partes vicefime 
quarte. 





Logarithmi cum 


differentiis, 


1611809,60 
69314,72 
1542494,88 
40546,51 
1501948,37 
28768,21 
1473180,16 
22314535 
1450865,80 
18232,16 
143263365 
15415,07 
141721858 
13353214 
1403865,44 
11778,30 
1392087,14 
10536,05 
1381551,08 
69314,72 
1312236,37 
40546, 51 
1271689,85 
28768,21 
1242921,65 
22314335 
1220607529 
18292,16 
1292375513 
15415,07 
1186960,07 
Webpe UR ras 
1173606,93 
11778,30 
1161828,62 
105 36,05 
L151292,57 
69314572 
1081977585 
40546,51 
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tons 
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Partes fexa- 
genariz. 
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Arcus Circuli Sinus feu Nu- | Partes vicefimz Logarithmi cum Partes fexa- 
cum diffe- meri abfoluti. quart. differentiis. genariz. 
rentiis. 


1041431534 
28768,21 
1012663,13 
ge eee 
990348,78 — 
18232,16 
972116,62 
15415,08 
95670155 
13353014 
943348,41 + 
11778,30 
931570,1I1 — 
10536505 
921034,06 — 
69314572 
851719534 — 
40546,51 
811172,82 + 
287068,21 
782404,62 
aes rele) 
760090,26 
18232,16 
741858,11 
15415507 
726443 ,04 
1335314 
713089,90 
11778,30 
7901311559 
10536,05 
690775554 
69314,72 
621460,82 + 
40546,51 
580914,31 
28768,21 
552146,10 + 
22314535) 
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RS SS NLS LALO AER LEELA LEELA ELLER LE CELLED A DELLE ALLEL LL IOLE SECEDE ALD EE AIOCE BA ALE EO LEED A ET Sa Be ROL EAS De 


Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 


Arcus Circuli 





cum diffe- meri abfoluti. quarte. differentiis. genarie. 
rentilse 
77384935 
500,00 oO 7 12 529831,75 — o 18 
18232,16 
600,00 Oy 5536 511599559 O22 
BoA 5307 
700,00 OF LO 5 496184,52 + O 25 
eee Eas: 
800,00 O II 31 482831,38 + 0 29 
11778,30 
900,00 OPi2n ce 471053,08 GE 32 
10536,05 
1000,00 O 14 24 460517,03 o 36 
955 18 
1100,00 O 15 50 450986,01 Oo 40 
8701,14 
1200,00 pe Fea 117 442284,87 Oo 43 
8004,27 
1300,00 GHi8..43 434280,60 ° 47 
7410,80 
I1400,00 OQ; 20 10 426869,80 + ° 50 
6899527 
1500,00 O 21 36 419970,52 — © 54 
6453286 
1600,00 Oh. 2 413516,67 — ° 58 
gay 6062,47 
oO 58 27 1700,00 Or 24420 407454,20 Die yat 
3 26 5715584 
tee 1800,00 Cueshe 401738,36 reels 
Baas 5400,72 
ies 20 1900,00 eng WAC 3.96331,64 ri 8 
3 26 5129,33 
PL pisiny fe) 2000,00 o 28 48 391202,31 ERT 
Bae 4879,02 
E,12 32 2100,00 O30 14 386323,29 LLL 
3 26 4.6 52,00 
ELS (80 2200,00 O 31 4I 381679,29 1 19 
oa) am h oe! 
Cbete ep tt 2300,00 Op3gh 7 97.7220,12 — 123 
3 26 4255597 
22 BT! 2400,00 © 34 34 3.72970,15 + Tey20 
3 26 4082,20 
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Arcus Circuli 


AS fer | SD 
a ee 


cum diffe- 
rentils. 
3 26 
125 57 
Oy ee 
1.129 24 
Pages 
ri2 7/40 
3 26 
1 36 16 
3.647 
169 t43 
2.120 
tt). 19 
2 26 
1 46 35 
34g 
¥ 50) }2 
3°20 
re 320 
ehhh 
1 56 55 
2 26 
2 FO 228 
3 26 
2 3 47 
4.26 
7 eg Bos 9) 
3.27 
2 10 40 
3 27 
214 7 
2°26 
217 3 
mae 
1220 50 
a ey 
OBA! 
3°26 
Bite FZ 
3.27 
2481) 11g 
200 


JOANNIS 


Sinus feu Nu- 
meri abfoluti. 


2.500,00 
2600,00 
2700,00 
2800,00 
2900,00 
3000,00 
3100,00 
3200,00 
3300,00 
3400,00 
3 500,00 
3600,00 
3.700,00 
3800,00 
3900,00 
4000,00 
4100,00 
4200,00 
4300,00 


4400,90 


Partes vicefime 
quartz. 


I I 55 


KEPLERI 


Logarithmi cum 
differentiis. 


4082,20 
368887,05 + 
3922,07 

364965,88 
3774293 
361 191,85 _ 
3636577 
35755508 + 
3509513 

35404595 
3390515 
350655,80 — 
327899 
347376381 + 
3174386 
344201595 — 
3077317 
341124,78 
298 5,29 
338139549 + 
28098,76 
335240,73 
2817,08 
332423,05 — 
2739290 
329683,75 — 
2666,83 
327016,92 
2597955 
324419537 + 
2531,78 
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2469,26 
319418,33 
2409575 
317008,58 — 
2353305 
314655553 — 
2298,95 
312356,58 — 
2247529 


Partes fexa- 
genarie. 


Arcus Circuli 
cum diffe- 
rentils. 
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Sinus feu Nu- 


meri abfoluti. 


4.500,00 
4600,00 
4.700,00. 
4800,00 
4900,00 
5000,00 
5100,00 
5200,00 
5300,00 
5400,00 
5 500,00 
| 5606,00 
5.700,00 
5800,00 
5900,00 
6000,00 
6100,00 
6200,00 
6300,00 


6400,00 


LOGARITHMI, 


Partes vicefime 


quarte. 


I 10 


Try 


Logarithmi cum 
differentiis. 


2247529 


310109,29 — 


2197,89 
307911,40 
2150,62 
305700,78 
Z106734 
30305 5.44 
2061593 
30159395! 
2.02.0)27 
299573224 
1980,27 
297592297 
1941,81 
295651,16 
1904,81 
293740535 
1869,22 
29187713 
1834,91 
2.90042,22 
1801,85 
288240,37 
1769,96 
286470,41 
1739317 


——n 
al 
— 

=— 


—- 


ob 
+ 


284.731,24 — 


1709345 
283021,79 
1680,71 
281341,08 
165293 
2796058,15 
1626,05 
278062,10 
1600,04 
2.76462,06 
1574583 
274887523 
1 550,42 
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Partes fexa- 
genarie. 


46 JOANNIS KEPLERI 


Arcus Circuli | Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 





cum diffe- meri abfoluti. quarte. differentiis. genaria. 
rentils. 
3 26 1550,42 
3 43 37 6500,00 I 33 36 273336,81 = 3 54 
3 27 1520575 
B47 14. 6600,00 1 $5: ee 2771810;06 3 58 
3 26 1503579 
BRO BO 6700,00 I 36 29 2.70300,27 + 4 47 
22 1481,50 
3 53 57 6800,00 1 37 55 268324,77 + 4 5 
3 27 1459388 
Bes 28. 6900,00 I 39 22 267364,89 4 8 
hep 1438,88 
4 4.9 50 79000,00 1 40 48 265926,01 4 42 
2.128 1418,46 
4°44 17 7100,00 I 42 14 2.64507,55 4 16 
geoy 1398,62 
ey pie) 7200,00 I 43 41 263108,93 — 4 19 
3 26 1379933 
a Che) 7300,00 I 45 27 261729,60 = 4 23 
3 27 1360,57 
414 37 7400,00 1 46 34 260369,03 — 4 26 
eed | 1342,31 
410 > 4. 7 500,00 1 48 o 259026,72 + 4 30 
eg | 1324552 
Aol sa 7600,00 I 49 26 25770220 4 34 
3126 1907.21 
4 24 57 7799300 I 50 53 256394599 + 4 37 
Eis 1290,34 
4 28 24 7800,00 I 52 19 255104,65 + 4 41 
ay 1273399 
4 31 51 7990300 1 53 46 253830575 4 44 
pea ae | 1257508 
4695 18 8000,00 1 55 12 252572,87 4 48 
ie Peers ete 
2°38 4k 8 100,00 1 56 38 2:5 1330,62 4 52 
, 2°27 [227 0. 
ae ee 8 200,00 1 58) 25 250103,61 4 55 
2 2.6 122,04 
4 45 38 8 300,00 I 59 31 248891547 + 4 59. 
3 Ne | 1197,01 
ArAo 46 8 400,00 2 0 58 247693,86 — by 2 
3 27 1183.45 
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Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 

cum diffe- meri abfoluti. quarte, differentiis. genariz. 

rentils. 
2°29 1183,45 

A 32 32 8 500,00 4% 94 246510,41 5 6 
ee 1169,60 

4 55 59 8600,00 2213550 245340,81 — 5 10 
Bag 1156,09 

4 59 26 8 700,00 245 17 244184,72 -+ Cihe 
R27 1142,86 

5 2 53 8800,00 ey 243041,86 — 517 
eed 1129,96 

5 6 20 8900,00 2 8 I0 241911,90 § 20 
3:28 UN }s43 

5 9 48 900,00 2 9 36 240794,57 — 5 24 
220 1104,99 

eee: 9 100,00 S bierst* 2 239689,58 + 5 28 
3°24 1092,90 

B16 42 9 200,00 mpre to 238596,68 wat 
ie gerd 1081,09 

Bec nt 9300300 213 55 237535259 535 
3 27 1069, 53 | 

5 23 36 9400,00 [- 215 22 236446,06 — 5 38 
3.27 | 1G8S,21 

Rie 7h ks 9 500,00 2 16 48 23538785 — 5. 42 
920 1047513 

540. 31 9600,00 2 18 14 234340,72 — 5 46 
3277 1036,28 

5 33 58 9700;00 2 19 41 233304,44 — 5 49 
g02y ) 1025,605 

ie). aie 9800,00 Qt) 7 232278,79 — Cay 
3Ca/ TOT5,24 

5 40 52 9900,00 2 234. 231%263,55 — RG 
g 28 1005,03 

5 44 20 10000,00 2 24 0 230258,52 — kare 
3 27 995204 

Giay) Ay I0100,00 ae 26 229263,48 + Oued 
3,27 985523 

re a 10200,00 2 2659 228278,25 + ea) 
3 28 976,61 

5 54 55 10300,00 2 28 I9 227 302,64 O11 
2 2 956,20 

5 58 22 10400,00 2 29 46 2263 36,44 ++ 6 14 
3 28 959594 
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Sinus feu Nu- 
meri abfoluti. 





10500,00 
10600,00 
10700,00 
10800,00 
10900,00 
I 1000,00 
11100,00 
11200,00 
11 300,00 
11400,00 
11 500,00 
I11600,00 
11 700,00 
11800,00 
11900,00 
I 2000,00 
12100,00 
12200,00 
12:300,00 


12400,00 


Partes vicefimz 


quartz. 


12 


KEPLERI 


Logarithmi cum 


differentils. 


959594 
2 295.493 50 
947587 
2.24.43 1,63 
938,98 
223492565 
930524 
222562,41 
921,66 
221640,75 
O13525 
220727,50 
904599 
219822,51 
896,86 
218925,65 
888,90 
218036,75 
881,06 
217155,09 
873537 
216282,32 
865,80 
215416,52 
858,38 
214558,14 
851,07 
anne Ley Endl 
843,88 
212863,19 
836,83 
212026,36 
829,88 
211196,48 
823,05 
FA 23) 33x43 
616533 
20Gb S95F0 
809,72 
208747538 
803,22 


Partes fexa- 
genariz. 


Gvl 2’ 
ru oe ae 
co Of 





Arcus Circuli 
cum diffe- 
* rents. 


Lol 


— 


: ~) iS) 

Co¥s BS OO fF & 47 UO SW CO 
) 
co 


~t “I ~y ~ —~ 
Lon 


“I 
2) 


ioe) 


eo Gs 
YW BW COLO iW wo 
~ 


Path Oo Be 
uo 
= 


iS 


a Eee | 


co sy —J <7 7 ~I “I “I ~sI 
G2 DQ Le 4316 ALI 19 49 HOG w& BD LO 
t& 
(oe) 


love) 


co co 
io or] 


Sinus feu Nu- 


meri abfoluti. 


12500,00 
12600,00 
rig 700,00 
12800,00 
I2900,00 
I 3000,00 
I3100,00 
13200,00 
13 300,00 
13400,00 
13500,00 
13600,00 
13700,00 
13800,00 
13900,00 
14000,00 
14100,00 
14200,00 
14300,00 


14400,00 


LOGARITHMTI. 


Partes vicefime 


quarte, 


G2 


SS) 


55 


22 


Logarithmi cum 
differentiis. 


803,22 
207944,16 
796,82 
207147334 + 
790394 
206356,83 — 
784532 
poe 225) = 
473522 
204794529 -F 
772,20 
204022,09 — 
766,29 
2032 55,60 
P1700,46 
20249 34 
754972 
201740,62 
(SBF | 
200991555 + 
143250 
200248,05 -+ 
738,00 
T99510,05 => 
732,01 
198777544 
727327 
198050,17 
723502 
197328,14 
716,85 
196611,29 
J11074 
195899,55 — 
706,72 
195192,83 
701,76 
194491,07 + 
696,86 
TOL 9 a 
692,05 


49 


Partes fexa- 
genarie. 


Se oe |e 
wo 


50 JOANNIS KEPLERI 


A 





Arcus Cireuli Sinus feu Nu- | Partes vicefimz Logarithmi cum Partes fexa- | 
cum diffe- meri abfoluti. quarte. differentiis, genarie. | 
rentils. 
224 692,05 
8 20 14 14500,00 3 28 48 193102,16 8 42 
3 28 687,28 
§ 23 42 14600,00 3 30 14 192414,88 — 8 46 
3 28 682,61 
8 27 10 14700,00 3 31 41 191732;27 -+ 8 49 
3 29 | 677,96 
8 30 39 14800,00 43°) 1g 191054;31 — 8 53 
3 28 673.41 
Saad 14900,00 ae ee 190380,90 + 8 56 
3729 668,90 
8 37 36 I 5000,00 336 0 189712,00 ++ 9 O 
3.29 664,45 
8 AI 5 3 5100,00 a 37 26 189047555 9 4 
3 28 60,07 
(8 44 33 1 5200,00 3 38 53 188387,48 9 7 
3 29 655974 
8 48 2 15300,00 3 40 19 187731574 g II 
3 29 651,47 
8 51 31 15400,00 3 41 46 187080,27 + 9 14 
3 28 : 647325 
8 54 59 1 5500,00 3.43 12 186433,02 ++ 9 18 
3 29 643,09 
8 58 28 15600,00 3 44 38 185789,93 + 9 22 
3 29 638,398 
9 1 57 15700,00 346 5 185150,95 + 9 25 
3 29 634,92 
9 5 26 15800,00 4 47 3 184516,03 9 29 
3 29 630,92 
9 8 55 15900,00 3 48 58 183885,11 + 9152 
3 30 626,96 © 
9 12 25 16000,00 3 50 24 183258,15 9 36 
3 29 623,06 
9 15 54 16100,00 3.5% 50 182635,09 -+ 9 40 
es Bee |! 619,19 
9 19 23 16200,00 3 53.7 182015,90 9 43 
3 29 615,38 
Q 22 52 16300,00 3 54 43 181400, 52 9 47 
3 29 611,63 
9 26 21 16400,00 3 56 50 180788,89 9 50 
3 30 607,90 


















Arcus Circuli 
cum diffe- 
rentiis. 


2 


3 
9 
3 
33 
3 
36 
3 
40 1 
4 

47 
5 
5 
5 


Oo © © © © © OW OD 0 


~~ 
oO 


=. 
3 
4 
3 
3 
I 
3 
8 


3 
3 
3 
fo) 
7 
I 


4 
3 
3 
I 


3 
5 
3 
8 
3 
2 
3 
5 
] 
9 


I 
I 
2 
2 
2 


3 


3 
2 
3 
36 
3 


Sinus. feu Nu- 


meri abfoluti. 


16500,00 
I 6606,00 
16700,00 
16800,00 
16900,00 
1'7000,00 
17100;60 
17200,00 
17300,00 
17400,00 
17500,00 
17600,00 
17700,00 
17800,00 
1790000 
18000,00 
18100,00 
18200,00 
18 300,00 


18400,00 


LOGARITHMK 


Partes vicefime 
quartz. 


Logarithmi cum- 
differentiis. 


607,90 
180180,99 — 
604,24 
179579575 + 
600,60 
178976,15 + 
597201 
178379514 = 
593548 

177785,06 

589,97 
177195,69 
586,51 
176609;18 
583,09 
176026,09 
579972 
175446,37 
579537 
174870,00 
573297 
174296,93 ~ 
569579 
173727514 
566,58 
173160,56 
563,38 


(172597518 


560,23 
172030395 
§57319 
171479385 
55402 
170925,83 
5529397 
17037486 -+ 
547294 
169826,92 — 
54496 
169281,96 = 
542,01 


St 


| Partes fexa- 
genariz, 





52 


Arcus Circuli 
cum diffe- 
rentiis. : 


Pe ea SE | 
4 P 


ee 
aa ee 
338 
IO 43 10 
3°3° 
Io 46 40 
Se ky 
10°50 10 
3 ae 
PO 5S AO 
SE by 
Vo G4) 10 
ae 
Tis) th Al 
mf ge 
Il) 4 II 
aie 
Ir 7 4! 
3 3° 
TE) Di) WY 
3 30 
Il 14. 41 
3 31 
Ir 18 12 
3 39 
It 2142 
apie 
Ua 2s eee 
ths 
Ti 28 42 
3 31 
Ui o% V8 
a eben 4 
Pr Bo 43 
> oF 
FES39 14 
SSE 
It 42 45 
Lewgedy 
Il 46 15 


Os 
1S) 
LA 


JOANNIS 


Sinus feu Nu- 
meri abfoluti. 


18700;00 
18800,00 
18900,00 
1.9000,00 
19100,00 
19200,00 
£9300,00 
I9400,00 
19 500,00 
19600,00 
19700,00 
19800,00 
19900,00 
2.0000,00 
20100,00 
20200,00 
2.0300,00 


2:04.00,00 


Partes vicefime 
quarte. 


REPLERTI 


Logarithmi cum 
differentits. 


542,01 
168739,95 
539,08 
168200,87 
530,20 
167664,67 
533333 
167131,34 
539,51 
166600,83 
527379 


166073,13 —. 


524394 
165548,19 
522,19 
165026,00 — 
519,49 
164506,51 + 
516,79 
163989,72 — 
514.15 
163475557 + 
GEL SEO 
162964,07 — 
508,91 
1624.55,16 
506,33 
161948,83 — 
503578 
161445,05 
501,25 
160943,80 — 
498,76 


160445,04 +" 


496,28 
159948576 + 
493,83 
15945493 + 
491,40 
158963553 + 
489,00 





Partes fexa- | 


genariz. 


LE 


Il 


Ii 


II 


Lg 


II 


psiie 


Ta 


Lt 


II 


Il 


II 


II 


Hid 


TI 


12 


12 


12 


12 


12 


LT. 


14 


LOGARITHMI. 


a 


St Ses Ss SSS SSNS ppecctncrspuoreneonseneo- ; 


Arcus Circuli 


cum diffe- 
rentils. 
Spe hy 
Ir 49 46 
ite 
EU ESL 7 
37 3 
rr 56 48 
3 3% 
12): 8 16 
3°32 
E213: 49 
3\:32 
T2 7, 20 
3 31 
F210 51 
3 34 
12 14 22 
ere 
B2 17 53 
ee 
Po 2e" 24. 
ree) 
12 24. 55 
a 3e 
P2528 217 
Sh OE 
1 Jest ne 
hie 
ee 
Bie 2 
BAe FD 
Shee 
Ve a AMY 2 
Eves) a 
12.103 
BUCY 
ee 
Oe 
ieee 6 
ae) 
12°56 37 
3° 3F 


Sinus feu Nu- 
meri abfoluti. 


20500,00 
20600,00 
20700,00 
20800,00 
20900,00 
21000,C0 
21100,00 
21200,00 
21 300;00 
21400,00 
2:1 500,00 
21600,00- 
21700,00 
21800,00 
21900;00 
22000,00 
22100,00 
2.2200,00 
2.2300;00 


2.2400,00 


Partes vicefime 


quartz. 


Cae tee re Gy 


Logarithmi cum 
differentiis. 


489,00 
158474,53 
486,61 
157987,92 
484,26 
157503,606 
481594 
157021372 
479,61 


156542,11. 


477933 
456064,78 
4.7 5,06 
155589,72 
472,81 
155116,91 
419359 
154646,32 
468,39 
¥54171393 
466,20 
E5330 1573 
464,04 
153247569 
461,89 
152785,80 
459577 
152326,03 
457,07) 
1'5.1868,36 
45558 
151412,78: 
eget is 
15095926 
Bato ty 
BOS" 71579 
449 43 
150058,36 
445543 
149610593 
445944 





+ 


= 


~f- 


= 


~- 


Partes fexa- 
genariz. 


12 18 
I2 22 


iF Bix 
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Arcus Circuli | Sinus feu Nu- Partes vicefime | . Logarithmi cum Partes fexa- 
cum diffe- meri abfoluti. quate. differentiis, | genarle. 
rentlis. 





3 32 — 445544 

i240. 9 2.2,500,00 S$ Z4aNo 149105,49 13°30 
3 32 4.43540 

13 °3 41 22600,00 5 25 26 148722,03 13 34 
3°32 44.1550 

139 °7 13 2.2700,00 5 26 53 148280,53 DE | 
S6Gr 439,56 

13 10 45 2.2800,00 5 28 19 147840,97 13 41 
ore 437104 

13 14 17 2.2900,00 5 29 46 147403,33 + 13 44 
3.33 435973 

13 17 50 23000,00 5 31 12 146967,60 13 48 
3 32 43384 

13 21 22 23100,00 § 32 38 146533,76 13 52 
3 32 431,96 

13 24 54 23200,00 $h34 tts 146101,80 — 13 55 
3 32 430,11 

13 28 26 23300,00 Rege iat 14.5671,69 £3139 
2132 428,27 

ig gn 58 2.3400,00 5 36 58 14524342 142 
3 33 426,44 

13 35 31 2.3.500,00 5 38 24 144816,98 14 6 
3 32 424,63 

13 39 3 2 3600,00 5 39 50 144392535 nA te 
214% 422,83 

13 42 35 23700,00 § 41 17 143969,52 14 13 
934 421,05 | 

iy 46, 7 23800,00 54243 | 143548,47 — 14 17 
ai 419529 

13 49 40 2.3900,00 5 44 10 143129,18 = 14 20 
3 32 418,54 

13 53.12 24000,00 5 45 96 142711,64. 14 24 
3 32 415,80 | 

13 56 44 24100,00 Boar 32 142295,84 14 28 

3 39 414,08 | 

ie EF 24200,00 5 48 29 141881,76 I4 31 
3 33 412,37 

14 3 50 2.4300,00 5 49 55 141469,39 14 35 
ee 410,68 

14 7 22 24400,00 | § 51 22 | 141058,71 14 38 
$533 409,00 


LOGARITHME, — - 85 





Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 





cum diffe- meri abfoluti. quarte. differentiis. genaria. 
Tents. 

3330 409909 

P4 LO 55 24500,00 5 52 48 140649,71 14 42 
aia0 4097533 

14 14 28 24600,00 5 54 14 140242, 38 14 46 
3 33 405,68 

E418 I 2.4700,00 5 55 4 139836,70 14 49 
mas he 404,04. 

14 21 34 24800,00 5 $7 7 139432,66 — T4 53 
Busee! 1 aie, 402,42 

tA a5 G 24900,00 5 58 34 I 39030,24. 14 56 
3 33° | 400,80 

14 28 39 2.5000,00 6; (O. .0 138629,44 im 2g Fo 
Sp33 | 399220 

14 32 52 25100,00 6 1 26 138230,24 — iy 4 
3t33 397,62 

14 35 45 25200,00 6 2 §3 137832,62 + ig 3 
3 33 396,04 

14 39 18 25 300,00 6 4 19 137436,58 ++ FS Uy 
3 33 394547 

14 42 51 2,5400,00 6 5 46 137042,1r — Vg. FA 
3 34 392593 

14 46 25 2.5 500,00 6: ey 12 136649,18 — 15 18 
3 33 391539 

14 49 58 25600,00 6 8 38 136257579 15 22 
3.33 389,87 

14 53 31 25700,00 610 5 135867,92 + | 15 25 
3 34 388,35 

i 57 5 2 5800,00 6 11 31 135479557 15 29 
aaa 386,84 

56 0 38 2 5900,00 612 58 } 135092,73 — U5 32 
3 34 | 385,36 

te 4 12 26000,00 6 14 24 134707,37 — |. 15 36 
ar ae 383,88 

aS 7-45 26100,00 6 15 50 13432349 | 18:40 
3 34 382,41 

r5 11 19 26200,00 Gr Lg ty ¥33941,08 Is 43 
3 34 3 380,95 

15 14 53.-|' 26300,00 6 18 43 133590;13 15 47 
2K 379351 

15 18 26 26400,00 6 20 10 133180,62 Is 50 
13.34 378,07 


KEPLERI 


56 JOANNIS 






* Werner Peer 


Arcus Circuli Sinus fea Nu- | Partes vicefime Logarithmi cum Partes fexa- 









cum diffe- amen abfoluti. quart. differentiis. genariz, 

rentllse 
3 34 378,07 

ie 2a 26 500,00 6 21 36 132802,55 hist 94 
3°34 376365 

15 25 34 26600,00 61231 ZB 132425,90 Hot go 
Spr de 375223 

15 29 9 26700,00 6 24 29 132050,67 — NOo 4x 
3. 34 373,84 

Ishi 324 4.3 26800,00 6 25) os 131676,83 + 16: '5 
3 34 372543 

15 36 17 26900,00 6) 275 22 131304,40 16 8 
BIER) Ee 

15 39 52 27000,00 6 28 48 130933533 + 16x Tz. 
3 34 399,67 

ig 431 20 2.7100,00 6 30 14 130563,66 — 16 16 
3 34 368,33 

ye. 4) SO 27200,00 6 31 41 130195,33 — 16 19 
2545 36659 

ise FOL 35 27300,00 60:98 Ay 129828,55 16 23 
3 34 365,03 

igs 540 9 27400,00 6 34 34 12.9462,72 16 26 
3 35 364,30 

Toy st 44 2'7500,00 6:36 0 129098,42 +- 16 30 
3 34 362,97 

163° 4418 27600,00 6 37 26 IB 966 sac = 16 34 
3138 361,67 

16 4 53 27 700,00 6 38 53 128 373,78 16 37 
3 35 360, 36 

16 8 28 27800,00 6 40 19 12801 3,42 16 41 
aio 359207 

1Opael 2 27900,00 6 41 46 127654575 16 44 
3 35 357,78 

16 15 37 28000,00 6.43 12 12.7296;64 16 48 
3735 356551 

16 19 12 28100,00 6 44 38 126940,06 + 16 92 

estos 355323 

1P422547 28 200,00 Gi405-5 126564,83 — 16 55 
5) 353,98 

16526122 28 300,00 6 47 31 126230,85 + 16 59 
330 | 352274 

16 29 57 28400,00 6 48 58 125878,11 19 2. 
3 36 351350 





Arcus Circuli 


cum ditfe- 
- rentils. 
3°36 
16 33 33 
3 35 
oi9% 5 
343 
16 40 43 
3 35 
16 44 18 
3 36 
16 47 54 
3 35 
16 51 29 
a3 
16 55 4 
3 36 
16 58 40 
2735 
a ae 
3 36 
Ep. 15. 5} 
3 36 
17 9 27 
3735 
L7 13 wt 
3 36 
17 16 38 
3 36 
17 20 14 
o.-36 
17 23 50 
3 37 
17 27 27 
3 36 
BR 3K: 3 
3 36 
17 34.39 
3 37 
17236116 
3 36 
17 41 52 
3 37 


Sinus feu Nu- 
meri abfoluti. 


28 500,00 
28600,00 
28700,00 
28800,00 
28900,00 
2.9000,00 
2.9100,00 
2.9200,00 
29300,00 
29400,00 
2.9 500,00 
29600,00 
29700,00 
29800,00 
29900,00 
30000,00 
30100,00 
30200,00 
30300,00 


30400,00 


LOGARITHMI. 


Partes vicefimz 
quartz. 


ON 
nr 

Oo 

& 
as 


Gy, aS) On ON >>) ON 
ww 
ON 
al 
Oo 


Ta oS 
16 19 


Sl ete SN ican le ee ne See i ee oY SP Ee Sj 
\© 
“Y 


Logarithmi cum 
differentiis. 


351550 
125526,61 + 
350,26 
125176,35 + 
34904 

124827, 31 
347,82 
124479349 — 
346,63 

1241 32,86 
345242 
123787544 
344524 
123443520 -b 
343304 
123100,16 — 
341,89 
122758,27 
340372 
122417,55 + 
339555 
122078,00 = 
338,41 
12173959 = 
337227 
121402, 32 
336514 
121066,18 + 
335,01 
120731,17 + 
333,89 
120397,28 + 
332,78 
120064,50 + 
331,67 
119732,83 
33058 
119402,25 
329549 
119072,76 
328,41 


RY 2 


RT SAILTIME LION IY HATA RTE RES, RAE LE GEILE IT SRE LOT ENG SATE IOI EET ELE OE LS Be SELB LENG TTBS TE A OI BERN EET 


Partes fexa- 
genarie, 


la Et 


18 14 


58 


Arcus Circuli 


cum diffe- 
rentiis. 


ae Oe were ek 
Cus BS 2 .O Od TN W 


nr 


bt = _ 
mO COvl%l Bf YG O Wd SI & GH Ld 


eX) iss) & i) iS) 
AW YP OQ COW TH W 


ee) 


wm pf - 
2 B&W O L2~TO Co 6 & 


GG 


JOANNIS 


Sinus feu Nu- 
meri abfoluti. 


30500,00 


30600,00 


30700,00 


30800,00 
30900,00 
31000,00 
31100,co 
31200,00 
31300,00 
31400,00 
31500,00 
31600,00 
31700,00 
31800,00 
31900,00 
3.2000,00 
32100,00 
32200,00 
32 300,00 


32400,00 


Partes vicefimz 


KEPLERI 


quartz. 


“I mJ ~J “I ~J 
rs) 
Ny 


“i 
to 
ON 


34 


Logarithmi cum 
differentiis. 


328,41 
118744535 + 
327233 

118417,02 
326,26 
118090,76 — 
Q2ieo4 
117765555 + 
324215 
117441,40 -+ 
323,10 
117118,30 + 
322,06 

116796,24 
321,03 
116475521 -+ 
320,00 
T16155,21 + 
318,98 
115836,23 + 
317,96 
115518,27 
316,96 
I15201,31 
315596 
114885,35 + 
314,96 
114570539 + 
het De 
114256,42 + 
312,99 
IRI FIPS 
312,01 
113631,42 
311,05 
113320,37 + 
310,07 
113010,30 
309,12 
112701,18 
308,17 


Partes fexa-| 
genariz. 





Arcus Circuli_, 
cum diffe- 
rentiis. 
3 38 
18 57 57 
3 38 
Ig I 35 
3 38 
19 § 13 
3.39 
19 8 52 
3 38 
Ig 12 30 
3 38 
19 16 8 
3 39 
19 19 47 
3 38 
19 23 2 
3 39 
19 22 4 
3 38 
19 30 42 
3 39 
19 $4 21 


tt ~ =~ i) 
Oo Ko) Ko) 2) 
-_ -»- Lh & 
GO OO COU — 
.@) 


4 
so) 
wm 


ol oa) 
© \© 
Gn i 
w WOW DW WV YW COlWO MG 
me 
ON 


Sinus feu Nu- 


meri abfoluti. 


3.2500,00 
32600,00 
32700,00 
32800,00 
32900,00 
33000,00 
33100,00 
33200,00 
33300;00 
3 qikeicp 
33. 500;00 
33600,00 
33700,00 
33900;00 
33:900;00 
34.000,00 
34100,00 
34.200,00 
34300,00 


34400,00 


LOGARITHMI. 


Partes vicefimz 


quarte. 


too oe Sy ES OSes 


OS 


NN 


Logarithmi cum 


differentiis. 


308,17 
112393,01 
SO ak 
112085,80 
306,29 
T11779551 
3° 5334 
I11474517 
324541 
111169,76 
3° 4349 
110866,27 
302,58 
110563;69 
301,66 
110262,03 
choice Fi) 
109961,28 
299585 
109661543 
298,95 
109 362,48 
298,06 
109064,42 
297518 
108767,24 
296,30 
108470,94 
20 5942 
108175552 
294555 
107880,97 
293269 
107587,28 
292,82 
107294,40 
aOT OY 
107002,49 
201504 
106711,37 
290,28 


+ 


59 


Partes fexa- 
genariz. 





6o JOANNIS KEPLERI 
en es 


Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 


cum diffe- - meri. abfoluti. quarte. differentiis. genariz. 
rentus. 

3 40 290,28 

20 10 54 '34500,00 8 10 48 106421,09 20 42 
3 40 289,44 

20 14 34 34600,00 8 18 14 1061 31,65 20 46 
3 39 288,60 

20 18 13 34.700;00 8 19 41 T05843,05 + 20 49 
3 40 287577 

20 21 53 34.800,00 Bei aa 105555528 + 20 53 
3 40 | 286,94 

20 25 33 34900,00 8 22 34 105268,34 20 56 
3 41 286,13 

20 29 14 35000,00 8 24.30 104982,21 -+- 21 0 
3 40 285,30 

20 32 54 3.5100,00 8 25 26 104696,91 at oA 
3 40 284549 

20 36 34 3.5200,00 8 26 53 10441242 — 21, <9 
3 40 283,70 

20 40 14 3.5300,00 § 28 19 104128,72 + oT GRE GF 
of4t 282,88 

20 43 55 3.5400,00 8 29 46 10384584 21 14 
3 40 282,09 

20 47 35 35500,00 o4ai2 103563575 21 18 
3 41 281,29 

20 51 16 3.5600,00 8 32 38 103282,46 — 21 22 
3 41 280,50 

20 5457 35790;00 834 5 103001,96 — Q1 25 
Sa ay ; 279973 

20 58 38 3,5800,00 8 35 31 102722523 21 29 
3 42 278,94 

21 2 20 35900,00 8 36 58 102443529 21 32 
eI 278,16 

21 6 1 |  36000,00 8 38 24 102165,13 — | 21 36 
oat 277939 

21 9 42 36100,00 8 39 50° 101887,74 — 21 40 
3 41 276,63 

21.15 jen 36200,00 8 41 17 1O1611,11 21 43 
3 42 275,86 

SAG Be 36300,00 8 42 43 101335525 21 47 
Bai 275,11 

21 20 46 36400,00 8 44 10 101060,14 + 21 50 
3 42 274334 
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Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 


cum diffe- meri abfoluti. quarte. differentiis. genarie. 
rentlse 

3 42 274534 

21 24 28 36£00,00 8 45 36 100785,80 — QI 54 
3 41 273360 

a0) ag 9 36600,00 Si 47) 2 I00512,20 — a1 58 
ehwy. 272,86 

ae m5 36700,00 8 48 29 1002 39,34 22 1 
3 41 292410 

21 35 32 36800,00 8 49 55 99967,24 22 & 
3 42 271,38 

21 39 14 36900,00 S51 22 99695,86 + 22 8 
3 42 270,63 

21 42 56 37000,00 8 52 48 99425,23 22 12 
3 41 269,90 

21 46 37 37100,00 8 54 14 99155533 — 22 16 
3 42 269,18 

21 50 19 37200,00 8 55 41 98886,15 22 19 
aa 268,46 

Orisa 4 37300,00 857 7 98617,69 22) 28 
3 42 207574 

21 57 43 37400,00 8 58 34 98349,95 22 26 
2.49 267,02 

2 PE 20 37500,00 9 0 0 ' 98082,93 — 22 30 
3 42 . 266,31 

92% 8 37600,00 9 1 26 97816,62 22 94 
3 43 265,61 

22 8 51 37700,00 O12 +52 97§51,01 22 37 
3 43 264,90 

Daina 3a 3.7800,00 9 4 19 97286,11 22 41 
3 43 264,20 

225617 37900,00 9 5 46 97021,91 22 44 
3 44 263,50 

2B BO''s 1 38000,00 py ag 96758,41 — 22 48 
Ae 262,82 

iy eke SF, 38100,00 9 8 38 964.95,59 + Ze 5a 
3) 43 262,12 

22, 27. 2:4 38200,00 O10 wes 96233,47 22° 5% 
3 44 261,44 

ZR SF 1 38300,00 ehh 33 95972,03 22 59 
3 43 260,75 

22 34 54 38400,00 9 12 58 95711,28 — 2906.2 
3 44 260,08 





62 JOANNIS 


KEPLERI 













| 
Partes fexa- | 
genariz. 
















Logarithmi cum 
differentiis. 


| Partes vicefimz 
quarte. 


Sinus feu Nu- 
meri abfoluti. 


Arcus Cireuli + 
cum diffe- 
rentiis. 






































3 
38 
3 
42 


4S 
ones) 


Gn ES 
Oo & 


wr 


ie) [onl = = 
OW WoO OD UW BD COb%Ds BO HO NI & Lo 


S 


Gs 


(Lo 
pW colo BL Ovo! 


Sot 


aS 
WO WH 


38500,00 
38600,00 
38700,00 
38800,00 
38900,00 
3.9000,00 
3.9100,00 
39200,00 
39300,00 
39400,00 
3.9 500;00 
39600,00 
39700,00 
39800,00 
39900,00 
4.0000,00 
40100,00 
Sanains 
4.0 300,00 


40400,00 


































260,08 
95451,20 
259.41 — 
95191579 + 
258,73 
9493300. 
258,06 
94075,00 = 
257240 
94417,60 
250575 


94160,85 + 


256,07 ) 
93904,78 — 
255543 
93649535 — 
254,78 
93394957 
254513 
93149544 
253249 
92886,95 + 
252,04 
92634,11 — 
2§2,21 
92381,90 
251557 
92139333 
250594 
91879,39 
2e0, 91 
91629,08 — 
24.9509 
91379339 
F010] ; 
91130,32 + 
248,45 
90881,87 
247,83 
90634,04 + 
24722 


Arcus Circuli 





cum diffe 
ren‘us, 
3 46 
23 53 29 
3 46 
23 57 15 
3 46 
92 7RH 
3 45 
24 4 46 
3 46 
24 8 32 
3 46 
24 12 18 
3 46 
2416 4 
3 47 
24 19 51 
3 47 
24 23 38 
3 46 
24 27 24 
3 47 
m4 98 13 
3 47 
24 34 58 
3 47 
24 38 45 
3 46 
RA 42 131 
3 47 
24 46 18 
3) Ay 
245°. 6 
3 47 
24.53 52% 
3 48 
24. 57 40 
3 47 
25 T 27 
3 48 
25 5 15 
3 48 


Sinus feu Nu- 


meri abfoluti. 


40500,00 
40600,00 
40700,00 
40800,00 
40900,00 
41000,00 
41100,00 
4.1200,00 
41300,00 
41400,00 
41 500,00 
41600,00 
41700,00 
4.1800,00 
41900,00 
42000,00 
42,100,00 
42200,00 
42300,00 


42400,00 


LOGARITHMI. 


Partes vicefimz 


quarte. 


IO To 


12 


Logarithmi cum 


differentiis, 


247,22 
90386,82 
246,61 
gO140,21 
246,00 
89894,21 
245240 
$9648,81 
244579 
89404,02 
244,21 
89159,31 
243,60 
§8916,21 
243,01 
88673,20 
242543 
88430,77 
241,83 
88188,94 
241,26 
87947,68 
240,68 
87707,00 
240,09 
87466,91 


237,01 
86512525 
kee 
86275,00 
236,69 
86038,31 
236,12 


i 
ate 
os 
+ 


= 


+ 


—— 


+ 


+- 


§5802,19 — 


235957 


63 


Partes fexa- 


genariz. 


64 


Arcus Circuli 


JOANNIS. 


Sinus feu Nu- 


meri abfoluti. 


Partes vicefimez 


quart. 


KEPLERI 


differentiis. 


Logarithmi cum 


Partes fexa- 
genarlz. 


a EES a ESE | oe 
es 


_ cum. diffe- 
rentis. 
3 48 
25 a8, 33 
3 48 
Doh TM 51 
a 49 
25 16 40 
3 48 
25 20 28 
3 48 
25 24 16 
3 48 
a5 28 4 
3 48 
25 31 52 
Oras 
25135 44 
3 48 
2554929 
3°49 
25 43 18 
3 49 
25 475.7 
3 49 
25 60 50 
Slo 
25 54 46 
So 
25 58 35 
340 
26 2 24 
ed 
26 6 14 
5 49 
2010 1,53 
Baer 
26 13 53 
3 5° 
26 17 43 
3 50 
20 5121.133 
3 51 


42500,00 
42600,00 
42700,00 
42800,00 
42900,00 
43000,00 
43100,00 
43200,00 
43300,00 
4.34.00,00 
43500,00 
4.3600,00 
43'700,00 
4.3800,00 
43900,00 
44.000,00 
44100,00 
44200,00 
44300,00 


44400,00 


2a 7 


85566,62 — 3 


23 B02 


85331,60 — 


2344.7 
85097313 
233592 


84863,21 + 


AB 30ad 
84629,84 
232,03 
84397,01 
232524 


84164,74 — 


2313577 


83932,97 + 


231,21 
83701,76 
230,68 
83471,08 
230,15 
$3240,93 
229,62 
83011,31 
229,10 
82782,21 
200557 


= 


82553,04 


228,05 
82325559 
227553 
82098,06 
227,02 
81871,04 
226,50 
81644554 
225299 


(81418,55 


225548 
81193,07 
224597 


+. 
ote 
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Arcus circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 
. .cum diffe- meri abfoluti. quartz. differentiis. genaria. 
rentils. 

ae 224597 

26 25 24 44500,Q0 10 40 48 80968,10 26 42 
3 50 224,46 

26 29 14 44.600,Q0 IO 42 14 8074.3,64 — 26 46 
Soe 223597 

2 Rg 44.700,00 IO 43 41 80519,07 26 49 
3 51 223,46 

26 36 56 44800,00 Lo, 45 3 80296,21 26. 53 
33S | Sea eae 

26 40 46 44900,00 Io 46 34 8007 3,24. 26 56 
354 227547 

26 44 37 4.5000,00 10 48 o 79850,77 270 
3.58 Seo 

26 48 28 45100,00 10 49 26 79628,80 — a7 
2 5s 221,49 

26 52 19 45200,00 IO 50 53 79407 531 27. MP 
Rise 220,99 

26 56 10 45,300,900 IO 52 19 79186,32 27° iE 
3 52 220,51 

a7 10 % 4.64.00,00 10 §3 46 78965,81 27 14 
3 51 220,02 

27 3 53 4.5 500,00 LOU 55 ee 78745579 27 18 
caer Ae: 

25 ar Ae 45600,00 10 56 38 78526,25 27 22 
aS2a 219,06 

27 DE 13% 45 700,00 10 58 5 78307,19 27 25 
Oy 21563 

27. 14 29 45800,00 IO 59 31 78088,61 + 27 29 
CS: 218,10 

27 18 21 45900,00 Ir o 58 77870,51 27 32 
355 217,63 

ay 25 th 46000,00 1b 2 24 77652,88 27 36 
Soe cay pe. 

a ae 46 100,00 Iq “3 50 77435573 — 27 40 
Se 216,69 

27 30 59 46200,00 EE We 29 77210,04 27 43 
4 Ee 5-0, 2:5 

27 34.51 46300,00 Ir 6 43 77002,83 — ie a 
353 215575 | 

27 38 44 46400,00 ir *§ 10 76787,08 — 27. 50 
3.53 kee 


66 


| Arcus cireuli 


cum diffe- 
rentiis. 


sn Ons. Ce gts 


Os So ie) ts to = eH 


3 
2 
5 
6 
3 
O 
3 
4 
3 
8 
iS 
2 
3 
5 
3 

9) 
3 
3 

3 

7 
3 

I 

3 

5 

3 

9 
3 
3 
3 
7 
3 


oe ee, ee ss 
GK DAW NW CDW MNW 


Sinus feu 
meri abfoluti. 


JOANNIS 


46 500,00 
46600,00 
46700,00 
46800,00 
46900,00 
47000,00 
47100,00 
47200,00 
4,7300,00 
47400,00 
4.7500,00 
47600,00 
47700,00 
47800,00 
4.7900,00 
48000,00 
48.100,00 
48200,00 
48300,00 


48400,00 


Nu- 


Partes vicefimz 
quart. 


KEPLERI 


Logarithmi cum 


differentiis. 


215,29 
76571579 
214,82 
79359597 
214,36 
76142,61 
213,91 
75928,70 
213545 
75715925 
212,99 
75502526 
212,54 
75289,72 
212,09 
75977363 
211,64. 
74865599 
211,19 
74654,80 
vA taps fs 
74444:05 
210,30 
74233575 
209,87 
74023,88 
209,42 
73814,46 
208,99 
73605,47 
200355 
73399,92 
208,12 
73188,80 
207,68 
72981512 
207525 
7277387 
206,83 
42567,04 


206,40 


Partes fexa- 
genariz, 








} Arcus Circuli 


cum diffe- 
rentiis. 


ie) iS) ie) p i ra] 
NW COL. BL OW Aw HL Cold KW O vd 


3 
36 


bh 
O 2 


oe 
CO¥s -— Yo 


ir WGN 


Co RO OH 4 WH LD O DH CHW Pp Ww 


- 


Le 


Sinus feu Nu- | 
meri abfoluti. 


48 500,00 
48600,00 
48700,00 
48800,00 
48900,00 
49000,00 
49100,00 
49200,00 
49300,00 
4.9400,00 
49 500,00 
49600,00 
49700,00 
49800,00 
49900,00 
50000,00 
50100,00 
50200,00 
50300,00 


50400,00 


LOGARITHMI. 


Partes vicefimz | 
quartz. 


Logarithmi cum 


differentiis. 


206,40 
72360,64 
205397 
7215407 
205555 


71949512 
205,13 


_ 71743,99 


204,71 
71539528 
204,29 
71334599 
203,87 
FIISI,12 
203,46 
70927,06 
2033;05 
70724,61 
202,63 
70521,98 
202,23 
70319375 
201,81 
7O117;,94 
201,41 


69916,53 
2ZOT,OT 


.69715,52 


200,60 


69514,92 


200,20 
69314,72 
199,80 
69114,92 


199,40 ; 


6891552 
199,01 


68716551 


198,61 
68517,90 
198,21 


Partes fexa- 
genaria, 





68 JOANNIS KEPLERI 
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Arcus Circuli Sinus feu Nu- Partes vicefimz Logarithmi cum Partes fexa- 
cum diffe- meri abfoluti. quarte. differentiis. genariz. 
rentus. ; 

3 59 198,21 

30 19 53 50500,00 }2: Seg 68319,69 30 18 
359 197,83 

30 23 §2 50600,00 12 8 38 68121,86 + BO! 28 
4 0 197343 

BO 29 52 50700,00 12 LO 5 67924,43 30 25 
359 197,04 

BS. 81 $1 50800,00 2 tices 67727,;39 — 30 29 
a io 196,66 

FOGG KT 50900,00 12; 22, 58 67530,73 — 20: 32 
4510 196,27 

3° 39 51 5 1000,00 12 14 24 6733446 — | 30 36 
4 0 195,89 

30 43 51 $1100,00 12 15.50 67138,57 30 40 
cube pees 

30 47 52 51200,00 12 17 17 6694307 3° 43 
4 0 LOSs12 

30 §1 52 51300,00 12 18 43 66747,95 30 47 
cel ies 194575 

30° 55 52 51400,00 12°20710 66553,20 + 30 50 
4 1 194,36 

30°50) 5 3 §1500,00 12021636 663 58,84 50. 54 
4 0 193,99 

Sarees 51600,00 1228" 66164,85 + 30 58 
eT! 193,61 

31 7 54 51700,00 12 24 29 65971,24 + | 31 1 
4 1 193523 

SItas 56 51800,00 12 O¢hgk 65778,01 — 
4 1 192,87 

gies? 66 51900,00 12 27 22 65585,14 
4 1 192,49 

Oreo, 57 52000,00 12 28 48 65392,65 — 
A. 2 : 192,12 

3123759 52100,00 12 30 14 65200,53 — 
Avett 191,76 

BL 286.0 52200,09 12 31 41 65008,77 
4 2 191,39 

gatese | 2 5§2300,00 12-33 7 64817,38 
er 191,02 

31 30 «4: 52400,00 12 34 34 64626,36 
ae 190,65 
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Partes fexa- 


Logarithmi cum 
genarie. 


differentiis. 


Partes vicefime 
quartz. 


Sinus feu Nu- 


Arcus Circuli 
. meri abfoluti. 


_ecum diffe- 
rentiis. 


Wm - 
AP pp on Rp OF 


, 
_ 


tn 
OWN 0 BO 


ie) dS a= _ 


tp 


in f as ise) 
Mere oS A sb Bes pS 
wr 


Le) 


4 
Oo 
4 
4 
4 
8 
4 
Ze 
4 
6 
4 
fe) 
4 
4 
4 
8 
4 
2 


a 
mH NOW DAWN 


= 


Oo ww Os S&S iS & 
WHhORN SP we br~TO pp 


pee be 
COUN 


iw 


a ts) 
AWN ANH MIMNA YNM~AwH bp fb 


i& 


52500,00 
52600,00 
52700,00 
52800,00 
52900,00 
53000,00 
§3100,00 
53200,00 
§3300,00 
53400,00 
5.3520,00 
53600,00 
53700,00 
53800,00 
53900,00 
54000,00 
54100,00 
54200,00 
54300,00 


54400,00 


190,65 
64435571 
190,30 
64245541 
189,94 
64055547 
189,57 
63865,90 
189,21 
63676,69 
188,86 
63487,83 
188,50 
63299533 
Loox s 
63111,18 
187579 
62923539 
187,44 
62735595 
187,10 
62548 ,8 5 
186,74 
62362,11 
186,38 
62175573 
186,05 
61989,68 
165571 
61803,97 
£31520 
61618,61 
185,00 
61433,61 
184,67 
61248,94 
184,34 
61064,60 
183,99 
60880,61 
133,606 


— 


Pa 
te 


4- 
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Arcus Circuli Sinus feu Nu- | Partes vicefime | Logarithmi cum Partes fexa- 








cum diffe- meri abfoluti. | quarte. differentiis. genarie. 
rentus. 

4p 183,66 

33. '2 20 54.500,00 13 4 48 60696,95 32 42 
Ap 199532 

33°) 5'35 54600,00 13 6 14 6051 3,63 32 46 
HAAN © 182,98 

33 9 41 54.700;00 13,741 60330365 32 49 
ay 182,65 

33 13 48 54800,00 13 9 7 60148,00 32 53 
Ao 102591 

33.17 54 54900,00 | 13 10 34 59965569 32 56 
4 7 181,99 

93 22 .2 55000,00 13 12 © 5978370 + 33 0 
4 7 181,65 

33126 8 55100,00 13.33 26 59602,05 + 93. <4 
Ay Foto? 

BB 589-75 55200,00 13 14 $3 59420573 seta | 
AEM: 181,00 

33 34 23 § 530,00 13 16 19 59239573 33 11 
Avery 180,67 

33 38 30 5 5400,00 13 17 46 §9059,06 33 14 
4 8 180,34 

33 42 38 §5500,00 13 19 12 58878,72 33 18 
4 8 180,02 

33 46 46 55600,00 13 20 38 58698,70 33.22 
4 8 179,70 

33 50 54 55 700,00 13 22 -§ 58519,00 33 25 
4 9 179337 

Ba, Sh 8 55800,00 13 23) 31 58 339,63 33 29 
4 8 179,05 

33 59 11 55900,00 13 24 58 - 58160,58 33 32 
4 9 178,73 

34 3 20 56000,00 i3 26 24 © §7981,85 33 36 
4 9 j 178,41 

34. 7 29 56100,00 13 27 5° 57803,44 33 40 

4 9 | 178,10 

34, B13 56200,00 13 29 17 §7625,34 + 33 43 
dates L7fo¢7 

34 15 48 5630000 855°. 43 57447957 33 47 
4 9 17746 

34 19 57 56400,00 13 32 10 $7270,11 — 3359 
4 10 177310 
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Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 








cum diffe- meri abfoluti. quartz. differentiis. genariz, 
rentnse 

4 10 177,16 

34 24 7 56500,00 ip 23 36 57092395 + 33 54 
4 10 176,82 

24 2G. 18 56600,00 ee  v 56916,13 + 33 58 
4 11 176553 

34 32 28 56700,00 13 36 29 56739,60 + aalig 
4 10 176,21 

34 36 38 56800,00 ee Ya 56563539 34 5 
Past 175399 

34 40 49 56900,00 | 13 39 22 56387,49 — | 34 8 
4 hI 175,60 

34.45 0 57000,00 13 40 48 56211,89 + 34 12 
4 11 175,28 

34 49 II 57100,00 13 42 14 56036,61 34 16 
12 | 174,98 

34 53 23 57200,00 13 43 41 55861,63 + | 34 19 
411 174,67 

34 57 34 57390:00 13.45 7 55986,96 — | 34 23 
Are Wig zg eM 

35 1 46 57400,00 13 46 34 55512559 34 26 
4 12 174,06 

ors. 59 57500,00 | 13 48 o 55338353 — | 34 30 
4 12 173576 

38 LO 11 57600,00 13 49 26 §5104,77 — 34 34 
4 12 173547 

35 2423 57790300 eDe ERR 54991330 + 34 37 
4 13 173,16 

35 18 36 57800,00 EP EBLTO 54818,14 34 Al 
4 13 172,86 

35 22 49 57900,00 13 53 46 54045528 34 44 
4 13 _ 172,56 

25 23% 12 58000,00 EPOCH 84472472 34 48 
4 14 B72 ,27 

a0 35 16 58100,00 13 56 38 54300,45 34 52 
4 13 171,97 

95° 35-29 58200,00 Lercgy 6 §4128,48 + 34 55 
4 14 B7E,07 

35 39 43 58300,00 | 13 59 31 5395681 + | 34 59 
4 14 172537, 

35°43 57 58400,00 | 14 0 58 5378844 7" | 35 2 
A 14 171,09 





72 


Arcus Circuli 


JOANNIS 


Sinus feu Nu- 
meri abfoluti. 


Partes vicefimez 
quarte. 


KREPLERI 


differentiis. 


Logarithmi cum 


Partes fexa- 
genariz. 


Nene a DE EEE tee 


cum difie- 
rentus. 
4 14 
35-48 11 
4 15 
35 52 20 
4 14, 
35 56 40 
4 15 
36 0 55 
415 
BO ve boar O 
4 16 
ROT 420 
oo 
36 13 41 
4 16 
36 17 57 
4 16 
BO 2 ee 18 
4 17 
26126) 30 
4 16 
36 30 46 
ahaa 
36 35 3 
4.17 
36 39 20 
4 18 
$0) 43.38 
4 17 
36 47 55 
4 18 
36 52 13 
4 18 
36°56 31 
4 19 
Bh 250 
4 19 
Shai oeh 9D 
4 18 
ae 9 27 
4 19 


58500,00 
58600,00 
58700,00 
58800,00 
58900,00 
59000,00 
59100,00 
59 200,00 
59300,00 
59400,00 
59500,00 
59600,00 
59700,00 
59800,00 
59900,00 
60000,00 
60100,00 
60200,00 
eee 


60400,00 


171,99 
53614,35 
170,80 


§3443955 . 


170,50 
53273995 
170,22 
53102,83 
169,92 
52932591 
169,63 
§2763,28 
169,35 
Sea hep pes 
169,06 
52424,987 
168,78 
52256,09 
168,49 
52087,60 
168,21 
51919539 
167,93 
E175 1640 
167,64 
51583,82 
167,37 
51416,45 
167,08 
51249537 
166,81 
51082,56 
166,52 
§0916,04 
166,20 
50749,78 
165,97 
50593,01 
165,70 
50418,11 
165543 


a 


4 


—s 


oa 
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a ee ee 


Arcus Circuli - 


cum diffe- 
rentils. 





p = ead 


S 


On Wn > > ioe) wo uo 
PBaprvhpPpohPHOP ofpPpPf CRNA HPYAP HP OHRP HAO AHP HH DOP Hf OPW FA 


i & + H 


iS) 


Oo” — 


Sinus feu Nu- 
meri abfoluti. 


60500,00 
60600,00 
60700,00 
60800,00 
60900,00 
61000,00 
61100,00 
61200,00 
61300,00 
61400,00 
61500,00 
61600,00 
61700,00 
61800,00 
61900,00 
62000,00 
62100,00 
62200,00 
62300,00 


62400,c0 


Partes vicefimze 


quartz. 


~ Logarithmi cum 


differentiis, 


165,43 
§0252,08 -f 
168,05 

50087553 

164,88 
4.9922,65 
164,61 
497 58,04 
164,34 


49593.79 + 


164,07 
49429,63 + 
163,80 
49205583 + 
163,53 

49 102,30 
163,26 
48939304 — 
163,00 
48776,04 — 
162,74 
48613,30 + 
162,47 
48450,83 + 
162,20 

48 288,63 
161,95 
48126,68 + 
161,68 
47905,00 + 
161,42 
4780358 
161,16 
47642542 
160,90 
47481,52 
160,64 
47320,88 
160,39 
47100,49 + 
160,12 


t 


| 


Partes fexa- 


genariz. 
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SP IIE IOS SEI SS LSE IS I A IS SLO O LEI LE DOI EEDA EAE 


Arcus Circuli 


cum diffe- 
rentiis. 

4 24 
38 40 57 
4 25 
38 45 22 
4 25 

38 49 47 © 
4 24 
38 54 11 
4 25 
38 58 36 
25 


Oo Us 
‘© \© 
to to 


ios) 
\O 
ie) 


Oo (ore. Oo 
\o “oO \O 
Sigg eo eels) 


Oo LSS) 
hes) Xo 
tn oo 
ROAD OPA GPUS OPRARSAUA OPAL HBURWHA 
Ce 


JOANNIS 


Sinus feu Nu- 
meri abfoluti. 


62500,00 
62600,00 
62700,00 
6280G,00 
62900,00 
63000,00 
63100,00 
6 3200,00 
6 3300,00 
63400,00 
63500,00 
6 3600,00 
63700,00 
63800,00 
63900,00 
64000,00 
64100,00 
64200,00 
64300,00 


644.00,00 


Partes vicefime 
quarte. 


_— 
Cn 
COU > =sY. La) fs 
aS 
ON 


KEPLERI. 


Logarithmi cum 


differentiis. 


160,12 
ai Niipek ees 
159,08 
46840,49 + 
159,61 
46680,88 — 
T 5g 
46521,51 + 
T4505 55 
46362,40 + 
158,85 
46203,55 
158,61 
40044,94 + 
158535 
45886,59 
E50;10 
45728,49 
157386 
45579,63 + 
157,60 
45413293 
157536 
45255307 + 
157,10 
45098,57 — 
156,87 
44941,70 + 
156,62 
44785,08 + 
156537 
44628,71 
156,12 
44472359 — 
155,89 
44316,70 
155,05 
44.161,05 + 
155240 
44005,65 -+ 
pant es) 


Partes fexa- 
genariz. 


OLED TAPERED ELLE DOLE ECCI TE EDR PEE LIES LAE AE IES REE CITE PE ELE I OSD EE CGE ETE LE LE EE LEED AEN CEB AE ADA ED BBL L GE STARE BITE IGE ORE TOE RRO 


Arcus Circuli Sinus feu Nu- 


eee fe Yen YS | 


cum diffe- meri abfoluti, 
rentus. 

4 29 

40 9g 56 64.500,00 
4 30 

40 14 26 64600,00 
4 39 

40 18 56 64700,00 
4 31 

40.23 29 64800,00 
4 3l 

40129 58 64900,00 
4 32 

49°22 30 6 5000,00 
4 32 

40407) 0S 65100,00 
4 33 

AO i) 2 65200,00 
4 32 

40 460. 7 65300,00 

4 33 

40 50 40 654.00,00 
4 33 

40 55 13 65 500,00 
4 33 

4° 59 46 65600,00 
4 33 

41 hai 65700,00 
4 34 

41 $8 54 6 5800,00 
4 33 

41 13 26 65900,00 
4 34 

41 18 oO 66009,00 
4 35 

Ab 22 38 66100,00 
4 3! 

Al 27 10 66200,00 
4 36 

41 31 46 66 300,00 
45 

41 36 21 66400,00 
4 36 


SN TS I I LT LE ID LILI I ENS LOE TOAIE LEE LEPC LO LED ELEC GE PCLT IE AC ITC LIE AT I PREIS PERSIE 


LOGARITHMI, 


Partes vicefime 


quarte. 


56 to 


L. 2 


40940390 
154544 
43386,46 
154,20 
43232,26 
153297 
3078,29 
153273 
42924550 
153,48 
42771,08 
153,26 
42617,82 
Sea 
42464,79 
T5735 /9 
42 312,00 
pee age Bo 
42959545 
E5259 
42007,13 
152,09 
4185 5,04 
151,87 
41703,17 
151,62 
ee "35> 
T5140 
414.0015 
151,18 
41248,97 
150,94 
41098,03 
150,72 
Ot] 3 
150,49 


Logarithmi cum 
differentiis. 


Partes fexa- 
genariz. 


40 


75 
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Arcus Circuli | Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 


cum diffe- meri abfoluti. quarte. differentiis. genariz. 
rentlis. 

4 36 150549 

AI 40 57 66 500,00 TF Eo 6 40796,82 39 54 
4 3 150,26 

41 45 33 66600,00 T5150 ce 40646,56 39 58 
43 150,03 

41 50 10 66700,00 16 0 29 40496,53 — | 4o 1 
4 37 149,82 

Ba oc 47 66800,00 6 "ere 40346,71 + 40 985 
4 38 149,58 

AI 59 25 66900,00 16 13 22 4.0197,;13 — 40 § 
4 3 1403537 

AO sia. 32. 67000,00 16 4 48 4004.7,76 40 12 
4 38 149514 

BA20B. 240 67100,00 £6 36 44 39898,62 40 16 
4 38 148,92 

42163. 18 67200,00 16199 Al 39749,70 — 40 19 
4 39 148,70 

Toy es Ma 67300,00 LO 7 39601,00 — 4023 
4 39 148,48 

42 (22.96 67400,00 £6. 19,34 3945252 — 40 26 
4 39 148,26 

7 ee Te MR 4 67500,00 16 F200 39304,26 40 30 
4 40 148,04 

ret eR 67600,00 16 13 26 *99156,22 40 34 
4 40 147,76 

42 36 35 67700,00 16 14 53 39008,46 yAO 37 
4 40 147,66 

AAT 25 67800,00 16 16 19 38860,80 40 4I 
4 41 | 147,38 

42 45 56 67900,00 16 17 46 30-78 3542) 40 44 
4 41 147517 

A250 37 68000,00 16 19 12 38566,25 40 48 
4, 42 146,95 

42 §5 19 68100,00 16 20 38 38419,30 40°52 
4 42 146,74 

Oe oN a 68200,00 16 22.5) 38272,56 +. 40 55 
4 43 146,52 

43-4 44 68300,00 1029 Gl 38126,64 + 40 59 
4 42 146,30 

A3 ip 26 68400,00 16 24 58 37979574 — me 


aN 
pb 
1S) 


146,09 


LOGARITHMI. 77 





Arcus Circuli | Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 
cum ditfe- meri abfoluti. quarte. differentiis. genariz, 
rentils. 

4. 43 146,09 

43 14 9 68 500,00 16 26 24 37833,65 — 41.576 
4 43 145,88 

43 18 52 68600,00 16 27 50 397583377 — 41 10 
4 43 145,67 

43 23 35 68700,00 16 29 17 3754210 41 13 
4 44 145545 

43 28 19 68800,00 16 30 43 37396,65 — | 4r 17 
4 44 14.5525 

ye ie He Bo 68900,00 16) 32: tO 37251540 + 41 20 
4 45 145,03 

43 37 48 69000,00 16) 23:36 37106,37 AI 24 
4 45 144,83 

43 42 33 69 100,00 Oto 6) M2: 36961,54 + AI 28 
4.45 144,61 

43 47 18 69200,09 16 36 29 36816,93 AIL 3I 
4 46 144,40 

43.52 4 69300,00 £G.3% ce 36692553 .— At OR 
4 46 144,20 

43 56 50 69400,00 16 4922 36528,33 + 41 38 
4 47 143399 

44 1 37 69500,00 16 40 48 36384,34 + AI 42 
447 143,78 

AA. 0 224 69600,00 16-42 14 36240)56 + AI 46 
4 48 143557 

44 I1 12 69700,00 16 43 41 36096,99 41 49 
4 48 143537 

4416 0 69800,00 1645 7 35953,02 41 53 
4 48 143,17 

44 20 48 69900,c0 16 46 34 gno10,45 + 41 56 
4 49 142,96 

4452530 70000,00 16 48 oO 35667,49 + 4a 6) 
4 49 142,75 

44 30 26 70100,00 16 49 26 35524574 ADEN eh 
4 50 142,55 

44 35 15 70200,00 16 .2oNea 35382519 Ee 
4 50 142,35 

44 40 5 70300,00 16 52 19 35239594 + 42 II 
4 50 142,14 

4444 55 70400,00 16 53 46 35097;79 = | 42 14 
4 5t RAs 
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78 JOANNIS 









Arcus Circuli Sinus ‘feu Nu- | Partes vicefime Logarithmi cum” | Partes fexa- 









cum diffe- meri abfoluti. quarte. differentiis. genariz. 
rents. 
pub's 141595 
44 49 46 70500,00 16 55 12 34955575 — | 42 18 
+ 141575 
44 54 37 70600,00 16 56 38 34814,00 + 42 22 
4 52 141,54 
4A 9 AD 70700,00 16 98. ig 34672546 42 26 
4 52 141,34 
45 4 21 70800,00 16 59 31 345 31,12 42 29 
A soe 141,14 
45 618 70900,00 LV ike ee 34389,98 42 32 
4 53 140,95 
Ag ba 71000,00 hy Ae ae 34249,03 42 36 
4 53 140,74 
Ae ae £0 41100,00 By alee 34103,29 42 40 
4 54 a APES 
45 23 53 71200,00 7 5.27 33997574 42 43 
4 54 140,3 6 
45 28 47 71300,00 17 6 43 33827539 42 47 
pea: ia 2h 
45 33 41 71400,00 17 8 I0 33687524 42 50 
4 55 139,96 
45 38 36 71500,00 17 9 36 33547528 42 54 
ieee) 139977 
45 43 31 71600,00 19 Rie 33407>51 42 58 
4 56 139557 
45 48 27 71700,00 17 12 29 33267594 43 1 
4 50 139537 
45 53 2 71800,00 17 18. €& 33128557 43 5 
4 57 139,18 
Aa, ako! 20 71900,00 L715, 22 32989,39 43 8 
4 57 138,98 
AD $Q0by 72000;00 17 16 48 32850,41 43 12 
4 58 138,79 
46 $ 15 72100,00 ry 28 Te Wagar M ays 43 16 
a ae ae 138,60 
46 13 13 72200,00 17 19 41 325 73,02 43 19 
4 $9 138,41 
40) 08, 12 72300;00 ie eS TA 32434,61 43 23 
4 59 138,22 
ps 24) 1 3 72400,00 17 22 34 32296,39 43 26 
4 59 138,03 












LOGARITHM!. 79 


EET RELL LEIS ELLE LLG ELLA LBE AE LILLE DELI LDL LIE LE LO ELL LALA, PDE ELLEN GCL ABIL SD ORLEANS, ESOS NS AE PE BRI ELEN mca 


Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 


cum diffe- meri abfoluti. quarte. differentiis. genariz. 
rentils. 

4 59 138,03 

46 28 10 72,500,00 LT Zao 32158,36 + ve oes 
5 9 137,83 

46 33 10 72600,00 17 25 26 32020, 53 43 34 
5 137,05 

46 38 ice) 72.700,00 17 26 53 31882,88 43.37 
rong 137,46 

45 43 11 72.800,00 17 28 19 3174542 + 43 AI 
SF 137527 

46 48 12 72900,00 17 29 46 31608,15 + 43 44 
bp ae 13/7397 

46 53 13 73000,00 Ly et t2 31471,08 — 43 48 
so, 'S 136,90 

46 58 15 73100,00 17 32 38 31334518 43 52 
aby 136,70 

apie oe ly 7] 3 2? 500 year) 5 31197,48 — OD 
aD 136,53 

47 8 20 73300300 17 35 31 31060595 43 59 
ae : 136,33 

47 13 23 73400,00 17 36 58 30924562 44 2 
5 4 6OsTA 

47 18 27 73500;00 17 38 24 30788,48 44 6 
bad 135,96 

47 123 +32 73600,00 17 39 50 30652,52 44 10 
ba, 135,78 

47 18137 73700,00 CFA 17 30516,74 44. 13 
5 6 135,00 

47 33 43 73800,00 17 42 43 30381,14 + 44.17 
a 135,40 

47 38 49 73900;00 17 44 10 30245,74 — | 44 20 
Biba if E35923 

47 43 56 74000,00 17 45 36 ZO11L0,51 44° 24 
bt | 135,04 ( 

a P4100;00 Aa ot Nee eee Chad idee 
7 134,650 

47 54 10 74200,00 17 48 29 29840,61 — Ad 31 
gels 134,68 

47 59 18 74300,00 17 49 55 29705593 44 35 
5 8 13450 

48 4 26 74400,00 Po Si 22 29571,43 44 38 
a2 SBE 
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Arcus Circuli 


cum diffe- 
rentils. 

BAe 

48 9 35 
5 9 

48 14 44 
5 To 

48 19 54 
§ Io 

48 25 4 
agen 

46 °30.15 
ig vedid 

48 35 25 
epi 

48 40 38 
5 13 

48 45 51 
5 13 

48 51 4 
5 14 

48 56 18 
5 14 

49 I 32 
W515 
49 6 47 
5 15 


eee Soa 
\o \o \o 
p Lal bot 


bh 
1 XO 
bo 


oPieee cab 
pg oe th LOR) 
La ta 


+ h 
© No) 
as uw 

TOM tA COWWWATH PNA 
Oo 


JOANNIS 


Sinus feu Nu- 


meri abfoluti. 


74500,00 
74600,00 
7.4700,00 
74800,00 
74900,00 
7 5000,00 
75100,06 
75200,00 
7 5300,00 
75400,00 
75 500,00 
75600,00 
75700,00 
75800,00 
75900,00 
76000,00 
76100,00 
76200,00 
76300,00 


76400,00 


Partes vicefime 


KEP LOB I 


quarte. 


Logarithmi cum” 


differentiis. 


134,32 
29437211 
134,14 
2.9 302597 
133,96 
29169,01 
133,78 
29935523 
133,60 
28901,63 
133542 
28768,21 — 
133525 
28634,96 + 
133,06 
28 501,90 
132,90 
28369,00 + 
roa, 9% 
28236,29 
132554 
28103575 4+ 
122,30 
2797539 
132,19 
27839,20 + 
132,01 
27797519 
131,84 
27575235 + 
131,66 
27443,09 — 
131,50 
251216 
131,32 
27180,87 + 
131,14 
27049573 — 
130,98 
26918,75 
130,81 


Partes fexa- 


genariz. 


LOGARITHMI. SI 









Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 

















cum diffe- meri abfoluti. quarte. differentiis. genariz, 
rents. 

5.20 130,31 

AG as 25 76500,00 18 21 36 26787,94 + 45 54 
SOT 130,63 

49 59 46 76600,00 18 23 2 26657531 45 58 
5 at 130,46 

Oven tg 76700,00 18 24 29 26526,85 46 1 
5, Ze (130,29 

50 Io 29 76800,00 18 25 55 2.6396,56 — 46 5 
ae 130,13 

£0 t5 82 76900,00 53°27 22 26266,43 + 46-8 
epee 52920 5 

5O° 21 t4 77000,00 18 28 48 26136,48 46 12 
5 474 129379 

50 26 38 77100,00 18 30 14 26006,69 + 46 16 
5 24 129,62 

sa mnie? 77200,00 18 31 41 25877,07 + 46 19 
va eg lab Higa, 

50 37 27 77300,00 $3593) 47 2574702 + | 46 23 
5 26 129,28 

50 42 53 77400,00 18 34 34 25618,34 46 26 
526 129,11 

50 48 19 77500;00 18 36 0 25489,23 — | 46 30 
Siay 128,95 

50 53 46 77600,00 18 37 26 25360,28 — | 46 34 
5 27 128,79 

5° 59 13 77720;00 18 38 35 2523149 + | 46 37 
5 28 128,61 

enna Ar 77800,00 18 40 19 25102,88 46 41 
5 a8 128,46 

51 10 9 77900,00 18 41 46 24974542 + | 46 44 
5 29 128,29 

ft Teas 78000,00 L849, .42 24846,13 + 46 48 
5 30 128,12 

at 2n 8 78 100,00 18 44 38 24718,01 + 46 52 
sph F Ee 1395 

51 26 39 78200,00 18 46 5 24590,06 — 46 55 
5 31 127,80 

51 32 10 78 300,00 18 47 31 24462,26 — 46 59 
5 32 127363 

REST AP 78400,00 18 48 58 2433463 — Ay 62 
5 Bhan] 
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RT a a at a a I RR RS PETE DOLE IETS LI TIGA ERP LL EEE LIE LENGE GEE LESLIE NAD LADD IODIDE ECD LOTS 





Areus Cireuli Sinus feu Nu- | Partés.vicefime | -Logarithmi.cum | Partes fexa- 








‘eum ‘diffe- meri abfoluti. quarte. differentiis. genariz. 
rentiis. 
5°38 L2 Ja47 
Apia to 78500,00 18.50 24 24207,16 
38 | Press st 
sr 48 48 78600,00 18 51 50 24079,85 
5 34 127,15 
Or $4 27 78700,00 18 53 17 23952,570 + 
5032 126,98 
51 59 56 78800,00 18 54 43 23825,72 
5 35 126,82 
fo” 85) 31 78900,00 i8 56 10 23698,90 — 
5136 126,67 
ea te iy 79000,00 18 57 36 23572523 + 
5 3 126,50 
52 16 44 (ede tc 18 59 2 23445573 
5 38 126,34 
G2 (2% 22 79200,00 Ig 0 29 233109,39 — 
5 38 126,19 
$220! © 79 300,00 Ig I $5 23193,20 + 
ais 126,02 
52 33 39 79400,00 ig, 43, 22 2.3067,18 
5 40 125,06 
524 39 19 79500,00 19.448 L2G 01922 
oY beaks nese) Vite 
he ARO 79600,00 Ig 6 14 22815,61 
5 41 125555 
52 50 41 79700,00 Ig 7 41 22.690,06 
5 42 125,36 
52, 66. 23 79800,00 EO HO 49 22564,67 
5 42 125524 
oo, Yat 79900,00 19 10 34 22439543 + 
5 43 £25307 
53) 9 48 80000,00 ig, £2.40 22314,36 — 
yee te 12.4593 
Ly ee ee 80100,00 Ig 13 26 22189,43 + 
5 45 124,76 | 
5B LOY TF 80200,00 19 14 53 22064,67 
5 46 124,61 
PRD 8 80300,00 Ig 16 19 ~ 21940,06 
5 46 124,46 
53.30 49 80400,00 I9 17 46 21815,60 + 
5 47 124,30 





Arcus Circuli 


cum diffe-. 


rentlis. 


ARSE RARE 1 OE EDL LITER CEI TE I ES EER EDEL EDIE LNT LIAL ALLL LELED. ELL ICAL IE ELBA AI LG EB ME REESE EI TAI 
5 47 124,30 
e330" 36 80500,00 Ig 19° 12 21691,30 
5 48 124,15 
53 42 24 80600,00 Ig 20 38 20507,15 
5 49 ; 123,98 3 
$3 84 13 80700,00 Ig 22 %5 21443,17 — 
5 50 : 123,55 
ie fy hae 80800,00 EQ 29,31 21319,32 + 
on 5s 123,68 
53 59 54 80900,00 Ig 24 58 21195,04 — 
caghete 123 D4 
54 § 46 8 1000,00 Ig 26 24 21072,10 + 
5 52 123,38 
54 re 38 81 100,00 Ig 27 50 20948,72 + 
aos | 123,23 
$4707 33 81200,00 FQ) 2559 20825,49 + 
ray: ne aA) 
rqees 28 81300,00 1Q 901.43 20702,42 
555 12.293 
54 29 20 81400,00 Ig 32 10 20579,49 + 
Gilt 122,77 
54 35 16 81 500,00 19°33 30 20456,72 — 
5°54 122,63 
54 41 13 81600;,00 Oe care 20334,09 + 
5 58 ERD i | 
54 47 11 81700,00 19 36 29 20211,62 — 
5 58 i222 
5405506 81800,00 Lg 37 55 20089,30 — 
5 59 [22.10 
54 59 8 81900,00 Ig 39 22 19967,12 
6 oO 12240 9 
Y= Ni» 82000,00 ig 40 48 19845,09 ++ 
Gus 121,87 
5§ 11 9 82100,00 Tg 42 14 19723,22 — 
Go T21573 
55 17 11 82200,00 1g 43 41 19601,49 
6.3 121,58 
55 23 14 82300,00 19 45 7 19479591 
OW 8 121,43 
55 29 17 82400,00 19 46 34 19358,48 
6 4 LRE26 


Sinus feu Nu- 
meri abfoluti. 


LOGARITHMI. 


Partes vicefime 


quartz. 


M 2 


differentiis, 


Logarithmi cum 


So 


a 


Partes fexa- 
genarie. 


48 18 


48 43 


48 54 





8 4 JOANNIS KEPLERI 





Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 
cum diffe- ‘ meri abfoluti. quarte. differentiis. genariz. 
rentus. ; 

6 4 1252.9 

BOs oa 82500,00 1.9. 3, gD 19237,19 49 30 
675 Tat 414 

55 41 26 82600,00 19 49 26 19116,05 49 34 
6 6 120,99 

55 47 32 $2700,00 19 50 53 1899 5,06 AO NS. 
Oh 120,84 

5s S830 82800,00 19 $2 19 18874,22 — 49 41 
OF 120,71 

55 59 47 82900,00 19 53 46 18753551 + | 49 44 
6 9 1205 5\5 

BG tas (50 83000,00 19 55 12 1863 2,96 49 48 
6 10 120,41 

56 12 6 83100,00 19 56 38 18512555 AQ 52 
6 11 120527 

56 18 17 8 3200,00 Lo £8 4ule 18392,28 + 49 55 
6 12 j 20,12 

56 24 29 8 3300,00 19 59 31 18272,16 + 49 59 
6 13 119,97 

56 30 42 83400,00 20 OER 18152,19 a 
6 14 119,83 

56 36 56 83500,00 20 2 24 1803 2,36 50 6 
Opi 5 119,69 

56 43 11 8 3600,00 20 3 50 17912,67 — 50 10 
6 16 VEGs5 5 

56 49 27 8 3700,00 20 eehith 17793,12 50 13 
6 18 119,40 

56 55 45 83800,00 20 6 43 17673,72 — 50 ug 
6 19 119,26 

Bea 8 3900,00 20 8 10 1755446 — 50 20 
6 20 119,12 

57) pues 84000,00 20 9g 36 17435534 50 24 
6 21 118,98 

hy 14 6 84.100,00 BOM Type 17316,36 + 50 28 
O29 118,83 , 

Fae] 84200,00 BOLT2i9.9 17197553 — 50 31 
0:23 118,70 

57 27 30 84300,00 | 20 13 55 17078,83 50 35 
6 24 118,55 

Phe! 84400,00 20 15 22 16960,28 — 50 38 
6 25 118,41 





LOGARITHMI, 85 


ee 


Arcus Circuli Sinus feu Nu- | Partes vicefimz Logarithmi cum Partes fexa- 





cum diffe- meri abfoluti. quartz. differentiis. genariz. 

rentlls. 
6 25 118,41 

57 40 19 84500,00 20 16 48 16841,87 — 50 42 
6 26 118,28 

57 46 45 84600,00 20 18 14 16723,59 + 50 46 
Gia 118,13 

SIS be 84700;00 20 19 41 16605,46 50 49 
6 28 117,99 

"7 59 40 84800,00 20) tat eh 16487,47 — 5° 53 
mee: 117,86 

58 6 10 84900,00 20 22 34 16369,61 -+ 50 56 
6 31 ib By 

g8 12 41 8 5000,00 20 24. '5q 16251,90 — Bake 
6 32 Lissa 

58 19 13 §5100,90 2064526 16134,32 anne 8 
6 33 117,44 

58 25 46 8 5200,00 20 26 53 16016,88 — SI 7 
6 35 117,31 

58 32 21 8 5300,00 20 28 19 15899,57 + Star 
6 36 117,16 

Ea" 30 167 8 5400,00 20 29 46 15782,41 Sri t4 
6 37 117,03 

58 45 34 8 5 500,00 20 31 12 | 15665,38 51 18 
6 39 | 116,89 

58 52 13 8 5600,00 20 3238 | 15548,49 + 51 22 
6 40 116,75 

58 58 53 85 700,00 BO) Aye 15431574 Silas 
6 4! 116,62 

59 48. 34 8 5800,00 p Xe ale Yap ee 15316,12 Sl 29 
6 42 116,48 

59 12 16 85900,00 20, 30.755.” 15198,64 — G14 20. 
6 44 116535 

59 19 0 86000,00 20 38 24 15082,29 51+ 36 
6 45 116,21 

59 25 45 86100,00 20 39 50 14966,08 — 51 40 
6 46 116,06 

€9 32131 86200,00 BOAT 1B? 14850,02 — 51) 43 
6 47 115,95 

59 39 18 86300,00 20 42 43 14734,;07 -+ $1 47 
6 49 115,02 

59 46 7 86400,00 20 44 10 ¥4618,25 + 5b) 50 
6 51 115,68 
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Arcus Circuli 


Sinus feu Nu- 
meri abfoluti. 


Partes vicefime 


quart 


xe. 


differentiis. 


Logarithmi cum 


Partes fexa- 
genariz. 


SS, 
I | 


cum diffe- 
rentils. 
6 51 
59 52 58 
6 52 
59° 59: 59 
0" 53 
60. 6 43 
6 54 
60 13 37 
6 56 
60. 20 33 
O57 
60 27. 30 
6 59 
60 34.29 
2h ae 
60 41. 30 
Tete 
60 48 33 
7 4 
60 55 37 
Cpe 
GIy 2443 
Tce 
OL® O85 
ie 
6iT7e 0 
7 aL0 
61 24 fo 
maT 2 
Die 122 
7 13 
61 38 35 
A425 
61 45 50 
Vio 
61 53 6 
7 18 
62 0 24 
7126 
62 7 44 
792 


86500,00 
86600,00 
86700,00 
86800,00 
86900,00 
87000,00 
87100,60 
87200,00 
87300,00 
87400,00 
87 500,00 
87600,90 
87700,00 
87800,00 
87900,00 
88000,00 
88 100,00 
88200,00 
88300,00 


88400,00 


2I I! 


2I 12 


115,68 
Ba 225 
Love ie ks 
14387,04 
115,41 
14291,63 
P15 427 
T4156,36 
Til 65a 
T4041,22 
TEC.OL 
13926,21 
114,88 
13811,33 
114574 
13696,59 
114,72 
13581,87 
PrAye o 
13467,49 
114535 
1335314 
114,22 
13238,92 
114,09 


13124,83 + 


113,96 
13010,87 
113,83 
12897,04 
ecly 


12783,34 — 


Toy 
12669,77 
pitt et) 
12550,92 
F123 ,9% 
12443,01 
113,19 
12329,82 
113,06 





Arcus Circuli 


cum diffe. 
rentlls, 
Pop. 
62 15 6 
7 24 
62 22 30 
7\ 2h 
62 29 56 
7 27 
62 37 23 
7 29 
62 44 52 
73% 
62 53 23 
733 
62 59 56 
7 36 
63 9 33 
fry 
6215" 8 
7 49 
63 22 48 
7 42 
63 30 30 
7 44 
63 38 14 
7 46 
63 46 o 
7 48 
63 53 48 
7 50 
64 1 38 
7 52 
64 9 30 
7 54 
64 17 24 
7 56 
64 25 20 
7 58 
64 33 18 
Oo, ait 
64 41 19 
my 


Sinus feu Nu- 
meri abfoluti. 


88 500,00 
88600,00 
88700,00 
88800,00 
88900,00 
89000,00 
89 100,00 
89200,00 
89300,00 
89400,00 
89 500,00 
89600,00 
89700,00 
89800,00 
89900,00 
90000,00 
gO100,00 
9O200,00 
909300,00 


g0400,00 


LOGARITHMI. 


Partes vicefime 


quartz. 








Logarithmi cum 


differentiis, 


113,06 
12216,76 4- 
112,93 
12103,03 + 
112,80 

11991,03 
112,68 
11878,35 + 
Mie,.6 5 
11765,80 + 
112,42 

11653,38 
112,29 
I1I1541,09 — 
Erot4 
11428,92 — 
f12,05 
11316,87 
ETi,g2 
Pr204705 
YLE70 
11093,16 — 
111,67 
10981,49 
Bae, 6s 
10869,94 + 
III,42 
10758,52 
I 11,29 
10647,23 — 
111,18 
10536,05 
111,05 
10425,00 
110,92 
10314,08 — 
I10,81 
10203,27 + 
110,68 


10092,59 
110,56 


87 


Partes fexa- 


genariz, 


54 


14 
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Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 
cum diffe- * meri abfoluti. quartz. differentiis. genariz. 
rents. . 

ee 110,56 

64°49 22 |  90500,00 21 43 12 998203 + | 54 18 
BO 110,43 

64 57 28 90600,00 21 44 38 9871,60 54 22 
O10 116,322 

65.5 3 gO700,00 C1 4b Me 9761,28 + 54 25 
Silla 110,19 

65 13 49 90800,00 g8ay BR 9651,09 54 29 
8 14 110,07 

65 22 3 90900,00 21 48 58 9541,02 54 32 
8 17 109,95 

65 30 20 91000,00 21 6Ou28 9431,07 54 36 
8 19 109,83 , 

65 38 39 91100,00 21 51 50 9 321,24 54 40 
Ozu 109,71 

65 47 0 91200,00 BS $3 17 627153 54 43 
8 24 109,59 

65°55 24 91 300,00 21. h4 43 9101,94 54 47 
8 26 109,47 

66:'3i.50 91400,00 21 56 I0 8992547 54. 50 
8 29 109535 

66 12 19 91500,00 21.69.36 8883,12 + 54 54 
8 32 109,23 

66 29 51 91600,00 2b: Go. ae 8773,89 +. 54 58 
8 35 109,11 

66 29 26 91700,00 22 AO -2G 8664,78 BLT 
8 39 108,99 

66 38 5 91800,00 LR mo 8555579 ga He 
8 42 108,87 

66 46 47 91900,00 NG BS) 8446,92 — «5 28 
8 46 108,76 

66 55 33 92000,00 22 4 48 8338,16 55. 12 
8 49 108,63 

67 4 22 92100,00 B2eO TA. 8229,53 — 55 16 

5 8 51 108,52 

67 13 13 92200,00 Aer OT AT 8121,01 — 55 19 
8 54 108,40 

675227 92300,00 5m 8p ony, 8012,61 — $5, 23 
8 58 108,29 

BESTS 92400,00 22h1O! 4 7904, 32 55 26 
Bi ou 108,16 
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rents. 
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Sinus feu Nu- 
meri abfoluti. 


92500,00 
92.600,00 
92700,00 
92800,00 
92900,00 
93000,00 
93100,00 
93200,00 
93300,00 
93400,00 
93500,00 
93600,00 
93.700,00 
93800,00 
93900,00 
94000,00 
94100,00 
94200,00 


94300,00 


94400,00 


LOGARITHMIE. 


Partes vicefine 


qu arte. 





differentiis 


108,16 
779616 
108,05 
7688,11 
107394 
7580517 
107,81 
7472,36 
107,70 
7364366 
ES (259 
2257307 
107547 
7149,60 
107535 
7042525 
107,24 
6935,01 
107,12 
6827,89 
107,04 
6720,88 
106,90 
6613,98 
106,78 
6507,20 
106,67 
6400, 53 
106,55 
6293598 
106,44. 
6187,54 
106,32 
6081,22 
106,22 
§975200 
106,10 
5868,g0 
105399 
5702591 
105,07 


Logarithmi cum 


-k 


Partes fexa- 
genariz. 
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Arcus Circuli Sinus feu Nu- Partes vicefimz Logarithmi cum Partes fexa- 


cum diffe- meri abfoluti. quarte. differentiis. genariz. 
' rents. 
10 24 105,97 
70 54% 30 94.500,00 22 40 48 5657,04 — 56 42 
IO 34 105577 
7% § 5 94600,00 22 42 14 $551527 56 46 
EO 39 105,05 
“lL 15 44 94.700,00 22 43 41 5445562 56 49 
10 46 105,54 
71 26 30 94800,00 2245 7 534008 56 53 
Io $1 105543 
WI 37 21 94900,00 22 46 34 5234505 56 56 
10 57 105,32 
71 48 18 9 5000,00 Bs seb toe Ae) 5129533 57 
Tika. 105,21 
71 59 22 95100,06 22 49 26 5024,12 57 4 
II 12 105,09 
72 10 34 95200,00 72. \50 53 4919,03 — 57 «7 
11 18 104,99 
72 21 52 95300,00 22 §2 19 4814,04 57 11 
Pre 104,88 
Fa 1a 16 95400,00 ip a ie AS 4709,16 57 14 
II 3! . 104,77 
72 44 47 9 5500,00 ge AN dE) 4604,39 + 57 18 
11 39 104,65 
iz) 56.26 95600,00 291,50. j30 4499,74 — 57 22 
II 47 } 104,55 
73 8 13 95700;00 22 58 5 4395519 57 25 
Il 54 104,44 
73.20 7 95800,00 22 59 31 4290575 57 29 
12 3 _ 104533 
ja geste: 95900,00 sy Ores 4186,42 57 32 
ANS | 104,22 
3044 22 96000,00 23 ale 4082,20 57, 40 
Dt Loe 2 OAS LT 
73 56 45 96100,00 23 3 50 3978,09 57 40 
1230 104,01 
74 9 15 96200,00 | 23 § 17 3874,08 + | 57 43 
I2 40 103,89 
74 21 55 96300,00 | 23 6 43 3779519 — | 57 47 
12.56 103579 
74 34 45 96400,00 23,3) 10 3666,40 57 50 
131{9 103,08 
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Arcus Circuli 
cum diffe- 
rentlis. 


Sinus feu Nu- 
meri abfoluti. 


96 500,00 
96600,00 
96700,00 
96800,00 
96900,00 
97000,00 
97100,00 
97200,00 
97300,00 
97400,00 
97 500,00 
sgieee 
97700,00 


97800,00 


97900,00 © 


98000,00 
98100,00 
98200,00 
98300,00 


98400,00 


LOGARITHMI. 


Partes vicefime 


quartz. 


Logarithmi cum 


differentiis. 


103,68 
3562,72 
103557 


3459.15 = 


103,47 
3355208 
103,36 
DOEg 32 
103,25 
3449307 
103,15 
hE) Fels he 
103,04 
2942,88 
102,93 
2839595 
102,83 
2731232 
102472 
2634540 
102,62 
2531578 
102551 
mim gate | 
102,41 
2326,86 
102,30 
2224.50 
102,20 


2122,36 + 


102,09 
2020,27 
TO1,99 
1918,28 
101,88 


1816,40 — 


101,78 


1714,62 — 


101,68 
1612,94 
101,58 


Partes fexa- 


genariz. 
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Arcus Circuli Sinus feu Nu- | Partes vicefime Logarithmi cum Partes fexa- 
cum diffe. meri abfoluti. | + quartz, differentiis. genariz. 
rentlis. 


'98700,00 
98800,00 
98900,00 
99000300 
99100,00 
99200,00 
99300,00 
99400,00 


99 500,00 


99600,00 


99700,00 
99800,00 
99900,00 


100000,00 


151136 + 
101,47 
1409,89 ++ 
101,37 
1308,52 + 
101,26 
1207,26 
IO1,17 
1106,09 + 
101,06 
1005,03 + 
100,96 
904,07 + 
100,85 
$03,22 — 
100,76 
702,46 
100,65 
601,81 
100,56 
501,25 + 
100,45 
400,80 
100,35 
390545 
100,25 
200,20 
100515 
100,05 
100,05 


000000,00 
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CONTINENS 


PRA E BP As DE HOR UM U.Su: 


LECTORT!I 6, 


UM anno 1621, veniflem in Germaniam fuperiorem, paffimque 
cum peritis rerum Mathematicarum de Logarithmis Neperianis con- 
tuliflem ; deprehendi ‘eos, quibus xtas prudentiam addebat, promptitu- 
dinem minuebat, fuper hoc genere numerorum, loco Canonis Sinuum in 
ufum recipiendo, cunétari: quod dicerent turpe efle Profeffori Mathe- 
matico, fuper compendio aliquo calculi pueriliter exultare, interimque fine 
demonftratione legitima formam calculi in ufum recipere, que olim, 
cum minimé metueres, in erroris infidias te pertrahere poflet. Que- 
rebantur Neperi demonftrationem niti figmento motus cujufdam Geome- 
trici; cujus lubricitas & fiuxibilitas inepta effet, in qua folidus ille ftilus 
Rationis Demonftrationumque firmum poneret veftigium. Hee mihi 
caufa fuit, ftatim tune concipiendi rudimentum aliquod Demonftrationis 
legitimz ; quod pofterius, ut primum Lincium reverfus fum, excolui 
diligentius: maximé poftquam initio anni 1622, fupra ea re cum Illufti 
& Generofo D. D. Petro Henrico a Stralendorff, 5. Caf. Majeft. in con- 
fiftorio Imperiali Aulico, vice Przfide, &c. contuliffem ; qui ut eft harum 
artium avidiffimus, rogando plurium me rerum admonuit, quam liber 
aliquis bené craflus pracipiendo admonere poffet. Per illam igitur 
hyemem folennem rei demonftrationem fum agereflus ; fubjetum hujus 
fpeculationis, quodnam effet genuinum, defcripfi; quodque id non effet 
veré fub genere vel linearum, vel motus fluxufque, aut cujufquam alterius 
quantitatis fenfilis, ut fic dicam, fed fub genere Relationum, quanti- 
tatifque mentalis, evidentibus enunciationibus conftitui: deinde, cum, 
2 ut 
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ut omnes cexterx, fic etiam mentalis ifta quantitas (Acyos Grecis dicta, 
quod Latini Rasionem minus ufitaté, crebrius Proportionem transferunt). 
divifionem in infinitum recipiat: metas etiam hujus divifionis congruas, 
ex eodem, fcilicet, genere rerum, conftitui: Linez enim pundtis, motus 
articulis temporum dividi folet ; at Proportionem difpefcunt termini inter 
extremos magnitudine medii. Hifce fic conftitutis feliciter, procedebat 
demonftratio: vera proportionum omnium communicantium commu- 
nifque menfura, facta eft & ipfa de genere proportionum: locus eft 
faGtus Arbitrio, in eligendo proportionis Elemento, quodnam deberet 
haberi pro minimo, proque menfura: demonftratum etiam eft plerunque 
effe proportiones inter fe incommunicabiles ; eoque minimum _ unius 
Elementum quod placuiflet, non pofle effe menfuram genuinam pro- 
portionis cujufcunque alterius: femper enim peccari vel exceffu, vel 
defe@u. Ea de caufa factus jam eft hic alter locus Arbitrio, ut quinam 
defeCtus, que minimorum Elementorum incommunicabihum differentia 
difimulari poflet, ingue profundum infenfibilitatis demergi, confti- 
tueretur: ut fic tandem in ufum ipfum numerorum redundaret, abfurda 
quidem demonftranti, fed utiliflima computanti, imcommunicabilium pro- 
portionum communis menfira, Logarithmus dicta. 

Simul autem fuit ipfo opere monendus Lector meus, Logarithmos non 
primum nafci cum Sinubus, feu reCtis in Circulo, quod Neperiana de- 
{criptio incautius infpecta pre fe ferre videtur, fed foris extra Geometriam 
Circuli conftitui, tanquam intra metas libri Quinti Euclidis: inde verd 
tranflumptos, applicari Sinubus ; eoque concipiendam efle animo (quam 
ipfe dudum deferipferam in Tabula) Matricem quandam Logarith- 
morum, ex qua omnis per numeros exprefla quantitas, etiam Sinus ipfi, 
{uos Logarithmos peterent, ea ipfa numerorum fide, qua Sinus ipfi funt 
in Geometria Circuli definiti: ut fi qui Sinus non legitimo numero fit 
expreflus, idem etiam ex hac Matrice Logarithmum imperfetum hau- 
furus fit, nullo Matricis, fed fuo proprio vitio. Hoc igitur propofito & 
computata eft a me Chilias Logarithorum, & adornata etiam demon- 
 ftratio;. que ordinem prxcipué numerorum Chiliadis eft complexa, 
caufafque ejus in lucem profert. De ufu Chilladis populari cogitatio 
equalis quidem tempore, natura tamen fuit pofterior. Chiliada cum 
demonftratione, ut primtim perfeéta fuit, tranfmifi Lincio tanquam ad 
PHILIPPUM LANDGRAVIUM HaAssiz, fed per ambages itinerum, in 
quibus libellus hefit in tertium annum ufque. Spes interdum affulfit 
mihi, libellum excufum iri cura peritorum: fed ea fubinde iterum 
extincta fuit. Itaque refrixit etiam apud me ftudium libelli exornandi. 
Tandem in manus Patroni fui [lluftriflimi perlatus, me penitus ignaro, nec 
quicquam tale opinante, typis mandatus fuit; ut prius ex Catalogo 

Nundinarum 
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Nundinarum Francofurtenfium, quam ex Literis Celf. fuz (quas ad- 
hucdum in. itinere effe nuper admodum refcivi) quid ageretur perce- 
perim. Non dubito, quin Celf. fua in literis me moneat, fi quid de ufu 
Chiliadis conceperim, ut id fubfidio mittam, quo commendatior & utilior 
libellus exeat. Nam. illi jam fuperius commemorati fines {criptionis, 
reconditiorem fenfum habent, adque paucos pertinent. Et habet fané 
ipfa Chilias tres columnas fuperadditas, que tote fe a fubtilitate illa 
demonftrationum fubducunt, adque ufum conferunt. Ut igitur, quod in 
hac editione, temporum et locorum culpa fuit omiffum, fuppleatur, ut 
{cilicet Chilias ifta, € penetralibus illis fpeculationum & demonftrationum, 
quarum precipué caufa compofita fuit, etiam ad populares ufus edu- 
catur, prius funt aliqua mihi prefanda de Titulo. Is profitetur Demon- 
{trationem legitimam ortus Logarithmorum. Et {pero faffuros efle Gec- 
metras, quod in chartis excufis hunc fcopum fim confecutus. Profitetur 
vero etiam Demonftrationem ufus Logarithmorum. Hic fubfifte, Lector. 
Dum enim rei demonftrationem polliceor, rem ipfam prefuppono jam antea 
notam, vulgoque tritam. Quznam vero res ifta? quis ufus Logarith- 
morum? Nimirum is ipfe, qui jam ante decem annos a primo authore 
Nepero fuit traditus, quique tribus verbis poteft concipi: Ubicunque 
occurrunt in Arithmetica communi, inque Regula Trium duo numeri inter fe 
multiplicand:, ibi funt eorum Logarithm in unam fummam addendi; ubi vero 
Numerus abfolutus jubetur fattum dividere, ibi Logarithmus illius eft auferendus 
a Logarithmorum fummd : ut Logarithmus ihe acervatus, hic refiduus, monftret 
numerum in qualibet operatione quefitum. ic, inquam, eft ufus Loga- 
rithmorum. Hujus ufus demonftrationem habes in Propofitionibus 
XVIII, XIX, XX, ut vides in earum Corollariis expreflis verbis indicatum. 
Perpende rem, dices, fcio, nihil promiffum effe in tituli verbis allegatis, 
quod non fit preftitum in his tribus Propofitionibus. Quod vero pulli 
Arithmeticorum implumes, facilitatum avidi, roftra ad hanc ufus menti- 
onem in immenfum pandunt, velut haufuri omnes preceptiuncularum par- 
ticularium bolos, quibus exfatientur; id equidem preitare in chartis iftis, 
que demonftrationi fundamentorum erant deftinate, non potui. At 
dixeris, fequentia verba Tituli de nova Arithmetica omnino plura pol- 
liceri? Video equidem irritamenta cupiditatum talium, & rideo; mi- 
rorque non incidiffe mihi, cum fubito tabellarii deceflu ad properandum 
compulfus, illud Elogium inventi Neperiani, quo Typographus aliquis 
illiceretur, titulo libelli mei fubjungerem; fore ut in majus acciperetur, 
veluti propria mea gloriatio. Sed utcunque quis hoc meum confilium 
accipiat, de intentione faltem, me excufat conftruGtio Grammatica. Non 
de Chiliadis libello, non de mea demonftratione ufus, dictum vides, fed 
de Logarithmis ipfis, invento {cilicet Neperiano ; quod iis nova tradatur 

Arithmetica. 
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Arithmetica, Nec ego hxc fequentia pracepta de ufu Chiliadis hujus in 
id fubmittenda libello jam excufo ftatui, ut hanc pofteriorem tituli partem 
penitus ad ipfam meam Chiliada traducerem: fegregetur ea pars tituli a 
labore meo, adque inventum ipfum Neperianum, & ad Canonem Lo- 
garithmorum Quadrantis referatur. Non titulus ifte fubito conceptus, 
fed utilitas ipfa emptoris me monet, ut quomodo fingule Chiliadis 
columnz poflint ad ufum popularem referri & quatenus, pauculis prx- 
ceptis docerem. Ea vero referany in certa Capita. In primo paucula 
premittam de Tabula Chiliadis. In fecundum Caput referam compa- 
rationem Columnz arcuum, cum Columna Rotundorum. ‘Tertio dicam 
de comparatione Columnz fecunde Sinuum, cum tertia Quadrivicenaria, 
& quinta fexagefimorum. Quarto comparabo Quadrivicenariam cum 
Sexagenaria. In quinto Capite erit ufus Quadrivicenarie, & Logarith- 
mice columnarum junctarum. In fexto Sexagenariz & Logarithmice. 
In feptimo comparabitur Columna prima arcuum, cum quarta Logarith- 
morum, In oétavo jungentur Columna fecunda Abfolutorum, & 
Quarta Logarithmorum. In nono denique Columna Logarithorum 
jungetur duabus aliis columnis. 
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EJUSQUE COLUMNIS, 


RIMUM fciat Lector, exemplar meum in forma foli fcriptum, divifum 

fuiffe in veftibulum Chiliadis, & in Chiliada ipfam. In veftibulum accen- 
fenturlinee 36, ut Chiliadis ipfius principium habeatur ibi, ubi eft numerus 100,00. 
Hac monitione opus eft. Nam veftibuli non eft eadem proportionum fequela, 
que Chiliadis ipfius, ut apparet ex ipfis Logarithmorum differentiis : quarum 
feries quater ad idem revertitur initium. Quare nec potuit effe ufus idem trium 
columnarum in veftibulo, qui in Chiliade, eaque de caufa reli€te funt vacantes : 
denique totum veftibulum abeffe poffet, nifi capite octavo tribuendum id effet 
analogiz cum arithmetica communi, & integrationi numerorum omnium. 

Jam columnas Chiliadis ipfius- vides effe quinque, lineas mille. Prima eft 
columna arcuum quadrantis, qui habent pro finubus rotundos illos fecunde 
columnz numeros. Arcus ifti funt expreffi_ternis membris, in primo funt 
gradus, in fecundo fcrupula prima, in tertio fcrupula fecunda, que, cum 
fuis tertus & quartis careant, non poffunt exacta effe, preterquam in 
unico arcu 30° inque fine quadrantis. Quanquam inepta eft cura de 
parte unius fecundi, cum ipfa applicatio arcuum horum ad fuas lineas, 
rotundis numeris expreflas, eoque effabiles, non fit fecuta demonftrationis 
alicujus fubtilitatem ; fed folim popularem inquifitionem partis proportionalis 
ex canone finuum. Itaque fieri poteft, prefertim circa finem quadrantis, ut 
fcrupula fecunda paucula paffim vel deficiant, vel abundent. Inter lineas 
inferte funt differentia, quante arcubus per fi ngulas millefimas totius femidia~ 
metri accrefcunt ; earum minima in principio quadrantis eft 3°26" +4, max- 
ima in fine quadrantis eft 153’ 45’, feu 2° 33’ 45”, quadragecupla quintupla 
minim. 

Sequitur fecunda columna numerorum: ipforum rotundorum. Rotundos 
hic appello, qui continent exacté partes millefimas fui maximi in fine pofiti, 
{cilicet 100000,00, hoe eft, Rotundi habentur, qui terminantur in quatuor 
minimum cyphras rotundas, nullas dictas. 

Viciffim numeri ferupulofi habentur refpectu chiliadis hujus, qui definunt in 
cyphras fignificativas, aut qui minus quam quatuor nullas habent in fine. Ut 
96300,00 eft rotundus, fic etiam g0000,00. At 96350,00, & 96357,00, 
& 96300,68, & g0000,05, funt fcrupulofi. Atque hi rotundi noftre Chiliadis, 
refpectu quidem arcuum ad latus finiftrum pofitorum, appellantur Sinus, re- 
fpectu vero columnarum ceterarum ad dextram appellantur Abfoluti, quia in 
ceteris columnis intelliguntur numeri fignificatione aliqua cert’ revincti. 


O 2 Hic 
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Hic venit obfervanda caufa, cur, ctim Chiliada fcribere propofuerim, numerus 
tamen maximus non fit 1000, fed potius 100000,00, ejufque unitas non 1, fed 
100,00. Deinde cur femper ultime due numeri cujufque figure interpofito 
puncto fint feparate, & velut abfciffe a reliquis verfus finiftram. Caufa igitur 
utriufque rei eft eadem, quia nimirum in vulgato canone finuum, maximus feu 
femidiameter circuli conftat figuris totidem, vel enim 100090, vel 10000000, 
folet ufurpari. Et quia radius ille ad quinque cyphras continuatus plerunque 
fufficit ad calculum, alterius qui feptem cyphris exprimitur, rarior eft neceffitas : 
hinc poftremi canonis finuum excultores. coeperunt duas ultimas, tanquam minus 
neceflarias, puncto feparare. Atque hoc ego mihi ratus fum obfervandum in 
rotundis meis, ut qui funt etiam loco finuum. Si quis iis, ut abfolutis, velit uti, 
poterit quatuor ultimas cyphras rejicere, quoties id ulus aut precepta fequentia. 
exegerint. 

Porrd hac caufa attinet etiam columnam quartam, que precipua eft, Loga- 
rithmorum fcilicet cum differentiis, de qua nunc plura dicain. 

Primum operee pretium fecerit computifta, qui hac Chiliade eft ufurus, fi 
fubordinationem differentiarum : fub fuos Logarithmos fubtilibus lineolis ad- 
juvet, ut fingulee figuree illarum fingulis horum “refpondeant. 

Deinde notet calculator, numeros hos non efle dpSuse abfolutos, fed effe 
AoyeptOuec, numeros {cilicet relatos fingulos ad binos alios, numeros proportionem 
fignificantes, quee eft inter abfolutum ad latus finiftrum pofitum, & inter max- 
imum Chiliadis feu 100000,00. 

Tertid hi Logarithmi omnes funt fcrupuloft, hoc eft, non rotundi. Non 
tamen exhaufta eft omnis eorum fcrupulofitas, continuatione hae eorum ufque ad 
duas figuras ultra punétum. Atque hoc indicatur + ibi per figna + plus & — 
minus paffim appofita. | | 

Nam quibus nullum tale adeft fignum, is intellige non unam quadrantem 
unitatis neque deficere, neque abundare: qui vero habent fignum +, 11 habent 
infuper plus quam quadrantem, minus quam femiffem unitatis, aut fummmum fe: 
miffem: qui denique habent fignum —, eos intellige minuendos aliqua particula 
unitatis, que fit inter quadrantem & femiflem. Qui igitur vult accuratiffime com- 
putare ; 1s fi duos logarithmos eft additurus cum figno 4-, fumm~z poterit addere 
unum infuper femiffem : Sin duos cum figno —, de fumma detrahet femiffem. 
Et in fubtractione, fi qui eft cum figno — fabtrahendus erit ab aliquo cum 
figno +, eis refiduum faciet femiffe auctius. Sin & contrario is qui habet +, 
fubtrahi debet ab eo qui habet —. Refiduum femiffe minuendum erit. 


Exempla additionis. 12783,34 — | 59783,70+ 
230258,52 — | 61618,61+ 


121402,31> 














243041,855 


























five 86 — five 32 — 
Exempla fubtractionis. 59783,70 + | 291263,55 — 
12783,34 — 1005,03 + 
47000,362 230258,514 
five 37 = live 52 — 





Hec 


CHILIADIS COMPLEMENT, TOI 


Hee fcrupulofitas locum habet tantim in logarithmis, qui funt expreffi in 
Chiliade, in aliis intercidentibus preeftari1 non facilé poteft : nufpiam vero eft 
abfolute neceffaria. Immo plerumque contemni poffunt due ultime poft 
punctum. Denique quanto major logarithmus, tanto minus periculi in neglectu 
figurarum differenti, poft duas ad finiftram primas omnium. 

“Reftant columne tertia & quinta. Et in tertia quidem funt numeri lo- 
eiftici non abfoluti; maximus habet 24° quot fcilicet funt unius diei hore, 
etfi poffunt fignificare promifcue vel horas, vel gradus. 

In quinta rurfum funt numeri logiftici, complectentes collectionem fexage- 
nariam : itaque maximus eft 60. Tertia quidem numeros exhibet fuos tribus 
membris, in primo funt integri gradus vel hore, in fecundo fcrupula prima 
unius integri, in tertio fcrupula fecunda. Quinta duobus membris eft contenta, 
{crupulis nimirum & fecundis. Cum: autem divifio millenaria non fit apta nu- 
meris 24° & 60, fit ut in his duabus columnis, ultima unitas {crupulorum 
fecundorum non fit exaéta: nam minutie ejus, que minus femiffe efficiunt, 
neglecte funt, que plus, ea completione unitatis funt confufe & obliterate. 
Pars enim millefima de gar aL OF U 26" 24’, pro qua fcripta: funt 
0° 1/26", Due tales partes funt 2’ 52 ' 48", pro hoc feripta funt 2’ 53. 
Et in fexagenaria pars millefima eft Oo 3° 36", pro qua fcripta funt o 4 
Due millefime funt o Behl 12), 4.1 PYOsGUO feripta “fant 0’ 7. Itaque quaternis 
lineis femper exceffu vel defe&tu peccantibus, fole quinte funt exacte. Pro- 
priam vero & accommodatam he columne fubdivifionem fortientur in tabulis 
Rudolph. In prefens Chiliadi dande fuerunt partes potiores: et electus eft 
4 me millenarius, tanquam propria collectio numerorum abfolutorum: quia, ut 
initio di€tum, fcopus meus fuit, monere lectorem, quod proportiones, earumque 
menfure, logarithmi, accidant primo numeris abfolutis. Nihil tamen impedit 
has duas columnas, tertiam & quintam etiam. per hanc difpofitionem minus 
exaGtam, & impropriam, millenariam {cilicet, fieri utiles: ut in fequentibus 
dicetur. 





Cee A ere te if 
De Affociatione Columne Arcuum, & Coltmnce Rotundorum. 


LXia cur cin Aiea numerorum le ROM ftatuerim progreffionem 

arithmeticam continuam ab unitate ad mille, feu 4A 100,00 ad 

100000,00, & qua ratione, cuilibet ex hifce rotundis in columna arcuum, 
affociaverim fuum arcum. 

Cam autem arcus hi omnes fint fcrupulofi, fit creberrimé, ut oblato arcu non 
fcrupulofo, aut fcrupulofo quidem, fed fic, ut non exacté reperiatur inter arcus 
Chiliadis, fed inter binos intercidat, ut his, inquam, arcubus jubeamur affignare 
fuos finus ; ut ita Chilias noftra, guadamtenus etiam ferviat loco canonis finuum, 
ejufque vices fuppleat. Id autem fieri poterit hac ratione, 

Per 
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Per arcum Chiliadis proximé minorem propofito excerpe finum rotundum ; 
eundem arcum aufer 4 propofito: refidua fcrupula, prima & fecunda colloca in 
regula detri ad dextram, differentiam verd binorum arcuum, inter quos pofitus 
intercidit, colloca ad finiftram, in medio colloca numerum progreffionis per- 
petuum fcilicet 100,00, & operare per regulam detri prodibunt enim figure 4, 
ultime fcrupulofe adjiciende ex {cripto finui rotundo, feu loco deletarum ejus 4, 
cyphrarum finalium fcribende. 

Vicifim dato finu fcrupulofo, indagabimus etiam ejus arcum; fi cum finu 
rotundo Chiliadis proximé minore quam eft propofitus, hoc eft, cim jus 
tribus primis figuris ex feptem, excerpamus arcum, deinde de differentia inter- 
jecta inter duos arcus proximos, fumamus partem proportionalem {crupulofitati, 
quam 4, ultima finus dati figure complectuntur. 

Hic ctm mifceantur numeri diverforum generum, facilé compendium aliquod 
invenies ex teipfo, fi bonus es arithmeticus, ingenioque polles. Si verd nefcis 
compendium, utere noftro, quod huic rei ferviturum in cap. 1x num. vII 
& vii rejyectum eft. 

Non quidem erit exactiffima vel una, vel altera operatio, prefertim in fine 
quadrantis ; quia differentia tunc fit fubit6 magna. Itaque conduceret, decem 
ultimas differentias in denas fubdividere. Et interpofitis finubus ufque ad 
quartam figuram {crupulofis, fuos illis ex canone quadrantis affignare arcus, quod 
quilibet privata opera poterit. Exceptis veré6 decem ultimis differentiis, per 
reliquum quadrantis perveniemus in notitiam finuum ad 5, faltem figuras 
ccontinuatorum, non multd incertius, facilius etiam, quam per canonem finuum, 
ad fingula fcrupula prima extenforum: quia laborem querendz partis, que fit 
proportionalis adherentibus fecundis, per logarithmos fublevamus, ut capite 
1x doceberis. Quomodo etiam fecantes arcuum, quodammodo haberi ex hac 
Chiliade poffint, infra apparebit capite vi11. : 

Jam quorfum fint nobis utiles finus arcuum; id non eft hujus loci docere, ubi 
omnia per logarithmos perficimus. Adeantur libri qui tradunt dodtrinam 
triangulorum, per rectos quadrantis. 





GAN Ep CET e III. 


De Comparatione Columne fecunde Sinuum, cum tertid Quadrivicenarid, 
vel cum quintd fexagefimorum. 


IT interdum, fic exigente parte arithmetice, que logiftica dicitur; ut 

femidiameter circuli aliter divifa offeratur, quam in partes denarias, cen- 
tenarias, millenarias, &c. Verbi caufa diameter folis vel lune deficientis dividi- 
tur in partes 12, quas digitos appellamus. Quod fi igitur detur aliqua portio 
diametri in partibus, qualium eft femidiameter 100000. Ea portio quefita inter 
abfolutos, ftatim monftrat é regione fub quadrivicenarié quadruplum numerum 
digitorum, quos valet illa portio. 

4 Ut 
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Ut fi deficiat fexta pars de ipfa circumferentia lune ; ad fciendum quot digiti 
fuperfint in lumine, pofito quod umbra terre fecet diametrum, ut recta linea ad 
rectos angulos: fuperfunt igitur in lumine 300 gradus. Horum dimidium 
Cita 50° whoa eftiido:, & 60°. Partes igitur diametri refpondentes erunt 
100000, & 86603. Illa in quadrivicenaria oftendit 24° ifta 20° 47’ 2” fumma 
44° 47° 2”, Hinc quarta pars eft 11° 1145”. Et tot funt digiti refciffi de 
diametro. 

Viciffim fi deficiat digitus, quid is valet in dimenfione, qualium femidiameter, 
hoc eft, 6 digiti, funt to0000 ? Quia igitur 24, numerus hujus columne maxi- 
mus eft quadruplum de 6, fume etiam quadruplum digiti unius, id eft, 4°. 
Hoc vero quefitum in quadrivicenaria, offert inter abfolutos 1667 5,00 circiter. 

Eodem modo fit interdum, ut femidiameter valeat authoribus non 100000, 
fed 60’, ut folet Ptolomeus, et plerique aftronomorum in indicatione propor- 
tionis orbium. Ii authores, fi exprimant in hac dimenfione finus arcuum, aut 
partes quafcunque femidiametri; quzfite ez partes in fexagenaria, exhibent in 
abfolutis, valorem illius partis in dimenfione hodierna finuum progreffionis 
denariz. 

Exempli caufa, queritur 38’ 47”, quantum faciat finum, qualium 60’ eft 
100000, re{pondetur 64630 circiter. 

Sic etiam viciffim queeritur 9265, eccentricitas Martis, quot faciat fcrupula, 
qualium 100000 facit 60’, refpondetur 5’ 33”. 





Cont, Pils eel ae LV 


De Comparatione Quadrivicenarie cum Sexagenaria. 


OLET effe pars tabularum aftronomicarum converfio horarum in fcrupula 
diei, & viciffim. 

Hec converfio habetur per has duas tabulas fatis exacté, preefertim in quintis 
lineis, quas rotundas dicere poffumus. 

Verbi caufa hore 6° 28’ 54”, quot valeant ferupula diet ? In columna tertia 
occurrunt 6° 28’ 48”, que faciunt’ in quinta 16' 12” exacté, quia linea eft 
rotunda & ae fast Refiduum 1 igitur 6” unius minuti horarii, quefita ut 
hore, dant 15’, 0”, que jam valent 15", junctis {cilicet apicibus refidui horarii 
6”, et horum ay, horis 6° ‘Ainoudieticiat Ergo totus numerus 6° 28/ 54” 
valet {crupula diei 16’ 12” Ui 

Vicifim 47 "39" {crupula die1 quot valent horas ? 

In quinta 47' 38” + valent horas 19°. 3' 22" — refiduum fecundum 
unicum feu 60, queefita ut 60’ oftendunt 24” (duobus apicibus, quos illis 60” 
detraxeramus, numero oftenfo 24° Gncrpbitisn Ergo propofita fcrupula 47’ 
39” valent horas 19° 3° 46—Non prodit enim hic exactum, quia linea elt 
{crupulofa, quarta fcilicet fui quinarii. 

Sed 
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Sed fi memor eris eorum, que capite primo funt difta de his linearum qui- 
narils, quod fcilicet in primis intelligantur accedere quadrivicenario numero 24/”, 
in fecundo deficere 12”, in tertio accedere 12” , In quarto deficere 24”. Et 
{exagenario numero in prima linea deficere 24, in fecunda accedere 12”, in 
tertia deficere 12, in quarta accedere 24”, poteris etiam ex quatuor pitch 
quinari lineis exacté excerpere converfiones iftas. Nam exacté 47° 38” 24’” 
valent,19° 3° 21° 36”. Ergd refidua 367%, ‘unius fecundi quafita, 36" 
oftendunt horas 14° 24", valentque 14” 24’. Itaque’ totus 47° 39” valet 
exacté horas 19° 3’ 36” 0” 

In tabulis Rudolphi exacta erit ifta converfio in lineis omnibus, quia fervabitur 
naturalis, & propria divifio numerorum 24° & 60° in lineis omnibus. 

_ Alia quoque converfio eft in ufu crebro, horarum 24 in gradus ezquatoris 
360, & vicifim. Et poteft hac quoque converfio perfici ope harum 2 tabula- 
rum in hunc modum. 

‘Queritur hore 19 25° 37”, quot faciunt gradus, & fcrupula equatoris. In 
columna igitur tertia 195 26" 24", dat 48 36" exacte. Sed temporaria 
47°, quefita ut temporaria 47 dant 1’ 58”, que valent 1” 58’. Ergo pro- 
pofite 19° 25 37” dant 48° 34” 2”, que multiplica in 6, & diminue 
apices, roveniunt 291° 24 12”, gradus equatoris. 

Viciffim gradus equatoris fic convertes in horas: divide eos per 6, & auge 
apices: quotiens in fexagenari iam immiuflus, oftendit é regione horas queefitas. 

Queruntur 259° 34’ 17” quot fint hore ? 

Sexta pars eft — 43 15 43. Quere igitur 43/ 15” 43”, & monftrabunt in 


tertia 175 18’ 14°—. 








CA ao | V. 
De Quadrivicenarid cum Logarithmis compofita. 


I. Pcie ULA diurnorum & horariorum folet Ephemeridibus preefigi, pro- 

lixa admodtm: ubi docemur, dato diurno excerpere horarium,. ad 
datum horarum numerum. Excerptio ipfa licet non fatiget mentem multipli- 
catione, fatigat tamen & mentem additione, & oculos manufque excerptione. 
At hic conjunctio columnz quarta cum tertia, & tollit neceffitatem tabule diur- 
norum, & opus peragere docet longé facilius, quippe additione fimplici (non 
logiftica) logarithmorum. 

Quere enim tam diurnum, quam horas in quadrivicenaria, & logarithmos ab 
iis monftratos adde in unam fummam ; que inter logarithmos quefita, monftrabit 
é regione in columna tertia portionem motus competentem horis. 

Utile eft hoc preceptum, ubi magnus eft diurnus, non major tamen quam gr. 

4, ut in luna & cometarum nonnullis, 


EXxeEmM- 
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EXEMPLU Ma. 


Sit diurnus lune 14° 23.4 Queritur quantum 
competat horis 19 42 

Logarithmus ad 14 23 0” eft 1200 circiter. 
Logarithmus ad 19 42 0 eft 19730 circiter. 








Summa 70930 


a 


Hec quefita inter logarithmos, oftendit in quadrivicenarid 11° 48’ 0” 
Tot gradus competunt horis 19 42’. 


ALIUD EXEMPLUM. 


Sit diurnus. 2° 15’. Hore 938’. 


Logarithmus 2 15 eft 237000 circiter. 
Logarithmus g 38 eft 91200 circiter. 








Summa 328200 dat 0° 54’ 0”. 


Poteft verd6 hoc exemplum, ubi diurnus eft aded parvus, aliter etiam & 
faciliori vid computari, quam referam in caput 1x. 

II. Huc pertinet etiam ratio computandi adfpectus lune. cum ftellis. Ut 
fi detur feparatio diurna duorum planetarum, & diftantia eorum, minor quam 
illa; queraturque quot horis ea conficiatur ? 

Tunc enim 4 logarithmo diftantiz, auferatur logarithmus feparationis diurnz, 
refiduum inter logarithmos quefitum, oftendit ¢ regione fub quadrivicenaria 
heras competentes. 


EXEMPLUM,. 


Sit mercurii diurnus retrogradus 2° 15’ 


Lune directus - Sete sea ME: 
Separatio. igitur diurra ENE? BF 
Logarithmus eft - arehrg 3.8 4Opciciter: 
Sit diftantia lune & mercuri 12 23 
Logarithmus - - 66170 circiter. 








Refiduum 33330 dat 17° 12”, 


Tot igitur horis fit afpeus lune, ante vel poft momentum, quo invenitur 
hec diftantia, prout luna poft vel ante mercurium fuerit. 

Si uterque directus, vel uterque retrogradus effet; minor diurnus a majori 
fubtraheretur, ad eruendam feparationem diurnam, uti docemur in aftronomia, 
De afpectibus tardiorum inter fe infra, cap. 1x. 


P LI, Diurnum 
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Il. Diurnum indagare (minorem quidem quam 24") ex motu 
aliquot horarum. 


Tunc logarithmum horarum aufer a logarithmo motus competentis, reftabit. 
logarithmus motus diurni. 


EXEMPLUM. 


Promotum deprehendatur fidus aliquod in horis 4 27’. 
Gradus 1 53° quantus erit diurnus ? 
Gradus 1 §3 logar. 254500 circiter 
Hor. 427 logar. 168400 








Refiduum 86100 dat gr. to 9’ diurnum. 


Infra cap. 1x, erit alius modus pro diurnis parvis. 


IV. Datis tribus ftellis inuna refta, datifque fingularum latitudinibus;. 
duarum vero folarum longitudinibus ; indagare & tertiz 
longitudinem. 


Idem, fi pro latitudinibus notz fuerint declinationes, pro longitudine 
vero fumatur affenfio recta. 


Ctim he recte plerumque fint breves & infra 24° nihil nobis nocebit, 
abufus &reyyog curvilineorum ut reCtilineorum triangulorum. 

Pone in regula detri, ad finiftram, differentiam latitudinum duarum, in 
medio differentiam longitudinum earundem; ad dextram differentiam iterum 
latitudinis ftelle tertize & priorum unius; quefitif{que his arcubus in quadrivi- 
cenaria, exfcribantur logarithmi; additi{que fecundo & tertio, de fumma 
dematur primus ; reftabit logarithmus differentia longitudinis ftelle tertix. 


Ufus hujus precepti peropportunus eft in tractatione obfervationum per 
lineas rectas trium ftellarum. 





Copper’ PPoey of VI. 


De Sexagenarid cum Logarithmis compofitd. 


ABUL hexacontédén ufus eft in logiftica multiplex, precipuus 

quidem ad multiplicationes & divifiones logifticas, fcrupulofitatis infinite, 

ubi fit progreffio ad tertia, quarta, quinta, fexta, & fic deinceps. Tantam 

fubtilitatem non profitetur ufus Chiliadis noftre, Maneat igitur hec utilitas 
propria tabule hexacontadén. 

Sed quia hec tabula prefigi folet etiam tabulis aftronomicis & ephemeri- 

dibus, 
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dibus, in quibus non fit progreffio ultra fecunda, vel ad fummum tertia: hunc 


ejus ufum tabula noftra fexagenaria pleniffime preftat, eyufque neceffitatem 
penitus tollit : quod docebo preceptis fequentibus. 


I. Multiplicationes logifticas perficere compendiofiffime. 


Primum capiant numeri, qui funt in fe mutud multiplicandi, denominationes 
feu apices familiares tabule Chiliadis. Nam quia in logiftica apices antecedentes 
integra 1° verfus finiftram, funt indices fexagenarum, fequentes verd integra 
1° {unt indices fexagefimorum fcrupulorum, feu fraétionum unius integri : 
{ciendum igitur, numeros in columna fexagenari4 proprié intelligi de fexa- 
gefimis fcrupulis primis & fecundis, tanquam fractionibus unius integn. Ergd 
fi offerantur gradus & minuta in datorum alterutro, pro gradibus fcribantur 
minuta, pro minutis fecunda. Tunc us in fexagenaria quelitis, excerpantur 
logarithmi, addanturque in unam fummam ; que inter logarithmos quetita 
exhibebit fub fexagenaria factum in primis & fecundis. Sed fi prius apices 
multiplicandorum fuerunt mutati, nunc etiam faéti apices erunt mutandi in 


contrarium, nam quot apices utrique junétim additi funt, totidemi jam uni foli 
quotienti funt adimendi, & viciffim. 


EXEMPLUM, 
Sint multiplicandi 25’ 35” log. 85240 
49 50° log. 18566 


a 


Summa 103806 dat 21’ 14” factum. 





ALIUD. 


15° 38’ 40” fint multiplicanda in 53° 49”. 
Scribe 15’ 38” 40°” log. 134400. Hic apices aucti funt unitate. 
wins AG log. 10900 





Summa 145300 dat r4’ 2”. 
Sed fcribe 14° 2’ detraéta ab apicibus unitate vicifim. 


ALIUD. 


Sexagene. Sexagelima. 

39° 20’ fint multiplicanda ‘46 15° | 

Scribe 39’ 20” log. 42227. Hic apices aucti unitate 
46° 15” log. 26028. Hic apices auéti binario. 





Summa 68255 dat 30° 19” 0”. 


Sed fcribe “30 ‘tg 0° detraéto ternario ab apicibus fexagefimariis. 
Scilicet hic faétus non eft 30° ferupula fexagefima prima, & 19” fecunda, 
fed “30 fexagene fecunde & ‘19 prime, &c. 


Z - ALIUD 
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ALIVID ,EXEMPLU'M, 


Sint multiplicandae fexagene * 37 41° in fexagefima 32” 29”. 
Scribe 3 37, , log. 46513. Hic apices funt auéti binario 
23) ’ log. 61362. Hic apices deminuti unitate 
Summa 107875 dat 20 24” 
Sed {cribe 20°) 24. 





Nam propter primum detrahendus effet ab apicibus binarius, propter fecundum 
addenda unitas vicifim. Compenfatione igitur contrariorum facta, adhuc de- 
trahenda fuit 4 facti apicibus unitas. 


IT. Quadrare numerum logifticum facillime. 


Rurfum efto memor, quod numeri in fexagenaria fint fractiones, eoque 
numerus quadratus prodiens, quod eftimationem apicum attinet, minor feu 
minoris valoris fit, quam quadrandus. _Propriiffime quidem quadratus, de quo 
queritur: fic eft ‘ad quadrandum, ut hic ad unitatem 1° feu 60’ fer. ut fit 
quadrare logifticé nihil aliud, quam tertiam proportionalem a maximo co- 
lumnz fexagenarie invenire. 

Numeri igitur quadrandi in fexagenaria quefiti logarithmum duplica, duplum 
in logarithmis quefitum exhibet ex fexagenarii quadratum, quod quzre- 
batur. 


EX EMP ©.U M, 


Sit piahants 46 526. Ee yus logarithmus 18450 dupletur ut fit 36900 hoc 
in logarithmis quefitum exhibet 4129. * Dico igitur 41° 29°"0” o”” effe 
quadratum numeri 4 9 53° 

Si quid mutandum in apicibus, ut quadrandus inveniri poffit in Chiliade, 
tunc valent precepta eadem, que prius in multiplicatione, tantummodo ut 
memineris, quadrandum effe vice duorum 1 in fe multiplicandorum. 


III. Divifiones logifticas perficere compendiofiffime. 


Primo obferventur eadem de aptatione apicum, que prius circa multipli- 
candos. Deinde obferva, num dividendus. (fic aptatus fi opus fuit) major 
fuerit, quam divifor, an minor. Nam fi major, non proprié pertinet operatio 
ad Chiliada ; fed eyus loco dividendus eft, vel exceflus ejus ple diviforem, 
vel ejus pars aliquota, minor divifore. 

Siigitur hoc pacto dividendus logifticus fuerit minor ipfo divine: tunc lo- 
earithmus diviforis, auferatur 4 logarithmo dividendi; reftabitque logarithmus 
quotientis. Atque is quotiens vel, erit exceffus itidem, addendus dividendo, 
ut conftituatur verus quotiens, vel erit itidem pars qué multiplex quotientis, 
vel denique, fi nulla permutatio facta in datis numeris, erit ipfe quotiens. 

At mutatio in apicibus facta adhuc eft compenfanda. Nam quantum fuit 
additum vel fubtractum apicibus diviforis, tantum etiam addendum vel fub. 

A trahen- 


a 
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trahendum apicibus quotientis, Quantum vero apicibus dividendi vel additum, 
vel fubtractum : tantum contraria ratione fubtrahendum vel addendum apicibus 
quotientis, feorfim utrumque. 


EX EMPLUM. 


Dividantur 29’ 30° log. 70995 
in. 59  CeMrlog.i, 168% 








69314 dat 30° 0” 


Hic nulla eft faéta mutatio apicum, nec in divifore, nec in dividendo, 
quippe dividendus erat minor divifore, cafufque proprius Chiliadi. Ergo 
30° o” erit quotiens juftus. Quod mirari non debes 29’ diftributa in partes 
59’, facere portiones magnitudine 30° majore, quam erat totus dividendus. Debes 
enim cogitare, illa 59° non effe integra, fed fractionem unius integri, proinde 
quotiens 30’ eft portio debita non uni 1’ fcrupulo primo, fed uni 1 integro. 


AUT Ui 
Dividantur Gr. 6 0 | Seribe 6’ 0” log. 230258 
Trpdtesin's9 sane | 89 aejog" 1550 


Refiduum 228708 


Hoc refiduum oftendit 6’ 8”. Si ergs dati habuiffent illos apices, cum 
quibus excerpfimus logarithmos, tunc quotiens hic fuiffet. At quia apicibus 
dividendi funt adjecte due unitates, fic ut ex o° fierent fexagefima “o ex 
fexagenis verd ‘6 fierent fexagefima “o: Viciffim igitur quotienti huic 6’ 6” 
adimendi duo apices fexagefimarii, ut fiat °6 6° Quia verd etiam diviforis 
apicibus fuit adjecta unitas fexagefimaria, ut pro §9° fcriberentur $9’, & pro 
3’ fcriberentur 3", rurfum igitur idem eft faciendum quotienti primo mutato, 
ut pro “6 6° feribatur itidem 6) 6". 


EXEMPLUM UBI DIVIDENDUS MAJOR, 


Dividantur 57’ 23” major 
in 41’ 15” ut minorem 





Subtrahe manet 16’ 8” refiduum jam minus divifore 
Ergé divide 16’ 8” log. 131350 
in 4115" log. 37470 


Refiduum 93880 oflendit 23 29” 





Cui adde diviforem ipfum totum femel, quia femel tantum erat fubtractus 4 
dividendo, colligitur 1° 4° 44”, Quotiens debitus uni integro, cujus divifor 
41 15” erat pars feu fractio. 
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EXEMPLUM DE PARTE ALIQUOTA., 


Sint dividendi 3° 45°13” per 57° 8”. Ctm igitur contineatur divifor in 
dividendo craffa ze{timatione, minus quam quater: operabor per dividendi par- 
tem quartam, que facilé fumitur, eftque 

56° 18” 15°” log. 6360 
Diviforis 57° 8” — log. 4900 








Refiduum 1460 


Hoc oftendit quotientem 59° 8". Hujus igitur fumendum eft iterum quadru- 
plum fcilicet 3° 56’ 32”. 
Nota hoc “exemplum potuiffet etiam tractari aliter pro 3° 45° 13” fcribendo 


3°45 13 ” log, 277000 
Divifor 57’ 8” log. 4900 








"  Refiduum 272100 


Hec enim oftendit 3’ 56° 30”. Quia verd apicibus dividendi fuit appofi ta 
unitas : detrahatur vicifim apicibus quotientis unitas, fietque quotiens 3° 56° 
30" ut prius. 

Quomodo compendiofé fit agendum, fi dividendus fuerit aliquoties major di- 
vifore, tradetur infra capite 1x, modus etiam alius. 


IV. Operari per regulam proportionum, detri dictam, in logifticis. 


_ Si trum datorum unus fit pura unitas, fic ut ea poffit aptari pro 1° 
feu 60°: fiquidem hec unitas fuerit primo loco ad finiftram ; tunc operatio ab- 
folvitur per meram additionem logarithmorum, loco primo traditam : fin autem 
fuerit hac pura unitas 1° feu 60’ loco fecundo vel tertio; tunc operatio per- 
ficitur per fimplicem fubtractionem logarithmorum loco fecundo propofitam. 
At fi nufpiam fuerit pura unitas, tunc finiftimi logarithmus, aufertur 4 fumma 
duorum logarithmorum refiduorum, fi poteft: vel quod idem eft, finiftimi 
logarithmus aufertur ab uno duorum refiduorum, fi poteft; refiduum addetur 
logarithmo tertii: utroque modo conficitur logarithmus quotientis. 


EXEMPLUM. 


29 45” -dat - 15° 43”.- quid - §8’ 47”? .] Vel 133970 
log. 70150 133970 2050 Aufer 70150 
Adde 133970 . 

—| Refid. 63820 





a ee 














Summa 136020 Adde 2050 
PULL HPO ILO —— 

_ 65870 
Refiduum 65870 —| ut prius. 


Quotiens oftenditur 31’ 3”. 


CHILIADIS COMPLEMENT, II! 


Si finiftimi logarithmus a fumma reliquorum fubtrahi non poteft, fi nimirum 
finiftimus datus, minor fuerit utroque reliquorum dato feorfim: id indicio 
eft, quotientem excrefcere fupra 1° feu 60°. Quare operare per fecundi vel 
tertii partem aliquotam, quotienti{que prodeuntis fume equé multiplicem : 
vel operare per exceffum alterutrius datorum, fupra datum} finifimum ; quo- 
tientique emergenti adjunge ipfum finiftimum : uti in divifione doctus es. 


V. A numero logiftico propofito, radicem extrahere quadratam 
facillime. 


Ne turberis, quod radix fit major fuo quadrato: fit enim hoc propterea» 
qui numeri fexagenarie funt fraCtiones unius integri: ut fupra di€tum. Ra- 
dix enim logiftica nihil eft aliud, quim medium proportionale inter integrum 
1° & numerum logifticum integro minorem, vel etiam majorem, 

Ergo numeri propoliti logiftic: logarithmum bipartire, femiffis enim quefitus 
inter logarithmos i in fexagenaria oftendet radicem queefitam. 


EXEMPLUM. 


Quadratus efto 50’ 27” logar. 17360 
femiff. 86$0. 


Hic femiffis oftendit radicem 55’ 0” eritque ut 1° 0’ 0” - ad 550” - fic hoc 
a wore”, Tere. 

Quod fi quadratus habuerit alios apices, quam in fexagenaria, queratur ejus 
partis quadrate, que minor fuerit integro, puta quarte, v el none, vel fedecime, 
&c. radix, eaque inventa viciffim duplicetur, triplicetur, vel quadruplicetur, 
&c. 

Sit CR 1° 39 20”. Hic cim excurrat fupra integrum, fic ut in- 
veniri non poffit in fexagenaria, tanté ejus quadrantem 24’ 50”. Hic cim jam 
inveniatur in fexagenaria, ejus ergs log. 88190, femifl fis 44095 oftendit 38’ 36” 
radicem quadrants ; eyus ergo duplum as 17’ 12" eft radix queefita ; feu ma- 
gis proprie eft medium proportionale inter is O Qoe 1 736. 28". 

Mirabitur hoc imperitus, quomodo im 17 diy, FacIx” GENE 1/30; reputans 
illic effe 77° hic 99’, & veré radicem de gg’ efle pauld minorem quim 10’. 
At memineris integrum in fexagenaria non effe unum fcrupulum, fed unum 
gradum : proinde hujus unitatis linearis quadratum, itidem eft unitas fuperficiaria 
valens 1° feu 60°. Et fic unitatis linearis, cum fractione appendice, per 

B7 exprefi quadratum recté fit unitas fuperficiaria cum fraCtione appendice 
per 39 exprefla. Si verd cogitationem ab hac unitate gradus transferas ad 
unitatem {crupulariam ; tunc unitas linearis fcrupularia, quadratum habet, unt- 
tatem fuperficiariam, que valet fcrupulum: Et fic prioris unitatis graduarie 607 
{crupula in formam redacta quadratam, latus habebunt paulo brevius 8, uni- 
tatibus linee fcrupulane. Unde elucet confenfui rei utriufque. 


VI. Inter 
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VI. Inter duos numeros logifticos medium proportionale con= 
{tituere. 


Si datorum unus eft 1° 0’ 0” jam modd doctus es idem facere per ex- 
tractionem radicis. Hzec eft enim medium proportionale. Si verd non eft 
integrum fexagenarie, fcilicet 1° interdatos, adde datorum logarithmos, 
fumme femiffem quere inter logarithmos, & excerpes ex fexagenaria quefitum 


medium proportionale. 


EXEMPLUM. 


Sint dati 25’ 35” logarith, 85240 
& 49° 50” logarith. 18566 





Summa 103806 
Semifiis (51903 dat 35. 43” 
Enit igitur ut 25° 35” ad 35’ 43”, fic hoc ad 49 50. 


VII. In fpecie hic docemur partem proportionalem venari, in 
tabulis equationum & alibi. 


Fit autem fecundum precepta premifla multd compendiofifime, quoties 
totum, quod debetur uni gradui, feu hore, feu 60 minutis, non fuperat 60° 
minuta. Adduntur enim logarithmi 1.  Differentiz uni gradui, vel hore 
refpondentis, & 2 {crupulorum, integris gradibus vel horis adherentium, 
fumma inter logarithmos quefita exhibet, ad latus fub fexagenaria partem pro- 
portionalem quefitam. 

Sit anomalia 136° 47° 14”, & excerpatur cum integris 136° equatio— 
Ah eae Sitque differentia equationum duarum vicinarum decrefcentium 
37° 29". Queritur pars proportionalis fcrupulis 47’ 14", 

Logarith. 4 47 14 ' eft 23920 circiter 

Logarith. 37° 29 eft 47050 circiter 
. Summa 7°970 dat 29 30” partem proportion~ 
alem decrementi, ablata igitur hec a 4° 15’ 23° relinquit 3° 41’ 55’ equa- 
tionem corre¢ctam. 





EXEMPLUM ALIUD. 


Sit horarius 31’ 24”, fint minuta unius hore 41’ 48”, queritur quantum iis de- 
beatuir de horario? Adde logarithmos 64770, & 36150. Summa 100920, 
oftendit partem proportionalem 21° 52", : 


VIII. Dato 






< 

Ty A Ne Pete 

Tes . a I Ars | “ Ae 
; AE ae 
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- VII. Dato horario lune a fais, datifque fcrupulis incidentiz, mora 
dimidix, vel durationis dimidiz: eruere tempus incidentiz, 
moram dimidiam, vel durationem dimidiam in 
eclipfibus. 


VEL, 


Dato horario, datoque arcu per currendo, indagare numerum 
horarum & minutorum, intra quos arcus 
percurritur. 


Primum aufer horarium lune 4 fole quoties potes 4 datis fcrupulis, totiefque 
f{cribe unam horam. | 
Deinde 4 logarithmo refidui, quod minus erit horario, aufer logarithmum 
horarii, reftabit logarithmus minutorum horis integris adjiciendorum. 
"Sint fcrupula 53,1 16" 
Horar. lune 4 fole 31’ 24" aufer femel & fcribe hor. 1 
Refiduum 21° 52” logar. 100920 
Horaru 31’ 24” logar. 64770 


eel 








Refiduum 36150 dat 41’ 48” 
Ergo tempus eft 15 41’ 48”. 


TX. Dato numero horarum & minutorum, cui refpondeat datus 
minor numerus graduum & ferupulorum, inquirere - 
horarium: oportet autem horarum numerum 
infra 60’ effe. 


Quere datos (diminutis fignis) in fexagenaria, & logarithmum horarum, 
aufer a logarithmo graduum ; refiduum eft logarithmus horarii ex eadem fexa- 
genaria excerpendi cum ipfis fignis. 

Ut fi horis; 50 26’ luna promoveatur 28° 3! 
Diminue figna, ut ftent illic so’ 26” hic 28’ 3" 
Jam igitur a logarithmo 28’ 3” fc. 76036 
Aufer logarithmum » so! 26") fe. 17469 
~Refiduum 58 567 oftendit horarium 
33’ 24”, retentis fignis. 


A POP EON D IX. 


i Si plures effent gradus quam hore, aufer numerum horarum 4 numero 
graduum quoties potes, totie{que feribe unum gradum in quotiente. Deinde 
cum eo, quod de gradibus fuerit refiduum, operare, ut jam dictum, prodi- 

buntque 


el. ae 
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buntque fcrupula & fecunda, gradibus integris. im quotiente feniptis, ad- 
denda. 

Sed hee cap. rx tradantur per alium modum fimpliciorem, & magis pro- 
prium, ut mutatione apieum nom fit opus. 


COMPENDIUM. 


Conducit, etiam, ad, brevitanem,, fi, major numerus; fuerit infra go, utr tunc 
operemur per utriufque duplum, . 

Ut fi horis 25 13’ luna promoveretur. gr. 14 13, hoc perinde effet ac fi horis 
50 20’ refponderent arson s 


X. Si triangulum rectangulum, feu planum, feu fphzricum, omnia 
latera. minora habuerit, quam. 1° feu 60’: tune datis 
duobus: lateribus cirea reétum, per logarithmos 
invenire latus, tertium recto fubtenfum,, 
feu bafin. 


Facilius quidem, fit, in. fphrericis quidem: per antilogarithmos canonis, feu 
ut cap. vil dicatur,, per logarithmos: complementi: fi tamen per opportunitatem 
etiam fexagenaria, placeat uti: fic poterit operatio inftitui. 

Logarithmos. laterum, excerptos, fingulos feorfim duplica, cum his duplis, ut 
logarithmis, excerpe laterum quadrata ex fexagenaria, eaque in unam fum- 
mam adde, fumma quefita in fexagenaria, exhibebit & regione logarithmum, 
cujus femiffis, ut logarithmus quefitus, ex eadem fexagenaria exhibebit bafin 
quefitam, 

Ut fi fint latera 28' 17” & 50’ 31”; corum, logarithm: 75200 & 7200, dupli 
horum 150400 & 34400,, oftendunt. quadrata. laterum, 13! 207 8. 42/ 32". Summa 
utriufque eft 55’ 52’; hujus logarithmus, 7149, et higus femiffis 3570, oftendit 
bafin 57’ 54”. 


XI, Viciffim, data; bafi,. in. fic comparatis, 8 latere alterutro; in- 
venire latus reliquum. 


Rurfum duplicia logarithmos: bafis & lateris: dati; per hee- dupla’ excerpe 
quadrata ex fexagenaria, minufque. 4 majori fubsralters refidui: logarithmus eft 
duplus logarithmi lateris quefiti: ut fi bafis: 57’ 54”, latus-29%: Ez’; Jogarithmi 
3570357200, duplicati funt, 7140,1.50400, eee 55 52” & 13/20”, refiduum 
42' 32”, logarithmus, 34400; dimidium:17200, quod oftendit 50 aa" latus. 
quefitum. 


CAP Use 
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Gea Peru ep ie Vite 
De Copulatione Columne <Arcuum cum Columné Logarithmorum. 


Per folos Logarithmos Arcuum & Angulorum, omnia Triangula 
Spherica folvere, omnia {cilicet quzfita ex tribus datis eruere. 


RIMA autem funt reétangula, eorumque cafus fedecim, in quibus inter 
tria data intelligitur femper ipfe rectus angulus. 

Hic autem vox complementi crebro ufurpanda, cim fic folitarié fumitur, 
femper dat fubintelligi ad quadrantem: Bafis vero vox pro latere maximo 
fumitur, quod fcilicet angulo recto opponitur. Et loquimur de talibus rect- 
angulis, quorum latera funt minora quadrante fingula. 


I. Ex bafi & angulo latus oppofitum. 


Addantur invicem logarithmi datorum, conficitur logarithmus queliti 
lateris. | 


II. Ex lateribus bafin. 

Addantur invicem logarithmi complementorum datorum latefum, conficietur 
logarithmus complementi quefitee bafis. Vide cap. vi numero x modum 
alium. 

II. Ex angulo & latere adjacente angulum reliquum. 

Addantur invicem logarithmi anguli, & complementi lateris, conficietur 
logarithmus complementi quetiti anguli. 

IV. Ex bafi & latere angulum oppofitum. 

Auferatur logarithmus bafis a logarithmo lateris, reftabit logarithmus anguli 

oppofiti. 4 


V. Ex angulo & latere oppofito bafin. 


i 


Auferatur logarithmus anguli 4 logarithmo lateris oppofiti, reftabit loga- 
rithmus_batfis. . | 


VI. Ex angulo & latere fubtetifo angulum reliqtitim. 


Auferatur logarithmus complementi lateris dati 4 logarithmo complementt 
anguli dato oppofiti, reftat logarithmus ipfius anguli refidui quefiti. 


Q2 VIII. Ex 


APO TEETEEEEIS ED) Got) epee An 
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VII. Ex latere & bafi latus reliquum. 


Auferatur logarithmus complementi lateris 4 logarithmo complementi bafis, 
reftabit logarithmus complementi lateris reliqui. Vide fupra cap. vi num. x1 
modum alium. ; | 


VIII. Ex angulis latus. 


Auferatur logarithmus anguli, qui lateri quefito adjacet, a logarithmo com- 


plementi anguli oppofiti, reftat logarithmus compiementi lateris quzefiti. 


Pro his com- 
pofitis cafibus, 
aptior eftcanon 
ipfe logarith- 
morum qua- 
drantis, quam 
Chilias noftras: 
guia inillonon 
opus eft excerp- 
tione arcus, 
quippe cum 
ejus comple- 
mentum {fta- 
tim cum lo- 
garithmo {uo 

é regione in 
confpectum 
veniat. Ut 
jam non di- 
cam quod me- 
fologarithmi 
canonis, qui- 
bus caret Chi- 
lias noftra, 
preitent hos 
compofitos 
etiam fimpli- 
ces. 


IX. Ex lateribus angulum. 


Addantur in unam fummam logarithmi complementorum da- 
torum, laterum fumma excerpat arcum: Ejus arcus comple- 
menti logarithmus, auferatur 4 logarithmo lateris quefito angulo 
oppofiti, reftat logarithmus anguli quefiti. 


X. Ex bafi & angulo refiduus angulus. 


Addantur in unam fummam logarithmi datorum, fumma ex- 
cerpat arcum: ejus complementi logarithmus auferatur a loga- 
rithmo complementi anguli dati, reftabit logarithmus anguli 


— queefiti. 


XI. Ex angulo & latere adjacente, latus oppofitum re- 
liquum. 


Addantur in unam fummam logarithmi, anguli & comple- 
menti lateris, fumma excerpat arcum: ejus complementi loga- 
rithmus auferatur a logarithmo complementi anguli dati, celta. 
bit logarithmus complementi lateris quefiti. 


XII. Ex bafi & angulo latus adjacens. 


Addantur logarithmi datorum, fumma excerpat arcum ; ejus complementi lo-: 
g@rithmus auferatur a logarithmo complement bafis, reftabit logarithmus com- 
plementi lateris quefiti, angulo adjacentis. 


XII. Ex bafi & latere angulum adjacentem. 


Auferatur logarithmus complementi lateris 4 logarithmo complementi bafis, 
refiduum excerpat arcum, ab hujus complementi arcu, auferatur logarithmus 
bafis, reftabit logarithmus anguli adjacentis. 


XLV; Ex 
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XIV. Ex angulo & latere oppofito latus reliquum. 


Auferatur logarithmus anguli a logarithmo lateris, refiduum excerpat arcum, 
a cujus complementi logarithmo, auferatur logarithmus complementi lateris - 
reftabit logarithmus complement lateris reliqui. 


XV. Ex angulo & latere adjacente bafin. 


” Addantur invicem logarithmi anguli & complementi lateris; fumma ex- 
cerpat arcum; hujus complementi logarithmus auferatur 4 logarithmo lateris 
dati, reftabit logarithmus bafis. 


XVI. Ex angulis bafin. 


Auferatur logarithmus anguli unius a logarithmo complementi anguli 
alterius ; refiduum excerpat arcum, ab hujus complementi logarithmo, aufer 
logarithmum ipfius anguli alterius, feu pofterius hic adhibiti, reftat logarith- 
mus batis. 


EXEMPLUM CASUUM OMNIU™M. 


Sit Bafis 72° 0’. Angulus 50° o%. 





Logarithmi. Complementa. Logarithmi. 

Bafis 72° of F 5030 A TS) Ogr lal VL ERanOe 

Angulus 50 o G 20650 B 40 O M 44190 P 
Latus oppofitum 46 45 H 31680 Cc Ae TN 2780 S106 
Latus majus © GUM zeal B37 2 26 48 R 79635 T 
Angulus major 69 48 kK 6340 E [| 20 12 S| 106350 v 


Hoc exemplum fic fuit conftructum. 


F, G, funt exarbitrio, que dantz, M. Ergo habentur a, B, 0, P, jam per r 
ex a, B, habetur c hinc a hinc wn hinc @ Tunc per vil. ex 0, @ habetur 
t, hinc rR hinc r hinc p, etiam per Iv. ex a, D habetur £ hinc «& 
hinc s hinc v. Reliqua precepta omnia erunt loco probationis, verbi causa 


ex prim. Ex bafi r & angulo x latus 1 ili oppofitum, invenitur enim p qui 




















dat 1. 
Ex primo. Ex fecundo. bx) Dertic: 
5030 A 27905. 2, 26650 B 6340 E 
6340 E 79635 7 79635 7 $7 8057 Cu 
11370 D 117440 0 106285 v 44145 P 


pro 106350: pro 44190° 


Pre FF! 
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Ex quarto. Ex quinto. Ex Sexto. 
5030.4 4 26650 B $340 8 | 44190 P 106350 V 
31680 c 31680 c 11370 D 37805 @& 790g5,7 
26650 a 4 5030 A 5030 A 6385 £ 26715 B 


pro 6340 pro 26650 
ra RS LLY 








Ex feptimo. Ix o¢tavo. Ex nono. 
1174400 26650 B 6340 E 73805 Q 
79635 T 106350 V 44590 Po | 79036 T 
37805 @ 79700 T 37850 @ 117440 0 18° 0’ 117440 0 
pro 79635 pro 37805 : 31680 ¢ 11370 D 


5030 A 72 0 S030 A 








eee 


26650 B 3640 E 





Ex decimo. Ex undecimo. Ex duodecimo. 
5030 A 5030 A} 26650 B 6340 E 5030 A 5030 A 
26650 B 6340 E | 79635 T 37805 @] 26650 B 6340 E 


ee 





Se ee, 








ee 








tency RRS 





31680 c 11370 D] 106285 vy 44145 P 31680 CIRMTIAIOMD 
73805 Q@ 79635 T 6340 E 26650 B 37805 007 70686 ef 
44190 P 106350 V| 44190 P 106350 V | 117440 0 117440 0 

6385 = 26715 8 | 37850 @ 79790 T | ..79635.7* 37805 @ 

pro 6340 pro 26650 









































Ex decimo tertio. r Ex decimo quarto. 
37805 @ 79935 T 26650 B 6340 
117440 0 117440 0 31680 © 11370 D 
79635 T 37805 & 5030 A 5030 A 
11370 D 31680 ¢ 117440 0 117440 0 

VENER es ae | 37805 & 79635 T 

6340 £ 26650 B 70635 T 37805 @ 





Ex decimo quinto, Ex decimo fexto. 


























26650 B 6340 E 26650 B 6340 E 
79635 T 37805 @ 106350 V | 44190 P 
106285 v 44145 P 79700 T 37850 @ 
6340 E 26650 B 11370 D 31680 ¢ 
11370 D 31680 ¢ 6340 E 26650 B 
5030 A 5030. A "6030 4-1 £030 A 


Primi 






CHIDEADYS cCMPLEEMENT, 


Primi igitur octo  cafus perficiuneur pér operationem fimplicem-; reliqui 
o¢to per duplicem, in. quibus feilicet femper aliquid aliud queritur ante id, 
quod proponitur, per unum. ex. octo prioribus. 

Refolvuntur itaque 9 in 2 & 4% Sic 1oin1 & 6. Sic 11 in3 & 8; Sic 
r2in i & 7. Sue.nqum a 8s. Bee Sic apn fo 7. Sic 15 in 3° & gi Sic 
76 in $5. 

Excerpfi autem ftudio: logarithmos: rudes, ut fi arcus propofitus eaderet 
medius inter duos: expreffos in Chiliade, medium etiam aliquid inter duos 
illorum logarithmos eligerem, rotundo fine; ut monerem, etfi neque arcus, 


neque eoruny logarithm it Chiliade rotund) fint, nihil ramen opus éffe, ut 


calculator fefe ubique miaceret, mirutias. confeétando, quod’ equidenr gave 


effet in hac chiliade: facilius aliquantd- im canone quadrantis; m* quo arcus 


rotundi funt, & fingula minuta- fuos habent logarithmos. 


Aliud etiam compendium non contemnendum (ut ad marginem monui) , 


habet canon pre mea chiliade, quod is arcuum complementa. cum. fuis- 


logarithmis.exhibet € regione. Itaque quod ego in chiliade cogor circumloqui: 


longius, logarithmum fcilicet complementi arcus, lateris; baiis,. vel anguli: 
id in canone brevius exprimimus, antilogarithmum arcus, lateris, bafis. & 
anguli dicentes:: ut innuamus éxcerpettdunn effe antilogaritimum ¢ regione 
logarithmi. 


Tertium compendium canonis eft in ¢o, quod is habet etiam mefologarithmos,, . 


pro quos, cafus octo pofteriores fiunt fimplices, gyi fune Hic duplices: verum 
hoc canonis: compendium apud inexercitatos conjunétum eft. cum difpendio, 
quod diftrahitur animus additionibus & fubtractionibus mefologarithmorum 
cofficis, hoc eft, multitudine cautionum,. quibus arithmetica-coffica conttat. 

Sed quod attinet logarithmos, paulo exactiores ex ipfa etiam chiliade ex- 
cerpendos, ut etiam in hoe. fatisfiat curiofitatii quoruidam: tradam cap. 
fequenti vitr modum elaborandi logarithmum cuique finui refpondentem: 
capite. vero 1x. modum alium: fubfidiarium, capiendi pro logarithmis partem 
proportionalem vulgarem, idque fine labore, mediantibus aliis logarithmis. 

Hactenus igitur de triangulis-{phericis rectangulis egimus. Nunc ad_obli- 
quangula tranfeamus. 


DE’ TRIANGULIS’ OBLIQUANGULIS SPHASRICIS-;; IN QUIBUS CASUS 
SUNT 12. 


I. Si dentur duo latera, & angulus umi oppofitus: queraturque angulus 
alteri datorum laterum oppofitus: ad logarithmum anguli, adde logarithmum 
lateris dati, quefito oppofiti, 2 fumma aufer logarithmum lateris angulo dato 
oppofiti, reftabit logarithmus anguli quefiti, recto feu majoris, feu minoris. 


EXEMPLUM CASUS PRIMI, LOGARITHMIS RUDIBUS SEU ROTUNDIS. 


In-triangulo pvs-data funto-latera’ duo-pv 38° 30’,, vs: 40° o’,. angulus: vps: 31° 
34, oppofitus ipfi vs. Queritur angulus vsp lateri. vp oppofitus:. 


2 VPS 


Hg 
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Pp 7 ves 31° 34’ logarith. 64720 
vp 38 30 logarith. 47480 


—_ 





Summa 112200 
vs 40°o0' logarith. 44190 fubt. 
Refiduum 68010 ut. 
Logarithmus dat vsp 30° 26’ circiter. 





Ss 


‘Hic fitne ipfe quefitus, an ejus refiduum ad femicirculum, facilé difcerni 
poterit ex habitudine laterum, prefertim oppofiti pv. Non eft enim mei 
jnftituti minimas cautiones hac vice confectari. 


II. Si ifdem datis, queratur latus terttum: Tunc adde logarithmos anguli 
dati, & lateris attigui dati, prodit logarithmus perpendiculi dictus. Eyjus per- 
pendiculi logarithmus complementi ablatus a datorum laterum logarithmis 
complementi, relinquit logarithmos duorum arcuum, quorum vel differentia, 
vel complementorum fumma, eft latus quefitum tertium. 


III. Si ifdem datis, queratur angulus inter latera data comprehenfus. 


Tunc queratur latus tertium, ut precepto fecundo horum. Ejus logarithmo 
adde logarithmum anguli dati, 4 fumma aufer logarithmum lateris, cui datus 
angulus opponitur: reftat logarithmus anguli comprehenfi, ejufque comple- 
menti ad duos rectos. / 


EXE MPILU MI. ET ait. CAD UM, 


Iifdem datis, queratur ps & pvs. 
Logarith. 
vs 40° .o0’ 44190 Compl. 50° 0’ Log. 26660 
VPS.31: 34° 64720 
vP 38: 30 647480 - Compl. 51 30 ‘ Log. 24510 








VR Ig 0 112200 Compl.71 o Log. 5600 





SR35 $4 Compl. 54 6- Log. 21060 
PR 34 8 Compl. 55 52 Log. 18910 








sP 70 2 Log. 6190 


70910 








svP 49 57 log. 26720 


Refiduum hoc eft, feu complementum anguli ad duos rectos, quéd facilé 
patet ex magna proportione ps ad pv, vs. Quando vero dubitari poteft, tunc 
guerenda funt ejus elementa PVR, RVS. | 
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IV. Si datis duobus lateribus & angulo comprehenfo, queratur latus 
tertium. 


Tunc ad logarithmum lateris minoris, adde logarithmum comprehenf, 
prodit logarithmus perpendiculi in latus majus, quod perpendiculum conftituit 
duo illius lateris elementa : Hujus enim perpendiculi logarithmus complementi 
ablatus 4 logarithmo complementi lateris minoris, dat logarithmum arcus, cujus 
complementum eft alteruin ex illis elementis, eoque vel addi, vel auferri debet a 
toto latere majori, fumme vel refidui, ut elementi alterius, logarithmum com- 
plementi, adde logarithmo complementi perpendiculi, fietque logarithmus com- 
plementi lateris tertii quefiti. Prior cafus eft, quando angulus comprehenfus 
& datus obtufus eft; pofterior, quando acutus. . 


V. Si datis duobus lateribus & angulo comprehenfo, queratur angulorum 
refiduorum unus. 


Tunc quere latus tertium, ut in quarto precepto horum. Ejus_ loga- 


rithmum aufer 4 fumma logarithmorum anguli initio dati, & lateris angulo 
queefito oppofiti, reftabit logarithmus anguli quefiti. 


BX EB MePeU Mi tv oe te Vie 9) CoA S.U.U Me 


Dentur vp, ps & vps, queratur vs & pvs. 


Logar. Compl. Logar. 
PY JO" 900, 47490." S12 '90) “24cT0 
VPS 81° .34))).64720 











Perpendiculum Vile 1G \nOMlLi2200. 7 Ie on” “2600 

Elementum unum PR g4u $52 $2. (hoe 
Psi 700 tae 6190 

Elementum alterum Roe 35) 54 5 Ae CaO 

Quefitum latus VSi 40) 0 AA tee co* lo. 26670 

Summa, log. ves & Ps 70910 

Quefit. angulus PVS 49 57 26720. 


VI. Si datis tribus lateribus queritur angulus. 


Tunc laterum circa quefitum angulum exquire differentiam ; illam 4 latere 
tertio aufer, eidemque adde, & tam refidui quam fumme conftitue femiffes. 
Hac preparatione premifsa, jam excerpe quatuor logarithmos, duos femifium, 
& duos laterum circa quefitum angulum, fummamque horum aufer 4 fumma 

R ilorum : 
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illorum:; Differentie, que futura eft, femiffis, ut logarithmus, oftendet fe- 
miffem anguli quefiti. 


EXEMPLUM SEXTI CASUS, 


Dentur vp, Ps, sv queratur vPs. 


VP 38° 30 Log. 47480 
2 

















PS 70 Log. 6190 PS 
Diff, gt) 39 53670 fumma 
VS 40 O 
—— Semifles 
Refiduum 8 28 4 14 Log. 260400 
Summa 7% 92.36 AG} Og. 953700 





— 


314100 fumma 





260430 fummar. diff. 
Quefitus vps 31 34 15 47 Log.130215 femiflis, queratur, 


Queratur PVs. 





Logarithmi. 
VP 38° 30° 47480 
VSy 40) 0 44190 
rT '30 91670 


PS 0 sce 

—  Semifles 

68 32 3416 57440 
71 32 35 46 53700 


III140 


: 19470 fummar. diff. 
Quefitus PVs 130 14 65 7 973§ dimid. 











Queratur 
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Queratur PSV. 

















Logarithmi. 

SLO. 40% 44190 
Ba 70. 72 6190 
AO ne 50380 

Bis ele. ’ 

—— Semiffes 

Oy Od. wide 260400 
68 32 34 16 57440 
317840 





267460 fummar. diff. 
Quefitus*vsr 30 26 16 13 133730 dimidium. 


VII. Si datis duobus angulis, & latere alteri datorum fubtenfo, queratur 
latus reliquo fubtenfum: Ad logarithmum lateris dati, adde logarithmum 
anguli adjacentis dati, a fumma aufer logarithmum aneuli, lateri dato oppofiti ; 
reftabit logarithmus lateris quefiti, ejufque complementi ad femicirculum : 
ubi pro ratione quantitatis datorum, vel ipfe logarithmi arcus, vel eyus com- 
plementum ad femicirculum fumendum eft pro Iatere. 


EX EaMe CUM Vil. CAS U's. 


Dentur pvs. VPS, VS, queratur PS. 











Logarith. ALIUD. 
Viu BAG 0} | saroo Latus 40° Oo 44194 
PYStI30>, 3 26720 Ang. I. 20 67917 
70910 LPAUET 
VPs i31°% 34°, Ga¥20 Ang. 80° of 1531 
Quefitum vs 70 2 6190 Lat. quef. 19° 19° 110580 


VIII. Si ufdem datis queratur angulus tertius. 


Tunc adde legarithmos lateris dati, & anguli alterius adjacentis: prodit 
logarithmus perpendiculi ex angulo quefito demifii ; cujus logarithmus com- 
plementi ablatus a datorum angulorum logarithmis complementi, relinquit 
logarithmos duorum elementorum “anculi queefiti, a perpendiculo conftitutorum : 
quorum ideo vel fumma conftituit quefitum, fi perpendiculum cadit intra 
triangulum, vel differentia, fi extra. 


4 R 2 IX, Si 
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IX. Si ifdem datis, queratur latus interjeCtum datis angulis. 


Tunc queratur angulus tertius, ut precepto vit. horum, Ejus logarithmo 
adde logarithmum lateris dati; 4 fumma aufer logarithmum angull, qui later! 
illi dato opponitur, reftabic logarithmus lateris interject. 


BOE, MHP LeU avisery ET. OES ks GrAws: 0 Ui Me 


Dentur pvs, VPs, vS, queratur vsp & vp. 





Logarith. 
vs 40 © 44190 Compl. Logar. 
PVS/I@Di\03 2209720) 40° (BON Aanoso iF ve 
Perpendic. ex angulo s ZOD O MNF OO LO MnO Wa Tee O4O hi 
ViPS 2 La gn 58 26 16000 


Elementum unum 47 40 30210 


Elementum alterum 78 14 2130 r 
vsP quefitus 30 34. per fubtraftionem. 
N OUD oa: 
VSP 30° 34 67630 MeeATCHS 1907 A. 8: 
} ee Logarithmus 
eft idem. 
LI1G200hiheg AD 57 
VPS 64.720 At 4.0 3 eft minoris qua- 
ieee SE tS ree complementum ; majoris qua- 
Quefitus a 38 37 7100 rante exceffus. 


ALIUD EXEM PL UM. 








_ Logarith. Compl. 
Latus _ 40°. 0 44194 Pe ee Logarith. 
Ang. adyjac. 20028 67917 59 32 14859 
Perpendic. ex angulo 19 1 LiQUry GO. #50 5613 
Ang. alter. lateri 80 oO Teor 1079 L PROT oie 
Oppoi. A ene EES Adele 
Elementum unum 56 44h 99247 
Elementumalterum 10 35 169470 
Ang. quefitus 76 19 per addit. 
Angulus tertius 76° 19° = 28 79 
47°73 





Latus quefitum angulo 39 22 45542 
tertio quefito oppofitum. 


X. Si 


CHILIADIS COMPLEMENT. 125 


X. Si datis duobus angulis & latere interjecto, queratur angulus tertius, 
latert dato oppofitus. Tunc ad logarithmum anguli minoris, adde logarith- 
mum lateris interjeti, prodit logarithmus perpendiculi ex majori angulo ; 
cujus perpendiculi logarithmus complementi & affervari debet, et auferri ab 
anguli illus ejufdem logarithmo complementi, relinquetur logarithmus unius 
elementi illius anguli, unde perpendiculum eft demiflum. Hoc igitur ablatum 
ab angulo ipfo toto, vel ille ab hoc, relinquit ejus elementum alterum. 


Hujus iterum logarithmus addatur logarithmo affervato, ita fiet logarithmus 
complementi anguli tertii quefiti, vel ejus exceffus fupra quadrantem. 

Si datorum angulorum alter eft major quadrante, latus datum minus effe 
debet quadrante. 

Si latus datum eft quadrante majus, tunc elementum anguli, quod illi 
refpondet, eft etiam quadrante majus, & fic triangulum obtufangulum, ubi 
perpendicularis cadit extra, 


XI. Si datis duobus angulis, & latere interjecto, queratur laterum refi- 
duorum unum: Tunc quere angulum tertium, ut in precepto x horum, 
ejus logarithmum aufer 4 fumma logarithmorum lateris initio dati, & anguli 
lateri quefito oppofiti, reftabit logarithmus lateris quefiti. 


Ese MPM. ook tee xl,) CAS UU) Me. 
Dentur pvs, vps, vP, queratur vsP & vs. 


Logar. Compl. 
Ang. tot. PYS(T 307)!" 2 F267 900 RAom Nail) nso. 
WPS 1/37.) 34.1 64775. Ber Oan260 16000 
VP! 30) 130% Y4748q 








Perpendic. ,e5,)¥ Loria. PLE 2OO. ETO. Te 5610 affervandus. 
Unius elementi ang. Or 649523 10390 
Alterum elementum ang. 65 40 9300 


5610 affervatus 


59 29 14910 





Queefitus We Pergo, 13\f 67780 . 
Quefitum VS 153900 .$44% (a44aan 


XII. Si datis tribus fpherici angulis, queratur laterum aliquod. 


Tunc primum pro angulo maximo fcribe & ufurpa ejus complementum 
ad femicirculum, deinde angulorum latus quefitum attingentium exquira dif- 
ferentiam : illam ab angulo tertio aufer, eidemque adde, & tam refidui quam 
fumme conftitue femiffes. 

Horum 
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Horum logarithmos adde in unam fummam, a qua aufer fummam loga- 
rithmorum duorum angulorum latus attingentium: refidui femiffis, ut loga- 
rithmus, dat femiffem lateris quefiti ex column4 arcuum; excipe cafum 
unum, fi nimirum in acutangulo triangulo, latus quefitum fubtenfum fuerit 
angulorum maximo: tunc operatione per ejus complementum ad femicirculum 
peracté, ut prius, prodit femiffis, non ipfius lateris quefiti, fed ejus itidem 
complementi ad femicirculum. 

At in obtufangulo, etiam fi latus quefitum fubtenfum fuerit obtufo, & fic 
maximo, valet nihilominus regula generalis, proditque femiffis lateris que fiti 
ipfius. 


EX EVM Pel UM eX eG ALS US. 


Dentur anguli pvs, vsp, spv, queratur Ps. 








| Logarithmi. 

VSP 30° 28° 67910 

Vrs eT a 64720 
Differentia SHENG 132630 fumma 

Complementum ad femicirc. PVs 49 57 
———  fenifl. 

Differentia AS tied ee 4 Wee ESB KD 
Summa SU g as here eee a rey 





172496 fumma. 


rd 


. 39866 diff. fum. 
Quelituin Ps 9 ari fees to 19933 femiff. 


Queratur Pv. 




















PVBO13O (13 Logarithmi. 

Compl. ad femicire: 49 57 26725 
VPS 31 34 64724 

18 23 91449 

vsP 30 28 femiffes. 

12 ae 6° 2% 225142 

48 51 24 257 83309 

o15 450 

222002 

Quefitum vP 38 29 19 142 I11001 


Queratur 


CHILIADIS 


Queratur vs. 


PVS 
Compl, ad femicirc. 
VSP 
Eat Vv 
VPS 
S 
Quefitum vs 





1go° 7 3 
ms ed 
30 28 
19 29 
31 34 femiffes 
eh Gr oF 
Bae Sa CSE: 
39 57 19 582 


ALIUD EXEMPLUM. 


Sint anguli circa latus quefitum. 


Differentia 
Ang. oppof. 
Compl. ad femicirc. 


Quefitus 
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Logarithmi. 
26725 
67937 





94642 


225142 
84187 





309329 





214687 
107343 





30° 28 67917 
76 19 2879 
45 51 70796 fumma 
80 o maximus trium 
190980 
SAM haa a 78712 
145 $1 72 55% 4508 
83220 fumma 
12424 diff. fum. 
LAG Tee VO. e 6212 femiffis. 
39 58. 


Vicifim 


128 JOANNIS KEPLERI 


Vicifiim fint angull circa quefitum hi: 











Logarithmi. 
Maximus trium 80° oO 
Compl. ad femicirc. 100 o } *33t 
Alter 76, .19 2879 
Differentia D2 Al 4410 fumma 
Tertius 30 28 femiffes 
Differentia Sue Ui ale eg ey oe) 
Summa BA RS Ser A AO Te 





361462 fumma 
? 357052 diff. fum. 
Queefitum latus 19 19 ° 9-392 p17dg26ifemill, 





Atque hec de obliquangulis, & in univerfum de fpherice fuperficiei 
triangulis curvilineis, que formantur arcubus circulorum maximorum. 

De rectilineis verd triangulis, feu que formantur in fuperficiei plana, capite 
nono agetur. 





ONG sry ge BS VLE: 


De Copulatione Columne Sinuum, Jeu Numerorum Abfolutorum, 8 Columne 
Logarithmorum. 


PR # C E P -T/U M I. 


Logarithmum excerpere accuratum Numeri {fcrupulofi propofiti. 


T fi rariffimé eft opus tanta fcrupulofitate, quoties tamen eft opus, fit 
EK ‘per prop. xxvii corollarium 111 in hunc modum. 

Propofiti numeri fcrupulofi exceflum fuper rotundum chiliadis proximé 
minorem, continua, appofitis verfus dextram feptem cyphris; fic continua 
tum divide per hunc ipfum proximé minorem, elaboratum tamen prius feu 
continuatum per unam infuper vel duas figuras f{crupulofas, que contineant 
dimidium duarum primarum figurarum excefflus, vel aliquid proximé minus 

dimidio : 
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dimidio: Quotientem aufer 4 logarithmo ad dictum rotundum proximé mi 
norem, reftabit logarithmus propofiti fcrupulofi. 


EXEMPLUM. 


Propofitus efto fcrupulofus 23456,78 
Chilias exhibet ad rotundum 
proximé minorem 23400,00 Log. 145243,42 
Igitur exceflus fcrupulofi eft 56,78 242,36 quotiens auferatur 








145001,06 hic eft logarith. que- 
Ei apponantur 7 cyphre 56780000000 fitus accuratius 
Hune divide per inventum rotun- 
dum chiliadis proximi minorem 2340000 























Sed elaboratum per duas figuras fig- Divifio compendiofa 
nificativas, que fint dimidium de 56780 
56 primis duabus figuris in exceffu 23428 
{cilicet per 28. Ut 2.342800 46856 | 2 
ALIUD EXEMPLUM. 9924 
Sing. gr. 81 fcrupulofus 987 | 68,837 log. 937% a 
Minor chiliadis 987 | 09,00,1308,52 ; 
Exceffus appofitis cyphris 68834000000 ae " 
Divifor 98734 .00 16 ashi hd 
592.404 ‘i 84 
. 959360 RL 
Logarith. 1308,52 888606 9 - a 
Quotiens 69,72 — ——| — m6 
irik T1S42 
1238,80 691138 a 
quefitus ree 
164020 


197468 2 Quotiens, 


Hic prodeunt tantum quatuor figure: 


S ALIUD 


Lo 
oC 


JOANNE (KR EPLERT 


ALIUD EXEMPLUM, 
- 
Sit finus 9° 15643,45 
Rotundi ergo 15600,00 Log. 185789,93 


Exceffus 43545 278,15 quotiens fubt. 
Divilor 15621 ————_— 
1242 : 185511,78 log. quefitus. 











SRE fe) 
12208 
109347 | 














7 
Fax5 39 
124960 
8 
23620 
15621 
I 
80000 | 5 


CPA 0) <r EO. 


Rard ufu venit, ut opus nobis fit logarithmo tam fcrupulofo & accurato : 
plerunque fufficit logarithmus rotundus, cui non fint plures a finiftris figure 
fignificantes, quam in quot figuris logarithmi bini chiliadis, proximi invicem, 
nihil inter fe differunt, una plus. 


Ut quia logarithmus ad 23400,00 eft 1452 | 43,40 
Sed logarithmus ad 23500,00 eft 1448 | 16,97 
Sufficit igitur logarithmus rotundus 1450 | 00,00 
Quia 1450 eft medium inter 1452 & 1448 


SAT UST ID AL As 


Si vero omnino effet opus logarithmo accuratione, tunc fcito, quod in 
logarithmis valdé magnis, ad numeros parvos chiliadis, divifor debeat effe 
vicinifimus medio geometrico, inter numerum datum fcrupulofum, & inter 


proximé eo minorem chiliadis: pauld tamen major medio geometrico: ut 
docet allegata propofitio. 


EXEMPLI CAUSA. 


Si queratur logarithmus numeri 150,00. Hic numerus fcrupulofus eft, 
quia cadit inter duos chiliadis proximos, {fcilicet inter 100,00 & 200,00. 
Exceffus eft 50,00. Sihunc divideres per 12500, quod eft inter 15000 datum 


{crupulofum, 


CHILIADIS COMPLEMENT, 131 


{crupulofum, & inter datum proximé minorem 10coo medium arithmeticum, 


> 


prodiret ote auferendus a 690775,54, reftaretque 650775,54. 
Sin autem dividas per 12000, geometricum medium inter 15000 & 10000 
quotiens erit 41666,67, qui ablatus a logarithmo proximé minoris, fcilicet 4 
690775,54, relinquit 649108,87, quafi logarithmum ad propofitum abfolutum 
feu finum 125,00. 

Quod verd logarithmus ifte fit jam minor jufto, fic patet per ufum pracepti 


fequentis. 
Pro 150,00 fume centuplum 15000,00, ejufque logarithmum 189712,00 
adde logarithmo centuplicationis 460517,03. Sic colligitur logarithmus numeri 
150,00, {cilicet 650229,03. 
Quare quotiens 4166667 quam fubtrahebamus, erat major jufto, ac proinde 
medium proportionale inter fcrupulofum, & chiliadis proximé minorem, {ci- 
licet 120,00, erat divifor minor jufto. 





ALIA EXEMPLARIS OBSERVATIO, 
Pro fcrupuloforum magnorum logarithmis accuratis indagandis. 


Sit numerus fcrupulofu 

















Seu finus 81° 98768,834 log. accuratus eft 1238,80 
Sagitta 1231,166 

Secantis complementi (9°) exc. 1246, 513 
Summa 2477,079 

Horum med. arithmeticum 1238,840 

Differentia medii arith. & fagitt. 7,673 

Adde ad fagittam fit 1238,839 logarthmus feré: qui differt 

Vel differentia exceff. & fag. 15,347 a logarithmo accurato folis 4. 
Ejus dimidium 3673 unitatibus loco fecundo poft 


mate 
punctum, feilicet quia logarithmus eft adhuc parvus. 
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Sic per complementum fcrupulofi parvum. 

Sin 84° 16° 99499,762 
Chiladis numerus major 99500,000 dat log. s01,25 
Complementum fcrupulofi par- 24 quotientem adde 

vum 2.38000000 ena ah nn 

Divifor 9950000 | = 501,49 log. 
quotiens 

Hic fagitta 500,238 
& exceff. fecantis In canone sep iy he 

Faciunt fummam 1002,991 

Dimidium 501,496 paulo majus eft logarithmo accurato. 


Vide fuper hac re etiam prop. xx11 corollaria & precepta, fol. 21. 


Ut compendiosé excerpas logarithmos numerorum quorundam ferupu- 
loforum, {cilicet fine divifione. 


CAS US SP Ret eM UES. 


Si propofitus numerus {crupulofus fuerit minor quam 10000,00, minor 
{cilicet quam decima, pars maximi in chiliade: fic ut logarithmus ejus fit valdé 
magnus, & differentiz logarithmorum circa illa loca non magne tantum, fed 
infuper etiam notabilibus incrementis crefcentes. Tunc logarithmo propofiti 
decupli (qui facilius elaboratur) adde logarithmum decuplicationis, vel lo- 
garithmo centupli, logarithmum centuplationis, &c; ita habetur logarithmus 
propofiti numeri, 


EXEMPLUM. 


Propofitus efto fcrupulofus 2345,68. Hic ctim fit minor quam 10000.00, 
ergo quere logarithmum ejus decupli, {c. 23456,80. Is autem invenitur 
fuperiori methodo 145001,00. Huic igitur adde logarithmum decuplationis 

230258,51 


fumma 375259,51 eft log. queefitus numeri 2345,68. 





ALLIED EXEMPLUM, 


Propofitus efto numerus fcrupulofus 175,00 ut ejus logarithmus exactus 
habeatur: quere centuplt 17500,00 logarithmum, qui eft 174296,93 
Et pro appofitis oo adde centuplat. 460517,03 








Emergit numeri 175,00 log. 63481 3,96 


4 ALIUD 
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: ALIUD EXEMPLUM. 


Sinus unius minuti folet exprimi hoc numero 29,09 queritur-hujus numeri 
logarithmus. 


Scribe milleeuplum 29090,00 
Baer ys : oer teas ® 2 
Hoc proximé minor invenitur 29000,00 log. 123787,43 








Exceffus 90,00. Hic continuatus feptem 
cyphris, & divifus per 29045,00 medium arithmeticum inter datum & ex- 
cerptum: feu ille continuatus 5 cyphris, & divifus pera ons dat quo- 
tientem 309,87, qui ablatus ab exfcripto logarithmo, relinquit logarithmum 





millecuplt 123477,56 
Huic igitur adde millecuplatorem 690775354 
Provenit logarithmus quafitus $14253,10 


Quod fi numerus 29,09 exacté exprimeret finum unius minuti, tunc hic 
etiam exactus effet logarithmus unius minuti: at quia in 29,09 ultima unitas 
non eft omnino plena, ided etiam logarithmus unius minuti eft pauld major : 
ut quidem Urfinus eum exprimit fic 814257. 


Cc ASUS SEC U:INDUS. 


Idem feré proceffus eft, fi datus fcrupulofus fuerit major quidem quam 
10000,00 parvus tamen etlamnum & minor quam maximus chiliadis. Tunc 
enim logarithmo dupli, vel tripli, vel quadrupli (quod quidem non excedat 
maximum chiliadis) additur logarithmus totuplans. 

Ut fi detur numerus fcrupulotus 23456,78. 

Hic etfi major eft quam 10000,00, “eft adhuc tam parvus, ut ejus quadruplus 
{cilicet 93827,12 fit adhuc minor maximo chiliadis. Queratur igitur hujus 
logarithmus : 


Adde 93800,00 eft log. 6400,53 
Appendix fcrupulofa 27,12 aufert 28,82 quotiens auferend. 
138629,44 log. 4 druplans add. 


od 


2 145001,15 logarithmus quefitus. 


Hee dividitur per 938135 
18,76270 














8357300 
7505080 





8 


852220 
835730 








8. 


ed 


16490 | 2 











Hic 
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Hic cafus generaliter proponi poteft, ut circumfpicias, in qu4 proportione 
(terminorum quidem rotundorum) fit numerus propofitus ad aliquem proximé 
minorem maximo chiliadis. Tunc conftituitur proportionis illius logarithmus, 
& per eum augetur logarithmus illius proximé minoris. 

Sit finus quicunque, puta 15643,45; hic continetur in 100000,00 fexies, 
fextuplum enim eft 93860,70. Huc poteft accedere triens 5214,48, & con- 
ficitur 99075,18. Eftigitur 15643,45 ad g9075,18 ut 19 ad 3, logarithmus 
novem decupli eft 299443,90. Hine aufer triplicantem 109861,23 

Logarithmus igitur proportionis eft 189582,67. 


Quare logarithmus illius multiplicis proximé minoris maximo chiliadis per 
divifionem elaboratus eft ifte : 


Exc. 75180000000 99075518 1005,03 








Div. 9903700000 99000,00 75,91 quotiens 
693259 | 7 io Tae SIG 
———_—_—_—_ exc. 75518 | 929,12 
385410 184582,67 
AQ SAB 5.) (G5 BE SAN IB Nailin entrar anes 
cee a Adde log. prop. 185511,79 
902250 Log. quefitus numeri abfoluti 15643,45 
891333 9 
10917 I quotiens, 


CAS US —- TERT TUS. 


Si fcrupulofus, minor quam 50000,00 habuerit non ‘plures quam 4 figuras 
fignificativas, earumque ultima fuerit quinarius. 

Tunc dupli vel quadrupli logarithma in chiliade invento, adde logarithmum 
duplicantem vel quadruphicantem. 


EXEMPLA. 


Ut fi datus fit numerus fcrupulofus 49950,00 minor f{cilicet quam 50000,00, 
ejus dupli 99900, 00 logarithmo 100,05, addelogarithmum duplicationis 6931 4,72, 
fit 69414,77 logarithmus queefitus. 


ANKLE LeU oD 


Supra cafu primo querendus fuit logarithmus ad numerum 17500,00, 
propter fcilicet ejus centefime 175,00 [logarithmum indagandum. Hic fi non 
pofitus effet in ipsa chilade, poffet fic inveftigari. 


Duplum 
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Duplum eft 35000,00, quadruplum 70000,00. Hujus verd logarithmus 


eft 35667,40. 
Huic adde logarithmum quadruplatorem 138629,44 


Prodit qui fupra 174296,93 





es 


CASUS QUARTUS. 


Si datus fcrupulofus, duplicatus continue, tandem fortiatur non plures 
figuras fignificativas, quam tres primas a finiftris, fed tune exceflerit maximum 
chiliadis, tum logarithmo partes 10 vel roo de hoc fic multiplicato, adde loga- 
rithmum duplicationis vel quadruplicationis, &c, a fumma aufer logarithmum 
decuplationis vel centuplationis, &c. 


Ut fi proponatur numerus {crupulofus 51250,00 
Hujus duplus eft 102500,00 

Et hujus duplus eft 205000,00 habens 
fignificativas figuras non ultra tres. 


Hic verd jam eft major quam 100000,00. Ergo ejus partis decimez 20500,00 
Logarithmo 158474,53 
Adde logarithmum quadruplicantem hoc loco 138629,44 
Et aufer logarithmum decuplantem hoc loco 230258,51 





Reftat numeri 51250,00 logarith. 66845,46 

Potuit etiam fumi duplus ipfius 205, &c, {cilicet 410, &c, & rurfum 
hujus duplus 820, &c, hujus log. 19845,09 
Adde fedecuplatorem 277258,88 
EO FL O399 7 
Et aufer decuplatorem 230258,51 
Reftat idem quod prius 66845,46 


COATS US SQ TINGE Urs. 


Si datus fcrupulofus habuerit partem aliquotam, que folas tres figuras a 
finiftris habeat fignificativas: Tunc logarithmo illus partis aufer logarithmum 
totuplantem. 
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Ut fi proponatur numerus 19980,00 {crupulofus. 
Hujus femiffis eft _9990,00. Hujus numeri logarithmus per pre- 
ceptum primi cafus invenitur fic : 


Decupli 99900,00. Logarith. eft 100,05 
Huic adde logarithmum decuplationis 230258,51 
Jta fit log. 9990,00 partis dimidie, —- 230358, 56 
Hinc aufer logarithmum duplationis 69314,72 


RR a | ee 


Reftat log. numeri 19980,00 quefitus 161043,84 


PR CE Por UM. 4 il... 


Dato numero abfoluto, qui excedit maximum chiliadis (ut funt 
fecantes arcuum) invenire ejus logarithmum. 


Excedentis dati conftitue partem aliquotam, que non excedat, puta decimam, 
centefimam, millefimam, &c; vel etiam dimidiam, tertiam, quartam, per 
Caf. 11 preced, 

Ejus partis in chiliade quefite logarithmus, auferatur a logarithmo totu- 
plationis (ut decuplationis, centuplationis, millecuplationis, vel etiam dupla- 
tionis, triplationis, quadruplationis) reftabitque logarithmus excedentis _ pri- 
vativus. 

Ut fi queratur logarithmus numeri 102400,00. Hic numerus habet loca 
oéto, cum chiliadis maximus 100000,00, habens loca itidem oéto, fit tamen 
minor. Quare fumatur numeri dati pars decima 10240,00 utpote que 
jam fit minor maximo chiliadis. Hic numerus ctim jam fit in quarto loco 
fcrupulofus, logarithmum exactum non invenit in chiliade, quare per pre- 
cept. precedens elaborandus eft ejus logarithmus fic: 


Numerus 


ie 
. eae Ay 
bik 44 F | rs 


























“ouIurADIS COMPLEMENT. | Ree ary) 
ua Nuinievis 16246,06 | Sieip? f i 
aa In chil. prox. miné. 46200,60 Babeéns log. 228278 25 | a. 
; — Quotiens | 391539 fubt. oe 
Excef. noftri prolong. 40,00d000006} nein 5 in 
' Divifor eft 1022 000 227886,86. Hic eft fo- Bi 
Medium {cil. 3066 2 garithmus putis decime: qui ahs) 
Arithmeticum inter += - ablatus' 4 logarithmo 230258,6¢1 ae 
datum, & proximé 9340 decuplationis, relinguit loga- : 
minorem chilhiadis 9198 9 rithnrm 237,65 privativom, a 
idk eee ee ed | fizno —, numeri feilicer dati ¥, 
14.20 excedentis 102'400,00. a 
1022 I ) 
‘ re rie Ns 
3066 3 ; | 
gi40 b 
g1o8 9 2 


SABE 8 Kw ae ee. 4 EPR 2 


In hoc. exemplo, quia pars decima numeri propofiti fuit {crupulofa, pre- 
ftabat_nos uti pracepti prioris cafu v. 
Ecc, nurteti 102400,00 propoiiti. 
Semiffis 512100300 rotundus, habet log. 66943,07 fubt. 
Logarithmis duplicationis’ eft 69314,72 





Reftat quod prius 2'37'1,65 


In genere, fi fuerint tres numefi continue proportionales,: eorumque medius 
iden; qui & maximus’ chiliadis; tunc. excedens maximum hune chiliadis lo- 
earithmum habet eundem cum minimo trium, fed privativum, figno — pre- 
ponendo, ne videatur nihil aliud fignificare, quam defectum in figura ultima, 
ut cap. I. 


Ut fi fit 80000,00 ad 100000,00, ut hic ad 125000,00. 


Quia igitur numeri 80000,00, logarithmus eft 22314,36 pofitivus, erit eres & 
numeri 125000,00, Hepat 22314,36 fed privativus. 


Aliter & facilitate inopinabili. 


A dato numero excedente rejice tres ultimas figuras ad dextram. Sic 
curtatum quere inter logarithmorum_ differentias interlineares : & logarithmum 
ipfum ei differenti proximum, planeque refpondentem exfcribe ; erit enim 
hic ipfe logarithmus numeri propofiti excedentis, fed privativus. 

Ut fi queratur, quis fit logatithnrus intervalli Martis & folis 152500, feu 
prolongati 152500,00, ut fit ae folis & terre mediocre iat © 

eletis 





Sa he Wee PURE ye Lt GS Tey PRR Gee Bae et ay RELL 
aw 5 = x a 4 hes i 
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deletis ergo tribus ultimis, reftat 152,50. Huic verd numero. proximus invenitur 
inter logarithmorum incrementa interlinearia ifte 152,55, habens ante fe logarith- 
mum 42312,00, poft fe 42159,45, ut fic ipfi differentie 152,55 intermedia, 
refpondeat etiam intermedius 42230,00 circiter. Hic igitur eft numeri 152 500,00 
logarithmus privativus. 


ASDIM ONG ET OW DES +S EC AaNeDa Bus. 


Atque hinc apparet, etiam fecantes ipfos arcuum complementorum quodam- 
modo haberi per differentias logarithmorum, ad illos arcus, prolongatas tribus 
locis, quod fupra cap. 11. promifi me indicaturum. 


ASD MO INIT (EO (ip AWh oT eas 


Hic poteft vicem chiliadis implere, canonis Neperiani columna media, mes 
fologarithmorum, juncto canone tangentum in hunc modum. 

Datum numerum excedentem quere inter tangentes, et nota ejus arcum in gra- 
dibus & fcrupulis: cum hoc excerpe ex canone mefologarithmorum, mefolo- 
garithmum privativum, habebis fic excedentis logarithmum privativum. 


PR oo Cee a eat oy C1 tL, 


Dato logarithmo, qui non exaété reperiatur in chiliade, affignare 
numerum abfolutum juftum cum fcrupulofitate fua, 
ficubi ea fit opus. 


Dato logarithmo proximé majorem. exfcribe ex chiliade, cum numero ab- 
foluto rotundo refpondente, factaque fubtractione dati ab exfcripto, refiduum 
duc in abfolutum exfcriptum ut multiplicantem, factus, abfectis feptem ultimis 
ad dextram locis, collocetur loco quatuor cyphrarum exfcripti abfoluti: Ita 
prodit quam proxime juftus: abfolutus, dato logarithmo competens. Sed quia 
ei adhuc deeft aliquid, corrigetur fic, fi facti curtati dimidium. colloces loco, 
ultimarum cyphrarum multplicantis, & multiplicationem repetas. 


EX EMPL U M. 


Datus efto log. 145001,10 fubtr. 
Hoc prox. major 





Chiliadis log . 145243,42 e1 refp. abfol. 2340a,00 
Refiduum 242,32 


Duc in abl. exfcript. 234,00,00 





4346/4. 
726196 
96|9280000 


Factus abfedlis 7 ultimis 5670] Hic effet addendus ad exfcrip- . 
tum 











repetoque multiplicationem fic : : 


242532 
23452835 








4846/4 
726196 
96!928 
. 418464 
1193856 
72696 
121160 


Fadtus correctior 5677 


Facilé autem videbit exercitatus calculator, non totam fibi multiplicationem 
effe repetendam, fed multiplicatione per anteriores figuras multiplicantis peracta, 
& fumma conftituta, jam id quod per figuras anteriores femiffis de emergente _ 
facto, fit, tantummodo mubiqendain effe decenter facto priori, in hunc 


modum. 








cum He broibtae! fieretque 23456,70» 


Sed quia pars Pacdends fondutns fk : 
perfecta ; ided dimidium ejus 2835 appono ad multiplicantem, ut fiat 2342835, 


Compendiosé fic, 
quia ultimi 35, 
parum aut nihil 
effictunt. 


CAUTIO 


In logarithmis valdé magnis, non eft accuratiffima hec ratio: id tamen, 
quod peccatur, utcunque magnum, in Jogarithmis magnis, non efficit tamen 


fenfibile quippiam ‘in tis, quorum causa funt logarithmi. 


T 2 








5677 | 


Hoc igitur correctiori facto appofito 
72710 ad primo ex{criptum 
9619 Fit abfolutus juftus 


23400,00 
23450577 


ALIA 
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ALIA ADMONITIO. 


Plerunque non eft nobis opus fcrupulofitate numeri quefiti: fic ut fufficiat 
exferibere aliquem abfolutum medium inter duorum circumftantium loga- 
rithmorum abfolutos. Et tunc etiam fufficit fcribere tam numeros, quam lo- 
garithmos ufque ad pun¢tum; quod quidem punctum huic ipfi compendio 
fervit. 


PRECEPTUM IV, 
Dato numeri logarithmo privativo, invenire numerum.— 


Privativum datum aufer a multiplicatore aliquo majore, ut a decuplatore 
vel centuplatore, &c, vel etiam a duplicante, triplicante, &c; cim refiduo 
quere numerum in chiliade, qui erit quefiti pars decima vel centefima, &c, 
vel etiam dimidia, tertia, &c. 

Ut fi detur logarithmus—2 371,65 privativus: ut fcias quis ei re{pondeat 
numerus : aufer eum a logarithmo decuplationis 230258,51, quippe qui jam eft 
illo major, reftabit 227886,86. Hic indicat in chiliade numerum 10240,00, 
qui erit pars decima queefiti : quare quefitus ipfe erit 10240,00 feré. 

Vel aufer datum privativum a 69314,72 duplicationis logarithmo, quia etiam 
hic jam eft major dato privativo, reftabit 66943,07, qui oftendit in chiliade 
§1200,00, qui eft pars dimidia quefiti: quare ipfe quefitus eft 102400,00. 


Aliter & facilitate inopinabili. 


Privativum datum quere inter logarithmos chiliadis, & incrementum duorum 
proximorum, illi refpondens, exfcriptum, auge tribus figuris ad dextram, 
fic formatus erit numerus logarithm dati quefitus. 

Ut fi datus fit idem, qui prius 2371,65. Hic inter logarithmos quefitus, 
cadit medius inter 2429,27 & 2326,86 & differentia horum, itidem media, eft 
102,41. Hanc auge tribus locis, fiet 102410,00, numerus refpondens, fere. 


ADMONITIO, 


Atque hic iteram vicem chiliadis fupplet ex canone logarithmorum qua- 
drantis, columna media mefologarithmorum. Quifitus enim in ea logarithmus 
excerpat arcu, gradus {cilicet in calce (quippe cum fit privativus) minuta in 
margine dextro. Hic arcus tranflatus in canonem finuum & tangentum, 
oftendit inter tangentes numerum quefitum, 


PR #&- 
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PRECEPTUM V. 
De ufu Differentiarum interlinearium. 


Et fi incrementa logarithmorum chiliadis refpiciunt (intra eam) folos nu- 
meros abfolutos, ad latus pofitos, eorumque logarithmos, inter quos funt in- 
ferta: {ciendum tamen eft, illa eadem, ecdem ordine 4 primo chiltadis’ ipfius 
(diffimulato jam ejus vettibulo) fervire cuicunque ali tabule conftruende, que 
alios numeros (progreffione tamen arithmetica equabili furgentes), alios etiam 
eorum logarithmos habuerit, dummodo paticiores mille fuerint. 

Verbi causa, fi pro numero maximo 100000,00 placeat ftatuere maximum 
60° o”, & huyus partes facere 720, fic ut una pars fit o 5, pro eo quod 
in chiliade eft 100,00 logarithmus in chiliade ad numerum 720 eft 32850,41. 
Hunce aufer a logarithmo ad 100,00, {cilicet 690775,57, refiduus erit loga- 
rithmus ad o' 5” nove tabule, feilicet 657925,13- Quod fi jam fubtraxeris 
ordine omnia incrementa (feu potius decrementa) logarithmica chiliadis ipfius 
(exclufo jam ejus veftibulo) orfus 4 primo 69314,72 ufque ad ultimum ex 
720, {cilicet 138,98, conftituti erunt logarithmi ad omnes partium novarum 
‘collectiones, puta ad o’ 10” & o 15”, &c. Idem fiet, fi unum & eundem 
logarithmum, qui eft ad numerum 720 feu 72000,co fubtraxeris ab omnibus 
& fingulis 720 logarithmis, ordine invicem {uccedentibus in chiliade. 


At UD Beebe Me Poi UM 


Si quis in fubfidium rei monetarie vellet conftruere tabulam, cujus maximus 
numerus fit una marca, hoc eft 16 uncie, hoc eft 256 oboli; logarithmus 


ad abfolutum 25600,00 chiliadis {cilicet 136257,79 
Ablatus a logarithmo primo chiliadis fcilicet 690775554 
Relinquit logarithmum untus oboli feilicet 5 545 ayes 


Ab hoc logarithmo ablata prima 256 incrementa logarithmica chiliadis,. 
quorum primum fit 69314,72, ultimum vero 391,39, conftituent omnium nu- 
merorum monetariorum logarithmos. 

Ufos verd talis tabula facile intelligatur ex comparatione harum pre- 
ceptionum. 

Ego quidem illum hac vice pretereo, clm nulla pars chiliadis 4 re mo~ 
netaria nomen fortiatur. 

Alius ufus indicatus eft preecepto 11. 


RR R- 


\ 
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PRACEPTUM VI. 


Duos numeros abfolutos'in-fe mutuo multiplicare per logarithmos, 
& facium invenire. 


Multa quidem fequentium praceptorum, eipfis inutilia videbuntur, cim 
facilius & exactius operationes alique peragantur vid communi: at propter 
cognationem cum aliis utilioribus, negligenda non fuerunt, lucis causa. 

Quando igitur numeri duo abfoluti funt inter fe multplicandi, ut fciatur 
faétus : tunc hoc eft perinde, ac fi in regula trium, poneretur primo loco ad 
finiftram unitas, loco fecundo & tertio multiplicans, & multiplicandus ; ut factus 
occupet locum quartum, veluti peracta regula trum, quotientem. 

Igitur adde logarithmes duorum numerorum, excerptos ex chiliade : fumma 
quefita rurfum inter logarithmos, monftrat abfolutum in illorum columna nu- 
merum, qui femper eft quefit pars multiplex, proportionis decuple continue. 
Nam fi uterque numerorum abfolutorum fuit minor maximo chiliadis ; tunc 
numero per fummam Jogarithmorum monftrato funt apponende feptem cyphre 
ad dextram, ut ita factus hic recté comparari poffit cum facientibus. 


Boo EM Pel USM. 


Sint invicem multiplicandi 51200,00 log. 66943,07 
& 76800,00 log. 26396,55 


aoe 





Summa  93339,62 


Hec fumma dat abfolutum 39330,00 circiter. 
Igitur factus ex multiplicantibus eft 393300000000,00 circiter, 


Sin autem facientes excedunt maximum chiliadis, tunc per eos excerpi non 
poteft, fed per eorum partes decimas vel centefimas, &c. & tunc etiam facto, 
fic conformato, ut vult preceptum fuperius, apponende funt infuper omnes 
cyphre, que facientium utrique junctim fuerunt adimende, ut excerptio fieri 
poffet. Rin 

Ut fi numerorum fuperiorum alter fuiffet uno loco longior, fcilicet 768000,00, 
etiam factus. prodiret uno loco Jongior, fcilicet 3933000000000,00. Sin autem 
etiam alter fuiffet duobus locis longior, fcilicet 5120000,00, factus prodiret in 
yniverfum tribus locis longior, feilicet 393300900000000,00. 


CUASTIe T S502 


Si logarithmus ex additione excrefceret fupra maximum chiliadis loga- 
rithmum, ipfius etiam veftibuli: aufer ab eo decuplatorem vel centuplatorem, 
&c. fic ut remaneat minor maximo chiliadis: per hoc refiduum excerptus 
numerus abfolutus, & per praceptum conformatus, debet jam viciffim curtari 


una, “duabus, &c, figuris. 
PR £-— 





POR CA CER lh UM. Vite 


Numerum abfolutum quadrare, feu ejus quadratum preter propter 
invenire. 


Duplica Sear ae numeri quadrandi, duplum hoc inter logarithmos 


quefitum, exhibet ex columna fua numerum abfolutum, cui funt apponende 
ad dextram feptem cyphre; fic habebitur quadratum numeri propofiti, faltem 


in primis ejus figuris ad finiftram. Nam _ loca reliqua ad dextram cyphris — 


impleta, nullius funt momenti, etiam: fi vel {crupulofifimé exprimerentur. 


Exe M Pel UM. ~ 


Quadrandus fit 3100,00 log. 347376,85 
Ejus duplum 694753,62 

Hoc duplum indicat abfolutum 96,10 } 

Ergo quadratum queefitum eft 9610000,0000 


VIE 


Sit quadrandus 31000,00 log. 117118,30 

Duplum —- 23. 4236,60 a) i 
Hoc duplum indicat abfolutum 9610,00 
Ergo quadratum quefitum eft. 96 1000000,0000. 


PRECEPTUM VIII. 
Numeri abfoluti cubum invenire. 


Triplica logarithmum numeri; -triplum hoc inter logarithmos quefitum, ex- 
hibebit primas cubi quefiti figuras, quibus apponende funt alize 14. ‘ 


Eo BM Be Un Vien 


Numeri abfoluti g0000,00, logarithms 10536,05 triplicatus facit 31608,15,. 
qui ut logarithmus dat ex columna numerorum: abfolutorum: 72900,00. 
Erg6:cubus eft 729000000000000,000000. 


Beh fe Cl Be ie iL IX.- 


‘$i duorum numerorum abfolutorum major dividendus eft per 
afi minorem ; quotientem eruere per logarithmos. | 


Quando dividendus eft major per minorem: tunc hoc eft perinde ac fi in 
regula trium, primo’ loco ad finiftram  collocaretur minor, fecundo major, 
tertio unitas, quartoque loco ad dextram quotienss Nam ut minor eft ad 
majorem, fic unitas ad quotientem. 

Aufer igitur logarithmum minoris, 4 log. unitatis abfolute in veftibule 
chiliadis, fcilicet ab 1611809,59, refiduo adde logarithmum majoris, fumma 
inter logarithmos queefita ofendit inter abfolutos quotientem. 

| ; EXEMPLU Me 
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Ex 2M BL UM, 


Sit dividendus 99200,00 pro 3200,00.. Hujus ergd logarithmum 344201,94 
aufer, & viciffim illius logarithmum 803,22 adde, ad 1611809,59, conficietur 
logarithmus 1268412,87, qui oftendit abfolutum 0,31. Ergd 0,31 eft 
quotiens. 

VEE; 


Aufer logarithmum: minoris 2 proximé majori logarithmo unitatis egal 
cunque in chiliade, refiduo adde logarithmum majoris, provenit logarithmu® 
numeri, 2 quo funt abfcindenda totidem. loca, quot cyphras habuit unitas illa» 
que logarithmum dedit. 


Ut fi in exemplo fuperiori logarithmum minoris 344201,94 abftuliffes a 





460517,03 logarithmo numeri 1000,00, refiduus fuiffet 116315,09 
Cui additus majoris log. 803,22 
Confeciflet logarithmum 117118,31 


Hic verd indicat 31000,00. Quia verd numerus feu unitas illa 1000,00 
haber 5 cyphras, decurta igitur hune viciffim 5 ultimis locis, manetque 31. 


OBSERVATION E 5. 


_ Si per diviforis decuplum diviferis; prodibip pars decima quotientis quefiti : 
& fic confequenter. . 
Si unus vel ambo excefferint maximum chiliadis: decurtatis ambobus equali 


numero lgcorum, fic ut fiant minores. maximo chiliadis, operatio’ peragatur, 
prodibitque quotiens. juftus. 


Bex beMeP uA PDA Mal Ss Sis ve FIG UPR 68 er OS 1 PUNE Carey. 


Dividendus fit 100000 per 4362. 

Hic poffum uti diviforis decuplo 43620, cujus log. cum fit 82965, avferam 
eum 4 logarithmo proximé majori unitatis alicujus ex chiliade, feilicet 4 
numeris 100co logarithmo 230259, reftat 147294, cui jam nihil additur, quia 
logarithmus numeri 100000 eft o. Hic ergé logarithmus oftendit abfolutum 
22950. Sed quia unitas ufurpata habet quatuor cyphras, debent ergo. viciffim 
- rejici ab hoc abfoluto, quatuor quidem loca, ut formetur pars decima quo- 

tientis, tria vero, ut ipfe-quotiens. Erit igitur ille 23 vel’ 222%. 

Quod fr dividendus. fuiffet 1090000, divifor. 4362: tune pro ro000000, 
chiliadis maximum. (ufque.ad. punétum) fuperante, f{cripfiffem. 100000; ut qui 
non fuperat, &. pro 4362,4364 utrumque f{cilicet curtaflem equaliter. 

Tunc ufus priore proceffu, pro 4364 ufus-efflem ejus.centuplo 43620. Et 


prodiffet 2,452. centefima. quotientis, ipfe igitur. quotiens: 225.%.. 


J AHA WKS 
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ALIUS DIVIDENDI MODUS. 


Dividendum majorem decurta, uti curtatus fiat minor divifore. Tunc 3 
logarithmo curtati aufer logarithmum diviforis, refiduum erit logarithmus nu- 
meri, qui decurtandus eft tot locis, ut decurtatio utraque deleat loca 7 (vel, 
fi omittimus figuras poft punctum, loca 5.) 

Ut fi fit dividendus 99200 per 3200. 

Rejectis 4 dividendo duabus figuris fit 992 jam minor divifore. Jam igitur 
per obfervationes fuperiores fume utriufque decuplum, ut fiant proximi maxi- 
mo chiliadis. 


Ergd 32000 logar. 113943 
9920 logar. 231062 


Refiduum 117119 





Eft logarithmus numeri 31000. Quia igitur 4 dividendo rejecte funt figuras 
due, rejiciantur jam a quotiente tres, ut rejectarum fint 5 formabitur quo- 
tiens 31. 


PRACEPTUM Xe 
Ex numero abfoluto, ut quadrato, radicem extrahere quadrati. 


A numero abfoluto propofito refeca loca bina & bina, tantifper, quoad 
loca refidua ad finiftram reprefentent numerum non majorem maximo chi- 
liadis: numeri fic decurtati logarithmum adde logarithmo unitatis pure in 
veftibulo chiliadis: fumme femiffis quefitus inter logarithmos, oftendet é 
regione inter abfolutos, primas figuras radicis quefite, cui numero pro 
binis locis prius refectis, reftituende funt fingule cyphre. Ita formatur 
radix quadrata queefita. 


EXEMPLUM., 


uadratum efto 961000000, queritur ejus radix quadrata. Numerus igitur 
ifte habet loca g, cim. maximus chiliadis habeat tantim 8. Abfcinde duo 
ultima (numero pari) ut reftent feptem. 


Ered 96100,00 habet log. 3978,00 
Sed pure unitatis in veftib. log. 1611809,59 


eeepc SS) 





Summa 1615787,59 


Semiffis 807893,80 


Hic femiffis indicat abfolutum 31,00, huic verd pro duobus locis prius re- 


jectis jam reftitue unam cyphram, ate vera radix 310,00, 
ALIUS 
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ALIUS MODUS SINE LOGARITHMO UNITATIS, 


A numero propofito rejice loca ad dextram numero impari, ut fiat minor 
maximo chiliadis : 

Hujus numeri decurtati logarithmum ipfum bipartire, chm femiffe inter lo- 
garithmos quefito, excerpe ex columna abfolutorum numerum competentem, 
qui offert primas ad finiftram figuras radicis quefite : fed nifi feptem omnind 
loca dempta fuerint initid, nondum erit hic numerus radix ipfa. Pro binis enim 
minus quam feptem illic ademptis, fingule cyphre hic funt adimendz, pro 
binis pluf{quam feptem ademptis, fingule reftituende. 

Et nota, quod etiam fi numerus ipfe ftatim initio fuerit minor maximo 
chiliadis ; tamen unus illi locus fit demendus, ut radici demantur tria loca, 
vel unus adjiciendus, ut radici demantur quatuor, vel fi tam eft parvus, tres 
adjiciendi, ut radici demantur quinque. 


EXEMPLUM. 


Ut fi quadratus proponatur 961000000. Hic ctm habent loca 9, fi 
auferres unum, adhuc haberet nimium, o¢to fcilicet, & in primo novenarium, 
ctim maximus chiliadis habeat ofto quidem & ipfe, fed in eorum primo unitatem. 
Aufer ergd loca tria (numero fcilicet impari) reftant fex, numerus fcilicet 
961000. Huyus logarithmus eft 234236 ufque ad punctum, femiffis hujus 
117118 oftendit 31000,00. 

Quia igitur quadrato, loca funt dempta 4 minus quam 7 demenda jam 
funt huic numero duo ; formaturque radix 310,00. 

Si quadratus fuiflet 9610000000000, conftans fcilicet locis 13, ut igitur 
minor reftet numerus, quam maximus chiliadis: oportet refcindere loca 7, 
numero fcilicet impari: & tunc peraéta operatione de invento abfoluto refcin- 
deretur nihil, quia loca 4 quadrato refcifla, fuerunt numero feptenario, quot 
cyphras habet maximus chiliadis. 

Si verO quadratus habuiffet loca 15, refcindenda fuiffent loca 9, numero 

fcilicet impari, ut femper in hoc modo: ut fcilicet reftaret numerus minor 
maximo chiliadis. Ctm autem 9 excedat 7 binario, jam igitur ad nume- 
rum per operationem inventum, vicifflim fuiflet apponenda una cyphra. 
— Denique fi quadratus fuiffet 9610000, adhuc rejiciendus fuiffet ab illo locus 
unus, femper enim in hoc modo aliquid impari numero mutandum eft. Unum 
verO 4 7 ablatum relinquit 6, tres igitur cyphre tunc fuiffent rejiciende, 
ut radix tunc fiat 31,00. 

Et fi quadratus fuiffet 96100, rejici poterit unus locus, poterit & addi unus, 
ut prolongatus nihilominus fit minor maximo chiliadis. Sed tunc qui apponit 
unum, is demit uno minus quam nihil. Differentia verd inter 7, & inter 
unum minus. quam nihil, eft 8, quatuor ergo demeret loca de invento 
31000,00,- ut fic formetur ipfius 96100 radix 310. 


Ita fi quadratus fuilfet 9610, potuiflent addi loca tria, fuiffetque 96100,00 
2 minor 
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minor maximo chiliadis, habens logarithmum 3978. Semiffis verd. 1989 often- 
diffet abfolutum 98029,00, 

Tria veré loca prius appofita pro vii delendis, faciunt decem: quingue 
igitur hic dele, ut reftet radix 98 plus, numeri quadrati 9610 feré. 


PREGEPTU'M.. XI: 
Medium proportionale inter duos abfolutos datos invenire. 


Quia hoc fit in arithmetica vulgari, multiplicatis in fe mutué duobus datis, 
factique radice quefita; fit igitur per logarithmos fimiliter, conjun@tione in 
unum, fexti & decimi preceptorum ; in hunc tamen modum commodiflimé. 

Abfolutus uterque acquirat loca 7, nifi forté unus eorum fuerit ipfe maximus 
chiliadis, huic relinqui poffunt loca ofto. unc fic aptatorum logarithmi ad- 
duntur, cum fumme femiffe, ut logarithmo, excerpitur numerus abfolutus ; 
cui funt reftituenda loca prius abfcifla, vel demenda quz erant ptius adjecta 
facientibus utrifque. 


EXEMPLUM. 


Sint duo numeri 987654321 & 59643, queritur eorum medius proportionalis. 
A primo rejice loca duo ad dextram, ad fecundum appone duas cyphras: 


Ergd 9876543 log. 1242,25 
5964300 log. 51679,34 
Summa 52921,59 

Semiffis 26460,80. 





Hic dat abfolutum 76750,65. Cum igitur uni datorum dempta fint loca 
duo, alteri totidem appofita: viciffim huic invento duo funt apponenda, duo 
vicifim demenda, hoc eft, compenfatione faéta nihil mutandum. Ita hic ipfe 
eft medium proportionaie quefitum. 

Hic opera precium eft videre, quantus error fuiflet commiffus, fi logarithmi 
fuiffent excerpti per proxime minores vel majores abfolutos fine elaboratione 
{crupulosa. 


Numero 98765,43 
Vicinior chiliadis & major 98800,00 dat log. 1207,26 minorem jutfto. 
Et numero 59643,00 
Vicinior chiliadis & minor §9600,00 dat log. 51751,46 majorem jufto. 
Summa 52y58,72 propé vera 
Semiffis 26479,36 





Jam logarithmus chiliadis hoc proximé major, ut qui propior, dat abfo- 
lutum 76700,00. Ergd femiffe ipfi refpondebit plus aliquid. Itaque fi 
Up2 medium 
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medium eligam inter 76700 & 76800, puta 76750,00, id erit proximum vere. 
Sané fupra vides inventum 76750,65. 


PREHECEPTUM XII. 


Propofiti numeri radicem invenire cubicam, ejufque radicis qua- 
dratum. 


Quia unitas eft ad radicem cubicam, ut hec ad quadratum ejus, & hoc ad 
cubum ejus: ergo 4 numero abfoluto, qui ut cubus proponitur, rejice ad 
dextram loca terna & terna tantifper, quoad ufque loca refidua reprefentent 
non majorem maximo chiliadis: Numeri fic decurtati logarithmum, aufer 3 
logarithmo unitatis pure in chiliadis vefubulo, refidui tertiam partem, fi adjeceris 
logarithmo numeri, conftitues logarithmum utilem indagando cubice radicis 
quadrato, fi duas tertias adjeceris, fiet logarithmus pro ipfa radice cubicé. 
Excerpe igitur abfolutos, cum utraque fumma conftituta, inter logarithmos 
quefita, & pro ternis locis prius demptis, appone radicis quidem numero 
cyphras fingulas, ejus vero quadrati numero binas.: ita formabitur, & radix 
cubica & ejyus quadratum, 


EXEMPLUM. 


Propofitus efto cubicus numerus 729 cum 18 cyphris, loca fcilicet habens 2+. 
Rejice loca 15 quinquies {cilicet terna: quia fi 12 rejiceres, reftarent 9, plura 
{cilicet quam habet maximus chiliadis. 


jam igitur 72900,00 dat log. 261866,63 
Sed unitatis prime in veftib, log. eft 1611809,59 
Differentia 1349942,96 
Seu quod idem eft 72900,00 
Dat log. 31608,15 
Sed unitatis fecunde in veftibus log. 1381551,08 








Differentia 1349942,93 
Huyus pars tertia 449980,98 





Summa pro quadrato 711847,61 


ee 


Summa pro rad. cub. 1161828,59 





Ergo fumma prior dat 81,00, cui appone propter loca 15 prius rejecta, cy-. 
phras 10 fiet 8100000000000. Quadratum radicis cubice. 
Sic pofterior fumma dat 90, cui appone pro 15 locis prius rejectis jam cy- 
phras 5, ita fit radix cubica 90000,00. 
PR A 
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PRE CEPT UsM XiIll. 


Invenire logarithmum, indicem proportionis, inter duos numeros 
datos. 


Magnum habet ufum hoc preceptum ad triangula plana folvenda, de 
quibus agemus capite fequenti. 

Sunt autem cafus vari. Aut enim uterque datorum terminorum inve- 
nitur expreffus in chiliade; aut alter folum, aut neuter. Et fi uterque in 
chiliade; tunc ii aut proximi funt invicem, ut 237, 238 feu 23700,00, 
23$00,00, & tunc differentia logarithmorum, numeris ad latus refpondentium, 
eft quefitus proportionis index ; ut in hec exemplo 421,05 indicat proportionem 
inter 237, 238. Aut non funt invicem proximi, fed diftant interjectis aliis : 
tunc logarithmus majoris auferatur a logarithmo minoris, reftabit logarithmus 
proportionis inter datos terminos. 


EXEM P.LA. 


Sint termini proportionis 1 & 60. 
Numeri 1000,00 logar. 460517,03 
Numeri 60000,00 logar. 51082,56 auf. 








Reftat log. proportionis inter datos 409434,47 qui ided & fexagecuplator 
dici poteft, 


Sic numeri 1000,00 logar. 460517,03 
Et numeri 24000,00 logar. 372970,14 


ees 3 -y 


Reftat log. vigintt quadruple proport. 87546,89 





Sin vel neuter ex terminis, vel alteruter folim invenitur expreffus in 
chiliade: tunc vel cadit talis inter duos chiliadis, proximos invicem, eftque 
fcrupulofus, vel excedit maximum chiliadis. 

In priori cafu elaboretur prius logarithmus numeri ferupulofi; & tunc per 
eum operatio eft eadem, que prius. 

In pofteriori cafu fumantur numeri utriufque qué multiplices partes, mi- 
nores maximo chiliadis, & cum eorum logarithmis agatur ut fupra, 

Ut fi queratur proportio inter 102400,00 

| & 100000,00 
Decurta eos equaliter, ut fint eorum partes decime {cilicet 
10240,00 log. 227886,86 

10000,00 log. 230258,51 





Erit proportionis log. 2371,65 

NOT A. 
Si numerorum alter fuerit ipfe maximus chiliadis, tunc ipfe logarithmus alterius numeri, eft index pro- 
portionis inter utrumque feu pofitivus fuerit logarithmus, feu privativus. Logarithmus enim de- 


finitus eft poft prop. xx. nihil aliud quam. hxc ipfa proportio. 
PR H- 
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PRA CEPT UM. XIV. 


Proportionem cum terminis fuis datam fecare in partes, que fint 
ad invicem in alia proportione propolita. 


Data fit proportio inter termines 37 & 53. 

Hac proportio fit fecanda in partes duas; quarum una fit ad alteram,* 
ut 5 ad 2. 

Igitur conftituatur quantitas proportionis fecande per precedens pre- 
ceptum. 





Logarithmi Logar. 

Termini 5300—293746 vel 53000—63488 
3700—329684 37900-9942 

Proportio 35938 35937 


Jam fecunde proportionis, fecundum quam fecanda eft prima, termini 
funt 5 & 2, fumma 7. Divide igitur proportionis prime quantitatem in 7, 
erit pars feptima 5134, & due feptime 10268. Ergé quinque feptime 
25670. Api Lait fe beet ihe 

Quantitate partium inventa, jam duplict via potett fecari in has partes prima 
proportio: Aut enim ut pars major ftet 4 plaga termini majoris, 


Igitur termini majoris logarithmo 63488 
Adde partem majorem 25670 


Summa 89158 


Hec ut logarithmus oftendit abfolutum 41000 feré. Ergé ut fe habet 
sad 2, fic fe habere fecimus proportionem inter 53, 41 ad proportionem inter 


41, 37: , ms A ae he 
Aut ut pars minor fecte, ftet 4 plaga termini majoris, 


Eidem erg6 termini majoris logarithmo 63488 
Adde partem minorem 10268 


Summa 73756 


Hec ut logarithmus oftendit 47830 circiter. 

Ergé ut fe habet 2 ad 5, fic fecimus fe habere proportionem inter 53, 47.33, 
ad proportionem inter 47-535, 37- 

Idem efficiemus etiam per logarithmum termini minoris, fubtrahentes 
ab €0. 


ALIuD 
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ALIUD EXEMPLUM ET NOBILE QUIDEM,. 


Datur proportio inter dies 687 periodi Martis & 365% periodi folis (terre 
Copernico), fit hec proportio fecanda in partes duas, fic ut major ad minorem 
fe habeat, ut 2 ad 1, & ut major pars proportionis divife ftet a plaga termini 
minoris, ut ita proportio tota fit ejus partis majoris fefquialtera. 


Ergo termini majoris 68700 log. 37542 
Termini minoris 36525 log. 100740 


Quantitas ergé proportionis 63198 





Proportionis verd diviforie termini 2, 1 faciunt 3, qua fumma, divifa: 
quantitas proportionis, facit ejus trientem 21066, & duos trientes 42132 
Hos aufer a logarithmo partis minoris 100740 


Reftat 5 8608 





Hoc ut logarithmus oftendit numerum abfolutum 55650. Ergd ut 1 ad 2, 
fic fecimus proportionem inter 68700, 58608 ad proportionem inter 
58608, 36525. : 

Quod fi ex termino minori 36525 fiat r1ooo00, diftantia mediocris {olis. 
& lune, tunc ex hoc invento termino majori 58608, fiat r524,00 feré: dife 


tantia folis & Martis mediocris. 
Et fit manifeftam, quod proportio periodicorum temporum fit fefquialtera 


proportionis intervallorum mediocrium: ut indicavi in. Epitomen Aftronomie 
Cop. libro iv. 


PRECEPTUM XV. 


Regulam proportionem feu detri abfolvere per logarithmos, feu 
fine multiplicatione & divifione. 


Pofitis in regula tribus datis numeris, in chiliade comprehenfis, ut docet 
vulgaris arithmetica, aufer logarithmum finiftimi a logarithmo medi, vel hunc 
ab illo: differentiam logarithmo: dextimi adde in primo cafu, fubtrahe in {e- 
cundo, fi poteft: fumma illic, vel hic refiduum, eft logarithmus quarti quefiti 


feu quotientis pofitivus.. 
Rurfum autem fi logarithmus tertii fuerit minor refiduo, fubtrahe viciffim 


illum ab hoc, remanebitque privativus logarithmus, numeri {cilicet. abfoluti,. 
{eu quotientis, fuperantis maximum chiliadis. 


EXE M. 


15% JOANNIS KEPLERI 
EXEMPLUM PRIMI CASUS. 


77100 dat hs quid 92500 
Log. 63111 
a — Log. 26007 fubt. 
Refiduum 37105 
Logar. 7796 adde 











Logarithmus 44901 quotientis 63800 plus. 


EXEMPLUM SECUNDI CASUS. 
376 dat 941 quid 765 


Log. 6081 fubtrahatur ut minor 
—Log. 13239 








Refiduum 7158 fubtrahe quia fecundus fubtractus 
Logarithmus 26788 ———-—. 














Logarithmus 19630 quotientis $22 minus. 
EXEMPLUM CASUS TERTILI. 
889 dat 996 quid 960 


Log 4o1 fubtrahatur ut minor 
Log. 11766 





Refiduum 13365 fubtrahendum erat, quia fecundus|fubtractus fuit 
Logarith. 4082 fubtrahe hunc 
——— quia minor eft refiduo. 
Logarith. 7283 privativus, quia tertius fubtraétus fuit. Hic igitur 
privativus periv preceptum, dat quotientem 1075 majorem maximo chiliadis 
1000, ut hic quidem operamur per curtatos. 











N O T A. 


_ Licet autem commoditatis caufa, omnes tres in regula pofitos, vel prolongare, vel curtare,’ ut 
fiant proximé minores maximo chiliadis : & tunc quotiens, qui pro fic accommodatos elicitur, idem 
debet pati, quod paffus eft Aniftimus: eos vero locos, qui fecundo & tertio fuerunt adempti vel ap- 
pofiti folus, quotiens omnés contraria ratione vel recipere debet, vel amittere. 
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De Cofulatione Columne Logarithmorum cum duabus aliis junéhis, 


PR Ae Ge Pit Ui Ae. Ge NE RAY Tuk, 


rum columnarum numeri, ficut duo quidem ex iis fint ex unius co- 
lunine genere, unus verd refiduus cum quotiente quetfito competat in co- 
lumnam alteram: tunc operatio per logarithmos perfici poteft; tam in vul- 
garibus feu abfolutis numeris, quam in logifticis. 
* Hujus mixture dabo aliquot exempla, tanquam precepta particularia. 


O UOTIESCUNQUE in one proportionum offeruntur diverfa- 


I PRECEPTUM. 
Dividere horas vel gradus per fexagenaria fcrupula, 


Quia enim eft, ut divifor fexagenarius, ad dividendum, fic integrum feu 
60’ ad quotientem: Divifor igitur & integrum, funt ex genere eodem fexa- 
genario, dividendus vero & quotiens poflunt effe ex quadrivicenaria, Poffunt 
igitur illa exempla capitis v1, precepti 111; ubi dividendus aliquot i integra cons 
tinet, pofiunt, inquam, plerunque per quadrivicenariam perfici, 


Ut fi pia Utdupray 354g T'S I ee LO erage: 
Msg y | 108: 185470 circ. ex quadrivic. 
Oa Y, 3 log. 4900 ex fexagenar. 
Refiduum 180570 dat ex quadrivicenaria quotientem 
3° 56 30° ut & cap, vi. 





Livy PB Re Ae Ge) BT UM 


Partem proportionalem fcrupulis fexagenariis, capere de differentia, 
excedente integrum, 


Addantur logarithmi ferupulorum in fexagenaria, & differentia excedentis 
in quadrivicenaria, quefitorum fumma ex quadryicenatia oftendit partem pro- 
portionalem, 


x : Ut 
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Ut fi uni gradui anomalie medie refpondeant 1° 24’ 17” coequate, quid 
competit minutis 49,23. 


fe] 


1° 24° 17” log. 284000 circiter 

Se. 49 23 log. 19480 

Summa 303480 dat 1° 9° 15” tanttm competit 
{crupulis 49,23. 


lil. PRA CHP TU M. 


Dato diurno folis, vel planetarum v unius, colligere aliquot 
horarum motum. 


Si diurnus iminor eft quim 60’, ut in Saturno, Jove, Marte, & in fole ; quere 
eum in fexagenaria, numerum horarum in quadrivicenaria, & adde eorum! 
logarithmos ; “famma in logarithmis quefita, eruet ex fexagenaria partem horis: 
competentem. 

In fole, Venere, Mercurio, fi diurnus:eft inter 1 & 2°, quere proportionalem 
partem de exceflu fupra 1°, eamque adde ad id, quod horis datis in fexa- 
genaria re{pondet per caput 1v. In Mercurio: verd, fi ejus diurnus fuperat 2° 
pattem proportionalem de exceflu, adde duplo illus, quod horis datis ref- 
pondet in fexagenaria. 

Aliter, quia diurnus plerunque conftat integris fcrupulis, fine appendice 
fecundorum: querere illa poteris non in fexacenarid, fed inter abfolutos, pro-: 
longata prids, ut cap. vii1 docui: & tunc que ex logarithmis colligitur fum-: 
ma, quefita in logarithmis, rurfum inter abfolutos oftendet partem propor- 
tionalem decurtandam iterum totidem locis. 


EXEMPLA. 





VEL 
Sit diurnus 17’, hore 19. 48’ o” 19237 
Horar. 19 48° log. 19237 | Ex abfolutis 17000 
Ser. 17’ ex fexag. log. 126200 | Log. 177200 
Summa 145437 Summa 196437 
Pars ge oe ex fexagenaria 14° 1” Ex abfol. 14020: 
colum. 


Jam fi Veneris diurnus fuiffet 1° 17’, tune é regione 19 48’ invenio fcru+ 
pula -49° 30°, que addenda funt ad 14’ 8” partem proportionalem de vexceflu,. 
effetque arcus quefi itus Die ec Bat al Mercurit diurnus fuiffet 2 17" > dupli- 
canda fuiffent illa 49’ 30” addendaque 14° 1”, ita collegiffemus 1° 53’ r”. 


2 IV. PR Me 
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IV. PRECEPTUM, 


Horarium elicere ex motu aliquot horarum datarum, minore 
N / 
quam 60. 

Aufertur logarithmus horarum datarum, in quadrivicenaria quefitarum, 4 
Jogarithmo ex fexagenaria fcrupulorum, horis competentium; refiduum, ut 
Jogarithmus, ex fexagenaria exhibebic horartum, Exempla funt facilia & 
obvia. ~ 


VY. PRECEPTUM™M 


Data feparatione diurna minore quam 60° & diftantid planeta, 
ab alterius afpectu, minore ea quam eft diurnus, prodere 
horarum intervallum refpondens. 


: “A : . . . a 

Tn fexagenaria, vel etiam inter abfolutos, queefitis diurna feparatione & 
diftantia, logarithmus illus aufertur 4 logarithmo hujus, refiduum, ut loga- 
rithmus, exhibet horas ex quadrivicenaria, refpondentes diftantie feu intervallo. 


Viv PRL EG EP TUM, 


Hoc medo etiam ingreffus folisin figna computatur: Per diurnum {cilicet 
folis, & per diftantiam ejus a principio figni, in meridie vicino, in fexagenari4 
quefitis, & logarithmo illus ablato 4 logarithmo hujus. Refiduum enim, ut 
Jogarithmus, oftendit in quadrivicenariaé, horas ante vel poft meridiem. 

- Plurima alia per hanc combinationem columnarum perfici poflunt: fed fex 
{ta exemplorum loco fufficiant. Jam enim ad rariora & {crupulefiora nen- 
nulla tranfeundum, fupra dilata, & in hunc locum rejea. 


Vii, PRECEPTUM 
Cuilibet arcui finum fuum ferupulofum affignare per logarithmos. 


Subfidium, ut vides, paratur hfe capiti 11, ut in ejus tractatione promiferam. 
‘Quanta igitur fit operatronis certitudo, vide ibi: nunc modum doceo. 

Ab arcu dato aufer proximé minorem chiliadis, & exfcribe ejus finum 
fotundum, ut jam corrigatur, fuamque acquirat fcrupulofitatem. Tunc in fexa- 
genaria, quefitis & exceffu arcus dati, & differentia binorem arcuum chiliadis, 
inter quos arcus propofitus intercidit, auferatur logarithmus hujus a logar. 
dllius: Refiduum immiffum in logarithmos, oftendit inter abfolutos numerum, 

xX 2 qui 
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ui precifis tribus ultimis locis ad dextram, fit augmentum fcrupulofum ex- 
{cripti finus rotundi. 
EXEMPLUM. 


Propofitus efto arcus 37° 49° 53” 
Proximé minor chil. 37 48 26 dat rotund. 61300,00 











Refidui’ 0 1°27 log. 3472900 circ. 
Differentie inter duos chil. 4 21 log. 262400 circ. aufer. 








Refiduum 110500 


Hoc quefitum, ut logarithmus, dat inter abfolutos numerum 33190,00 cir- 
citer. Ergo precifis 3 locis, acquirimus 33,19, & fit finus fcrupulofus arcui, 
propofito conveniens 61333,19- 


COA TU AF et tOs 


In fine quadrantis, ubi differentia in chiliade fuperat 60’, uti liceret column. 
quadrivicenaria, nifi tum fimul etiam proportionalitas, quam hoc preceptum. 
prefupponit, infigniter turbaretur. | 


Vitti. SPR EOP er suave. 
Viciffim cuilibet finui ferupulofo, fuum aflignare arcum. 


Primtm cum finu rotundo, proximé minori, exfcribe arcum & differentiany 
fubjectam. Tune ad 4 ulumas figuras finus fcrupulofi (ad exceffum {cilicet 
finus dati fupra rotundum chiliadis proximé minorem) appone tres cyphras,. 
& quzfito numero fic formato inter abfolutos, differentia ver6 in fexagenaria, 
adde eorum logarithmos ; fumma ut logarithmus. oftendet. in fexagenaria, {crus 
pula prima & fecunda, addenda arcui ex{cripto. 


EXEMPLU™M.. 


Ut fi detur finus ferupulofus 61333,10, proximé minor rotundus 61300;00: 
dat arcum 37° 48° 26". Et differentiam 4’ 21 cujus logarithmus 262400 
circiter. Quatuor autem ultime finus fcrupulofi figure hic funt 3310, pro-- 
longatus hic numerus, vt fit 33100,00 dat logarith. 110500,. qui additus ad 
priorem, facit fummam 372900 circ. 

Hec oftendit partem proportionalem 1’ 27”. Ergo arcus erit 37° 49° 53.” 


IX. PR X= 
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FX. PRACEPTUM. 


Cuilibet arcui fuum affignare logarithmum fine magno labore. 


Rurfum hic fubfidium paratur doctrine triangulorum fphericorum, cap. vir 
tradite, pro curiofis, qui dedignantur operari cum logarithmis rudibus, Pre- 
ceptio erit verbofa quidem ; at non valdé neceffaria, ne metuas calculator. 

Ctm enim in hac chiliade, tam arcus, quam logarithmi exhibeantur fcrupu- 
lofi; & differentia, inter arcus quidem interjecte, crefcant continud inter 
logarithmos verd, decrefcant; ut ita neutrobique maneat unus & idem numierus 
conftans: laborem equidem haud levem fumpferit, qui, quotiefcunque opus 
fuerit logarithmo exacto, toties multiplicatione fcrupulorum & fecundorum ex- 
ceflus arcus, in differentiam logarithmorum, ut in numerum apicibus carentem 
(diverfi fcilicet generis) & rurfum, facti divifione in differentiam, ex fcrupulis 
& fecundis conftantem, venari velit partem proportionalem. 

Hic igitur juvent logarithmi feipfos, ut contribules. Cum arcu chilladis, 
qui proximé minor propofito arcu vel angulo fuerit, exfcribe logarithmum 
exactum; eumque arcum fubtrahe a propofito: & quefitis in fexagenaria, tam. 
exceffu propofiti, quam differentia. inter duos arcus chiliadis, inter quos cadit 
propofitus, logarithmum hujus ruditer faltem excerptum, aufer a logarithmo 
rudi illius: refiduum junge logarithmo rudi differentia, vieinorum duorum lo- 
garithmorum prolongate fecundum precepta precedentis capitis, & quefite 
inter abfolutos: Summa ut logarithmus oftendit, rurfum inter abfolutos, nu- 
merum qui decurtatus prodit partem proportionalem, auferendam a logarithmo 
exacto arcus proximé minoris,, primum exfcripto, ut juftus confticuatur loga- 


rithmus arcus propofitt. 


EXEMPLU M.- 


upio logarithmr u i AOgs Oe 
Cupio logarithmum arcus ti 40076 
In chiliade invenio proximée minorem 71 37 21 log. 5234,65: 














Excefius dati 2’ 49” log. 305800 
Differentia duorum in. chiliade 10 57 log. 170000 rudes.. 








Refiduum . 135800 


Differentia duorum logarrthmorum 105,32 prolongata ut fiat 10532,00, inter 
abfolutos quefita dat logarithmum 225000 rudem, 
Acdde refid. 135800 


Summa 360800: 





Hec ut logarithmus oftendit inter abfolutos 2725,00.. Deletis verd iterum 
duobus ultimis, fit pars proportionalis 27,25, quibus ablatis ab exfcripto 
5234595 
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5234,65, reftat 5207,40 logarithmus, quantum proportionalitas locum habet, 
exactus, Nam capite vir veriores, & plerunque exactiflimos docuimus 
affignare finubus, qui per eos fuis arcubus tranfcribi poffunt. 


Xo) | PR JE Coe Br a a. 
Vicifim logarithmo fcrupulofo arcum fuum affignare. 


Primtim cum logarithmo chiliadis, qui proximé major fuerit propofito, ex- 
fcribe arcum fcrupulofum, cum differentia fubje¢ta. Tune fubtrahe logarith- 
mum propofitum ab exfcripto proximé majore: Exceffum illius, & fimul dif- 
ferentiam duorum in chiliade, prolonga equali locorum numero, ut fint tamen 
minores maximo chiliadis. Sic igitur formatis iis, & inter abfelutos queefitis, 
logarithmum hujus ab illius logarithmo aufer, refiduo adde logarithmum diffe- 
rentie arcuum in fexagenaria queefita ; 3 fic accumulatur logarithmus partis pro- 
portionalis ex fexagenaria itidem excerpende, et addende arcui exfcripto. 


EXEMPLUM, 


Sit logarithmus 5207,40 
Prox. major 5234,05 dat 71° 37° 21” & diff. 10° 57” 


oe 





Exceffus 2.7515 
Diff. logarithmor. 105,32 








Hi num. prolongati 2715,00 dant rudes 360800 
10532,00 225000 








Differentia 135800 
Differentie arcuum log. 170000 








Summa 305800 oftendit partem proportiona~ 
lem 2 40° 
Ergo arcus a1 ao Viton 


Habent igitur curiofi quod agant, fi rudibus logarithmis, minimo cum 
decimo, uti dedignantur. Veruntamen qui tales futuri funt, us confultum eft, 
ut privata quilibet opera, & in veftibulo chiliadis columnam arcuum hic vacan= 
tem impleat, & in fine quadrantis, decem ultimas arcuum differentias, in denas 
fubdividat, finuum quidem differentias ftatuens equales, eis verd finubus ex 
canone Gaia exacto fuos adfcribens arcus, & logarithmos finubus fuos ex 
doétrina capitis prioris accommodans. 

Nam pars proportionalis, ufitato modo quefita, locum non habet in fine 

quadrantis : ut capite fecundo monui. 


xI. PR # 
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XI. PRHECEPTU M. 


Per folos logarithmos, abfolutorum, & arcuum feu angulorum, 
omnia triangula plana folvere: omnia {cilicet quefita ex. 
tribus datis eruere. 


Ad hoc caput proprié pertinet hec doctrina, quia jungi debet columna 
abfolutorum (non ut it funt finus arcuum) & columna ipforum arcuum. Sunt 
autem cafus fex. 


I, Si datis angulis & uno latere, quzritur latus.. 


Tunc prolongato vel decurtato latere, ut capite vir1 dodtus es, adde lo- 
garithmos lateris dati & anguli quefito lateri oppofiti; a fumma aufer lo- 
garithmum anguli, dato lateri. oppofiti, reftat logarithmus lateris quefiti, 
fimiliter prolongati. 

Si fubtractio fieri non poteft, viciffim fummam fubtrahe, reftabitque priva- 
tivus logarithmus, lateris excedentis maximum chiliadis. 


EXEMPLUM. 


Dentur anguli 50° o’ & 60° o’, datur igitur etiam refiduus, ut complemen- 
tum illorum duorum ad femicirculum {cilicet 7o° o', detur & latus oppolitum. 
medio: angulo 573, queritur latus oppofitum maximo. 


Luateris 57300;00 (prolongati) log. 55687 
Anguli 70° 0’ log. 6220 circ. 





. Summa 61907 
Anguli 60° 0° Log. 14380 circ. 
Refiduum 47527 
dat 62175,00 
Latus ergd eft 622 feré.. 


Quod fi rectus fuerit angulorum unus, & detur ei fubtenfum latus, fufh- 
ciet {ola additio. 

Sin autem quzratur latus recto fubtenfum, fufficiet fola fubtractio log. angult: 
alog. lateris oppofiti. Reftabit enim log. lateris recto fubtenfi. 


TI. Si datis duobus lateribus, & angulo uni eorum  oppofito,. 
queruntur anguli reliqui. 


Tune lateribus: equaliter prolongatis vel decurtatis, ut fint proximé minora: 
maximo 
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maximo chiliadis, adde logarithmos anguli & lateris unius adjacentis ; a 
fumma avfer logarithmum lateris dato angulo oppofiti, reftat logarithmus 
anguli lateri alter’ oppofiti, qui angulus interdum tam poteft effe minor 
quadrante, quam major: & fic complementum ad femicirculum ejus, quem 
Jogarithmus excerpit: quantifper non plura dantur. Tertius verd angulus eft 
duorum junctorum complementum ad femicirculum. 


EXEMPLUM. 


Ut fi dentur latera 622,507. Et huic oppofitus 50° o’ querantur aneuli 
reliqui. 
Anguli 50° o log. 26650 
Adijac. lateris 62200,00 log. 47527 


Summa VALGF 
Oppofiti lateris 50700,00 log. 67957 








Refiduum 6220 dat ang. 70° o” alteri lateri 
oppotitum. 


Si ergd duo funt 50° 0’ & 70° o’: tertius erit eorum fumme comple- 
mentum ad duos rectos fcilicet 60° 0% 
Si verO angulus prodiens fumeretur non 70° o’ fed complementum ad 
femicirculum IIO Oo 
‘Lertius fiet~ 20 Go 


Si datus angulus fuerit rectus; fufficiet fola fubtraGtio logarithmi lateris 
recto oppofiti, a log. lateris reliqui dati: reftabit enim logarithmus anguli ei 
oppofiti. 

Si datus dato angulo oppofitum logarithmum habuerit equalem fumme 
priorum : rectangulum erit triangulum. 


TI. Si datis duobus lateribus, & angulo uni eorum oppofito, 
. queratur latus tertium. 


Tunc primtim, ut in fecundo cafu, queratur angulus reliquo Jateri dato 
oppofitus ; additis logarithmis, anguli dati, & lateris ei adjacentis; a fummé. 
vero dempto logarithmo lateris dato angulo fubtenfi: cum refiduo, ut lo- 
garithmo, exfcribatur angulus & jam fumma duorum angulorum a duobus reétis 
ablata, conftituitur angulus tertius, cujus logarithmus, ut in primo cafu addendus 
eft logarithmo unius ex lateribus, a fumma auferendus logarithmus anguli op- 
pofiti ; reftabitque logarithmus lateris tertii, . 
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Ut in exemplo priori, fumpto angulo fecundo 70° o’ & invento angulo 
tertio 60° o’, jus logarithmo 14380 14380 
Addatur lat. 622 log. 47527 vel lateris 507 log. 67957 





 aeorcaeE seem 


A fumma 61907 vel 82337 
Aufer anguli 70° log. 6220 vel ang. 50° log. 26650 





Reftat 5687 55687 


Logarithmus lateris tertii quefiti 57300,00, fed decurtati, ut priora, 573. 

At fi angulus in priori precepto prodiens fumatur non 70° o’ fed 110° o’, 
& tertius ided fit 20° o’, hujus igitur logarithmus 107290, additis logarithmis 
datorum laterum, & ablatis logarithmis angulorum oppofitorum, dat logarith- 
mum 148600 lateris tertii, angulo fcilicet 20° o’ oppofiti, fcilicet 22630,00, 
decurtati igitur 226%. 

Si angulus datus fuerit rectus, aufertur logarithmus lateris recto oppofiti, 4 
logarithmo lateris reliqui, reftat logarithmus anguh: hujus complementi lo- 
garithmus, viciffim additus logarithmo primo, lateris recto oppofiti, dat lo- 
garithmum lateris reliqui. 





IV. Si datis duobus lateribus, et angulo comprehenfo, quzrantur 
anguli reliqui. : 


Hic via directa folvendi hunc cafum utitur mefologarithmis, qui non aliter 
elici poffunt ex chiliade, quam fi logarithmos arcus ejufque complementi ab 
invicem fubtrahamus: ut fic data eorum differentia, ipfi logarithmi partium 
quadrantis non direéteé poffint accipi, fed pofitione fit utendum. 

Dimiffo igitur hoc modo; ne tamen manca hic fit chilias noftra: utamur 
pofitionibus, potius in alia via facili & indirecta: et fi & hee aptior fit lo- 
garithmus canonicis quadrantis. 

Eft autem talis : 

Datis lateribus queratur eorum proportio: fit enim facillimé per capitis vir 
preceptum XIII, 

Hec ver6 proportio, ctm fit differentia inter logarithmos angulorum refi- 
duorum, quorum angulorum fumma eft in anguli dati complemento ad femi- 
circulum : Ponatur igitur angulus minor effe notus, auferaturque 4 dati com- 
plemento ad femicirculum, refidui logarithmo adde proportionem laterum_ in- 
ventam ; fumma ut logarithmus, fi dat arcum eundem, quem pofueras, felix 
fuit pofitio; fin difcrepat, muta pofitionem primam, fumens vel aliquid inter- 
medium, fi refiduun ex complemento ad femicirculum fuerit quadrante minus = 
vel aliquid longius a prima pofitione recedens, quam quod prodierat; fi refi- 
duum ex complemento ad femicirculum fuerit mayus quadrante ; prefertim fi 
valdé magnum. 


¥ & tal 
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A tali nova pofitione incipiat nova operatio: Id fiat tantifper, donec prodeat 
id, quod ultims fuit pofitum. Ita habebis utrumque angulum ex quefitis. 

Conducit autem primas pofitiones fic moderari, ut remaneat de complemento 
ad femicirculum aliquid quod exacté reperiatur in chiliade, 


EXEMPLA. 


Dentur latera 507 & 226,%,, comprehenfus efto 110° ut fit ejus comple- 
mentum ad femicirculum 70°. Queruntur duo anguli refidui; quos junctos 
{cio facere 70°. 


Primtm quero proportionem laterum. 


SOROS: NM ts Me MEAG ie eae a sd eines 
22030 = 8 ee ie ee ee eS = TAB b00 








Proportio 80643 


Compl. ang. ad femic. 70° 0’ 














Pofitio arbitraria TO Oro: 

Refiduum 59 botkon log. 14387 | 
Prodit 2A Circ, 95030 | 
Pofitio fecunda THO 3 Nn ee 

Peat cee 22505 
Prodit 30 | F2\,Circ. 103208 





Pofitio tertia 19° of 49” 
Refiduum 50 59 13 Be 
Prodit Bond Tcile. 105874 


Hoc modo cum medio arithmetico inter pofitum & prodeuntem femper 
poffemus propius ad confenfum venire. At quia ftatim in fecunda pofitione 
apparuit, veritatem effe ultra medium arithmeticum: fumemus etiam in quarta 


pofitione 
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pofitione aliquid, quod propius fit prodeunti 20° 17’ quam poli to 19° 











tentabimus fcilicet BOF. O: 
Pofitio quarta 2Cae OF proportio ne 
Refiduum Ey ie logarith. 26650 
Prodit 2On ae Vey 


Hec ergo tandem felix fuit pofitio, & anguli quefiti funt 20° o’ & 50° o. 


Bex 6 MiP UpNie ALL T UCD: 


Dentur Jatera 507, 573 & comprehenfus 70° ut refiduum ad fenticirculum 
fit 110° o| 


Quero proportionem laterunr. 

















50700 | 67957 
57300 55987 
Compl. ang. ad femic. aifen, proportio Ee 
Pofitio arbitraria 29° 56° 14” 
Refiduum rage ere log. TAet 
Prodit 60 36 circiter peycin 
Pofitio fecunda Esadfaged Wane 
Refiduum Tals ety 10647 
Prodit moa: CIC. es 
| Pofitio tertia AQ ahs, | 
Refiduum 60 Cots 13467 
Prodit 538" 25737 
Apparet ponendum (fet y Rex 
Refiduum 60 ean 14380 
Prodit — honky UB ddron 


Ergo anguli quetiti funt 50° 0’, & 60° 0% 
Xo 2 EXE Ms 
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EXEMPLUM TERTIUM. 


Dentur latera, ut prius 507, 573: fed comprehenfus fit 20° complementum 
ad femicirculum 160°, manente igitur laterum proportione. 


Compl. ad femic. 
Sit pofitio arbitrar. 


Refiduum 
Prodit 





T604500 we 12270 
70° logarith. 
go logarith. O 
62° 8 circiter 12270 


nee aaa acca crc cccc ccc aaa 


- Pofitio fecunda 


54° Ag ase 


























Refiduum TOG ac ile 

74 47 45 log. 3563 
Prodit 58 35 15833 
Pofitio tertia CoG, 
Refiduum OO. oO 

80 o logarith. 1530 Cire. 
Prodit Os has cate. 13800 
Pofitio quarta 61 Oo 
Refiduum 99 Oo 

SIO 1240 
Prodit 60 52 13510 





Ergd pofitio felix erit 


Hic cum in prima pofitione 70° 
ipsa pofitione, fcilicet 62° 8’. 
drante. 
quam id quod per primain prodiit. 


60° 47' circiter. 


Refiduum fieret 90° produit aliquid minus, 


Refiduum igitur apparuit futurum majus qua- 
In hoc erg6 cafu pofitionem fecundam longius a prima diftare feci, 


Sic in pofitione fecunda 54° 47° prodiit 58° 35. 


Ergo 
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Ergd pofitio tertia 60° o’ longius diftare juffa eft, 4 pofitione precedenti 

° / \ . nt ° . Pa . 
oo 47 Quam id_quod prodierat 58° 355, minus tamen quim quod primé 
produit, fcilicet62" 8. Et in pofitione tertia 60° 0’ prodiit major 60, Qe. Lec 
ergo quartam adhuc majorem, {cilicet 61° o’. Per hanc autem quartam 61° o 
prodiit jani minus 60° 52’. 

Ergo quinta pofitio adhuc minor eft facta, major tamen quim 60° 35’, 
quod prius prodierat, {cilicet 60° 47’. Eft igitur angulus minor 60° 47’, major 
99° 19" Tere: 

Si datus fuerit rectus : reliqui duo ex canone Neperiano facilé habentur, que- 
fita proportione laterum inter mefologarithmos, inventa enim ea oftendit utrum- 
que angulum. 


V. Si datis duobus lateribus & angulo comprehenfo queratur latus 
tertium, 


Nulla eft alia machina, quam ut prius querantur anguli, per precedens. 
Tunc lis inventis, cadit queftio in cafum primum. 

Si tamen angulus datus fit rectus, logarithmos laterum duplica, duplica- 
torum logarithmorum numeros abfolutos adde, fumme logarithmum dimidia ; 
femiffis ifte, ut logarithmus, dabit inter abfolutos queefitum latus, 


VI. Si datis tribus lateribus queratur angulus. 


Tunc ante omnia ex majori angulo refecandum eft triangulum equicrurum, 
cujus crura fint linea fectionis & latus minus; bafis verd fegmentum lateris 
majoris. Id vero obtinetur in hunc modum. | 

Adde logarithmos & differentie, & fumme laterum minorum, 4 logarith- 
morum fummé aufer logarithmum majoris lateris, refiduum ut logarithmus 
oftendet inter abfolutos, partem de latere majori fubtrahendam, ut reftet bafis 
ze quicruri fupradicti. 

Conftituta hac bafi, maximus angulorum habetur per fua elementa, fi ex- 
fcripferis logarithmos tam femiffis de bafi, quam refidui de latere majori, poft 
ablatum bafis femiflem; & ab illo quidem minoris, ab ifto verd medii 
Jateris logarithmos abftuleris, relinquuntur enim logarithmi duarum partium 
anguli maximi. Duo vero minores anguli funt horum niajoris elenaentorum 
complementa. 
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EXEMPLUM. 


Sint latera 507, 573, 622, queruntur anguli. 
Latus minus 507 
Medium 573 





Differentia 66 fcribo 66000 log. 41552 
Summa ¥o8o fcribo 10800 log. 222562 








264114 
Lat. maxim. 622 fcribo 62200 log. 47482 


ees eee 


Prodit 11460 Refiduum 216632 





Ad primum tres cyphre acceflerunt, ad fecundum una, que funt a prodeunte: 
removende: vicifim ad tertium due, appofite, funt etiam ad quotientem ap- 
ponende : duabus igitur appofitis, & quatuor remotis, formatur pars lateris ma-- 


joris 1144% 








Pars lateris majoris 114,60. 

Latus majus 622,00 

Bafis equicruri 507540 

Semiffis 253,70 log. 137160 

Refiduum ablato bafis femiffe. 368,30 log. 99886: 

Latus minus 507,00 log. 67924 

Latus medium 573,00 log. 5687 
nat ao TBST EASES ARS LTD ET 15 PT RINSE TST GTA TN > RESET EAR RETIN GE 

Refidui manent duo logarithmi 69236, 44199 

Duorum elementorum anguli 30° UT eames 

Ergo totus angulus ifte eft | vee a 





Duo verd minores funt complementa elementorum, {cilicet 
° / u 
59° 59 & 50° ov. 


Hec igitur de ufu chiliadis noftre hac vice fufficiant.. 
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OGARITHMUS compofito vocabulo dicitur 4 ratione & numero, 
quafi rationum numerus, id quod plané cum re confentit. Eft enim 
Retina nihil aliud, quam numerus ratiuncularum contentarum in ratione, 
quam abfolutus quifque ad unitatem obtinet. In qua definitione rationes acci- 
pimus, tanquam magnitudines partibus conftantes homogeneis totl ; {trictiori 
aliquanto notione, quam vulgo folet. “Quamvis enim ratum fit, rationem omnem 
ex comparatione quantitatum homogenearum oriri : certé nec quevis compare 
producit rationem ; nec quarumvis quantitatum, homogenearum licet, habitud 
eft ratio quanta, feu partibus conftans. Nam equalitatis, que dicitur, ratio, 
eft illa quidem quantitatum homogenearum, atque equalium, habitudo mutua, 
unde nec rationis appellatione privandam autumem, cui definitio Euclidea com- 
petit non minus ac alits rationibus, quas inequalitatis vocant : fed nihil obftat, 
quo mints generalem iftam rationis notionem porro dividamus ita, ut quantitatem 
habere putentur fole rationes, ex inequalium habitudine orte ; at cequalitatis 
ratio in indivifibili confiftat, habeatque fe in rationibus, quemadmodum punctum 
in magnitudinibus, aut nullitas in numeris, que fingula quantitate ac partibus 
carent. Componas enim fexcentas rationes equalitatis, non augetur nec mi- 
nuitur ratio, fed eadem manet equalitas: fecus atque in rationibus inzquali- 
tatis, quee addite vel detracte invicem, faciunt rationem majorem vel minorem, 
Quantum autem eft, quod additis vel demtis partibus homogeneis augetur minul- 
turve. Sed nec quevis comparatio quantitatum homogenearum rationem pro- 
ducit. Veluti cum numerum dividinms per numerum  comparantur utique 
quantitates homogenee, {pectando quoties altera contineatur in altera ; fed quod 
inde oritur latus, nec ratio eft ipforum numeroruim, nec faneé quantitatem ex- 
primit rationis, que utrifque intercedit. Alioquin divifo numero quovis per 
zequalem, que inde oritur unitas, exprimeret quantitatein rationis equalium, quam 
tamen quantitate carere fupra adftruximus. Quinimo, datis pluribus rationibus, 
v. or. 4 ad 2, & 9 ad 3, fi divifo utriufque antecedente per {uum confequentem, 
exhiberent orti 2 & 3 veram quarititatem iftarum rationum ; oporteret, ut ex his 
ortis compofitus numerus, nimirum 5, exhiberet quoque veram quantitatem 
rationis compofite, Atqui ratio compofita eft 36 ad 6, cujus quantitatem jam 
exprimeret ortus 6, diverfus fané ab ifto 5. Obonut tamen ufus, ut rationes 
denominentur 4 latere orto; fic ratio 4 ad 2 dicitur dupla, & 9 ad 3 tripla: 
verum heec nomina arbitrio hominum-impofita, retineri quidem poflunt veritati 


autem 


179 LOGARITHMO-TECHNIA. 


autem derogare nullo modo debent. Quanquam nec utilitate caret ifte modus 
denominandi rationes ; fiquidem arguit, rationes efle majores, quarum denomi- 
nator eft major, & contra: eodem modo finus majores congruunt majoribus 
arcubus, quorum tamen veram quantitatem exprimere nemimi videntur. Ca- 
terim, ut linea eft dupla linez, quam bis continet; ita, proprié loquendo, 
dupla foret ratio alterius rationis, quam bis continet; fed pro eo duplicatain 
ae maluerunt fcriptores, quorum arbitrio fynonyma alioquin vocabula dupli 
& duplicati, res plane diverfas fignificare intelliguntur. Vertm id quod eft 
mult6 maximum, nimirum omnium quantitatum menfuram effe quantitatem 
homogeneam, & in divifione genuina fieri applicationem menfuree homogenez ad 
quantitatem menfurandam, ortum vero ex tali applicatione, nihil aliud elle, 
quam numerum arithmeticum, exprimentem quoties menfura continetur in 
menfurato; hoc fcilicet eft, quod.omnem dubitationem excludit. Ita falluntur 
profects, qui, applicata linea reéa illatabili ad aream datam, putant invenini 
latitudinem rectanguli : quali non potits fecundum veras divifionis leges appli- 
caretur rectangulum zqué longum divifori, & equé latum unitati afflumte, ad 
aream extenfam quoque ad longitudinem diviforis; & quafi non ortus ex ifta 
applicatione, numerus effet arithmeticus, exprimens quoties rectangulum men- 
furans contineatur in menfurato, vel (cum per 1, vi eadem fit ratio) quoties 
latitudo re€tanguli applicati contineatur in latitudine rectanguli menfurati ; quo 
{cilicet divifio veré opponatur multiplicationi, que refolvat hujus productum in 
fua elementa. Quemadmodum enim omnis multiplicator eft numerus arith- 
meticus (ut habet Stevinus in Arithmetica Pra¢tica), ita omnis ortus a divifione 
_ eft fimiliter numerus arithmeticus. Qu quidem omnia facillimé przfenti ne- 
gotio aptantur. Nam multiplicare rationem nihil eft aliud, quam replicare 
aliquam rationem toties, quot funt unitates in numero aliquo arithmetico, qui 
dicitur factor. Et dividere rationem, eft applicare rationem aliquam ad aliam 
rationem, ut inveniatur numerus arithmeticus, exprimens quoties menfurans 
ratio contineatur in menfurata. Id fi hic fieret, nihil dubium, quin vera patefieret 
rationis quantitas. At enimvero, clm applicatur terminus alicujus rationis ad 
alterum ; num putamus rationem applicari ad rationem ? quo pacto igitur ortus 
ex tali applicatione poteft exprimere quantitatem date rationis? Verum eft 
quidem, quod ortus ex applicatione termini ad terminum, rationem habet ‘ad 
unitatem eandem, quam dividuus ad diviforem; fed hoc modo eadem prodit 
ratio, que ante divifionem fuerat, aliis tantum terminis exprefla; nec proinde 
quantitas rationis date invenitur in menfura aliqua prits nota, quemadmodum 
in aliis magnitudinibus divifis affolet, & inftituti noftri ratio poftulat : Siquidem 
tum demuin quantitatem rationum "exatte determinafle videbimur, cum eas 
omnes in una aliqua ac eddem communi menfura eftimare noverimus; id 
quod logarithmorum ope preftari, definitione mod6 tradita innuere volui. Ex 
qua porro intelligitur, cum finguli logarithmi numerent particulas rationum 
“inde ab unitate ad fingulos ordine ab{olutos procedendo coacervatarum; fieri 
non poffe, quin eequalibus logarithmorum differentiis (id eft, zqualibus parti- 
cularum incrementis) congruant quoque equales rationes abfolutis intercedentes 
(clm integra ex equali numero particularum equalium conflata, inter fe fint 
qualia) ; adedque logarithmos effe in proportione arithmetica, cim eorum 
2 abfoluti 
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abfoluti funt in geometrica; idcircd poffe operationem regule proportionum in 
compendium redigi, fubftituta additione & fubtractione loco multiplicationis 
& divifionis: denique rationis cujufque bipartitionem, tripartitionem, &c, que 
alioquin requireret extractionem radicis quadrate, cubice, &c, confiftere in 
bipartitione, tripartitione, &c, differentia logarithmorum datis terminis con-: 
gruentium (hoc eft, ratiuncularum in ratione data comprehenfarum). ul 
ufus ctm fit eximius, patet poftremd, quo pacto tam utiles numeri artificiales, 
feu logaythmi concinnari poffint; nimirum inveftigando, quot ratiuncule, 
affumte magnitudinis, contineantur in ratione cujufque abfoluti ad unitatem. 
Sic enim unitatis logarithmus evadit o, ciim. unitatis ad unitatem ratio fit 
equalitatis, quam quantitate carere fupra afferui. Ita nimirum fiet, ut cam inter 
multiplicandum vel dividendum unitas nihil mutet; hujus logarithmus o (dum 
additio & fubtractio fubftituuntur multiplication’ & divifioni) nihil quoque 
additione vel detractione fui mutet. Numerus autem ratiuncularum in ratione 
decupla contentarum commodiffimé aflumitur 1,0000000 (hoc eft, una decupla 
ratio in, numerum partium decimalium rotundum diftributa). Ita enim fet, 
dum inter.unitatem & 10 intercedit una ratio, decupla, & porrd inter 10 & 
100 altera, inter 100 & r1ooo tertia, & deinceps; ut in centupla quidem ra- 
tione contineantur ratiuncule 2,0000000 (hoc eft, due decuple rationes in 
nunierum partium rotundum diftribute), in millecupla ver6 ratione contineantur 
3,0000000 (hoc eft, tres rationes decuple in numerum partium rotundum di- 
ftribute) ; & deinceps. Unde primtim hoc commodi confequimur, ut abfolutis, 
iifdem characteribus expreffis, idem competant logarithmi; veluti fi abfoluto 
2 competat logarithmus 0,3010299 ; etiam abfolutis 20, 200, 2000 competent 
logarithmi 1,3010299; 2,3010299; 3,3010299. Etenim fi rationes 2 ad 1, 20 
ad 1,200ad 1, & deinceps, intelligantur partite, iila quidem in rationes 2 ad 
1 & 1.ad.1; iftain 20 ad 10, & 10 ad 1; hec in 200 ad i100, & 100 ad1; 
apparet quod exceffus 2 ad 1, quo illa fuperat rationem 1 ad 1 equalis fit 
exceflui 20 ad 10, quo ifta fuperat rationem 10 ad 1, idemque equalis exceflui 
200 ad 100, quo hec fuperat rationem 100 ad 1. Ergo fi ratio 2 ad 1 preter 
zqualitatis rationem(quam innuit characteriftica 0) contineat ratiunculas 3010299, 
qualium ipfa decupla continet 1,0000000 ; certé ratio 20 ad 1, preter unam 
decuplam (quam innuit characteriftica 1) continebit eundem numerum ratiun- 
cularum excurrentium 3010299; & ratio 200 ad 1, preter duas decuplas (quas 
innuit characteriftica 2) continebit fimiliter eundem numerum ratiuncularum 
excurrentium 3010299. Unde porro & hoc confequimur, ut ex infpecta 
charaCteriftica, uniufcuyufque abfoluti valorem eftimare queamus. Nam ctm in 
decupla contineantyr 1,0000000 ratiuncule fumero rotundo, & in cen- 
tupla 2,0000000 ratiuncule numero itidem rotundo; oportet, ut quecunque 
funt inter decuplam & centuplam contineant plus quam unam decuplam, minis 
autem quam duas; quamobrem characteriftica omnium abfolutorum, gui func 
inter 10 & 100, ipfiufque aded denarii (hoc eft, omnium numerorum, qui {cri- 
buntur duobus characteribus) erit 1; & fic deinceps. ; 

His ita ordinatis, proximum eft, ut oftendamus, quomodo inveniatur men- 
fura rationis, quam quifque abfolutus obtinet ad unitatem, in partibus, qualium 
decupla- continet 1,0000000 (hoc eft, quomodo cujufque abfoluti Henne 
2 invefti- 


af 
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inveftigandus fit.) Verbi gratia: Scire velim, ratio too] 5 ad 1 quot contineat 
ratiunculas, qualium decupla continet 1,0000000. Difpefco igitur rationem 
datam 100] 5 ad 1 in fuas partes, nimirum 1oo| 5 ad 100, 100 ad 10, & 10 
ad 1, guarum pofteriores due conftituunt duas decuplas (unde patet cha- 
racterifticam fore 2); itaque reftat, ut invefligemus, quota pars fit reliqua ifta 
ratio 100| 5 ad 100 ipfius decuple. Quod fi igitur termini 10o[ 5 & 100 
ducantur uterque in fefe, producti exhibebunt rationem duplicatam: rationis 
100{ 5 ad 100, cujus (duplicate {c. rationis) termini rurfus in fe duéctr pro- 
creabunt duplicatam duplicate, id eft, quadruplicatam rationis 100| 5 ad roo « 
atque ita continuata multiplicatione terminorum, donec is, qui gignitur ex 
duétu continuo termini 100 5 in feipfum, evadat decuplus ejus, quem ductus 
continuus termini roo in feipfum producit; denominator poteftatis poftremd 
genite oftendet, quot integris vicibus ratio 100j § ad 100 contineatur in decupla. 
Et cum alter terminorum “ft 100, cuyus poteftates omnes conftant unitate & 
certo. numero cyphrarum; omnis labor reliquus occupabitur circa elevandum 
alterum terminum 100[ 5 ad eam poteflatem, que: prioris termini (nimirum 
100") aeque | altam poteftatem excedat decuplo; cujus operationis compendium. 


exemplo, quam verbis docere preftat. 


IOO| 5000 (1) 
§o01 (1) 


1005000 
Loya4 
101002§ (2) 
5200101 (2) 








ITO10025 
TOLOO 
2Q 


5 
1020150 (4) 
©510201 (4) 
1020150 

20403 
102 

St 
1040706 (8) 
6070401 (8) 
1083068 (16) 
8603801 (16) 

















1173035 (32) 
5303711 (32) 
1376011 (64) 
1106731 (64) 





1893406 (128) 


1893406 (128) 
6043981 (128) 
3584985 (256) 
5894853 (256) 


12892116 (512) 











Hac poteftas plufquam 
decuplo excedit potefta- 
ten «qué altam 100% ; 
ergorefumo 256"™, eam- 
que duco, non in fefe, 
ut modo, fed in proximé 
precedentem, nimirum 
128™, hac modo: 

3584985 (256) 
6043981 (128) 


6787831 (384) 

















1106731 (64) 
9340130 (448) 
5393711 (32) 


oe 


10956299 (480) 


Hec poteftas denus6 ex- 
cedit ezqué altam 100%! 
plufquam decuplo; ergo 
eandem 448"*™ duco, non 
Ips 3284", ut modd, fed 





in proximée  preceden-. 
tem, hoc modo : 


9340130 (448) 
8603801 (16) 


10115994 (464) 


Ubirurfus nimium col. 
ligitur ; ergo eandem ad- 
huc 448**™ duco, non in 

16"™, ut modo, fed in 
proximé _precedentem, 
nimirum 8%8™, hoc mo- 
do: 
9340130 (448) 
6070401 (6) 
9720329 (456) 
OS510201 (4) 


9916193 (460) - 
5200101... (2) 





Que poteftas rurfus ex 
cedit limitem; quare ean- 
dem 460" duco, non 


In 24, fed in 1™™, hog 


modo: 
9916193 (460) 
hoot het gs 
9965774 (461) 
Cim 
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Ctm igitur 462% poteftas termini tool 5 excedat equé altam root plus 
quam decuplo; at 461™* ejufdem termini roo] s excedat zequé-altam 1ootii 
minus quam decuplo: aio, rationem 100| 5 ad 100 contineri in decupla plus 
quam 461 vicibus, mints autem quam 462>"*, 


Ceterin 
| [ 460 9916193 &. differentia 
Cum poteftas | 461 fit 9965774 49581 propemodum 
462 10015603 49829 | zquales ; 


Itaque partem proportionalem, qua poteftas jufta, nimirum 10000000, ex- 
cedit proxime munorem 9965774, per regulam auream facilé ac tuto. reperire 
datur, fumendo nimirum, } 








juftee: 10000000 
- & proximeé minoris 9965774 
differentiam 34226, & dicendo; 


Ut differentia inter proximé minorem & majorem 
(nimirum 49829.) 

Ad differentiam inter proximé- minorem & juftam 
(puta 34226 ;) 


Ita rooco, ad 6868; que funt partes decimales unius vicis, aded ut 
ratio 100{§ ad oo contineatur in decupla 4616868 vicibus. Porrd, fi. 
decupla (five ratio 100] 5 ad 100 fumta 461| 6868 vicibus) continet ratiurculas 
1,0090000 ; quot ejufmodi ratronculas continebit ratio 100[ 5 ad 100 femel 
fumta? Prodeunt 21659; 7 ratiuncule, que funt exacta mentura rationis 100! 5 
ad 100, quibus fi addas rationes 100 ad 10, & road 1, hoc eft bis decuplam, 
conftantem ratiunculis 2,0000000 ; fit integra menfura rationis 100|:5 ad 1 
(five logarithmus abfoluti 1o0j 5), hic feilicet 2,0021659| 7. 

Pari modo invenietur logarithmus abfoluti 99/5, vel ratio abfoluti gg| 5 
ad 1, fi ex ratione 100 ad 1 (que equipollet bis decuple}, auferas rationem. 
too ad gol 5, hoc eft, ex ratiunculis 2,o000000 auferas numerum fimilium 
ratiuncularum in ratione too ad g9| 5 contentarum. Queratur igitur primim, 
quoties ratio 100 ad gg|5 contineatur in decupla.* Ubi rurfus alter termi- 
norum cum fit 100, operationis haut indiget ; alter verd gg| 5 continuo ductu in. 
feipfum elevandus eft ad eam poteftatem, que decuplo minor fit poteftate. 
roo"! equeé alta. En operationem : 
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995000 (1) 8518016 (32) equé alta; ergo refume 
599 (1) 6108158 = (32) | 
a ; aoe 1058613 (448) 
8955000 7255660 (64) 139229 © (16) 
895500 665527 (64) | 
49750 a 977026 (464) 
| 5264459 (128) | 
9900250 (2) 9544625 (128) Que etiam plufquam 
§20099 (2) an decuplo minor eft potef- 
2771452 (256) tate 100% equé alta; 
| 8910225 2541772 (256) ergo refume 
§91023 aa 
198 554290 (512) 1058613 (448) 
49 396069 ~— (8) 
a oe eenee Hac poteftas plufquam ee 
9801495 (4) decuplo minor eft potef- 1017002 (456) 
5941089 (4) tate root qué alta ; 5941089 (4) 
—— ergo refume soe 
8821345 2771452 (256) 996814 (460) 
734120 | 9544625 (128) 
980 Hec quoque plufquam 
392 1459018 (384) decuplo minor eft po- 
88 665527 (64) teftate 100%! qué al- 
5 — | ta; ergo refume 
ee ee 1058613 (448) 
9606930 (8) 6108158 32) 1017002 (456) 
396069 (3) on 520099 (2) 
—_—— 901728 (480) soe 
9229310 (16) 1006857 (458) 
139229 (16) Quz poteftas rurfus 599 (1) 
—— wae plufquam decuplo mi- ——— oa 
8518016 (32) nor eft: poteftate 100"! 1001823 (459) 


Cum igitur 460™* poteftas termini 99|5 deficiat ab equeé alta roo pluf-. 
quam decuplo ; at 459"* ejufdem termini g9| 5 deficiat ab aque alta 100%: 
mints quam decuplo ; 10, rationem 100 ad gg/ 5 contineri in decupla pluf-. 
quam 459 vicibus, minus autem quam 460. 

Tum, ut differentia poteftatum 459"*¢ & 460™*¢ (nimirum 5009) ad if. 
ferentiam 459°** & jufte (puta 1823): Ita 10000, ad 3639. Quare ratio 100 
ad g9| 5 continetur in decupla 459] 3639 vicibus. 

Porro, fi decupla (five ratio 100 ad go[5 fumta 459[ 3639 vicibus) con- 
tinet ratiunculas 1,0000000; quot ejufmodi ratiunculas continebit ratio 100 
ad 99.5 femel famta. Prodeunt 21769| 3 ratiuncule, que funt exacta men- 
fura rationis 100 ad gg[ 5, qua fcilicet ratio 99[5 ad 1 deficit 4 ratione 100 
ad 1, hoc eft, a bis decupla, que ctm conftet ratiunculis 2,0000000, demtis 

hinc 
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hinc 21769[.3, reftat menfura rationis 99|5 ad 1, hac fcilicet 1,9978230| 7, 
qui proinde eft logarithmus abfoluti gg| 5. 

Atque hoc modo zftimatis rationum quantitatibus in communi quadam men- 
fura, non folum natura & ufus logarithmorum clarius elucefcit ; fed et conftructio 
eorundem multo facilicr evadit. Id quod magis perfpicuum fiet, cum often- 
dero, alterum etiam longé promptiorem modum rationes eftimandi. Sed 


‘amolienda eft prius difficultas, qua, haut fcio..an cuiquam detecta, plures 


pale: in errorem induxit. Cum enim ratio duobus terminis intercedens vulgd 
haut aliter confideretur, quam accipiendo alterutrum terminum ut antecedentem, 
& alterum ut confequentem; unde cm ratio eft quanta (hoc eft, cim termini 


funt inequales) vel major terminus eft antecedens, & dicitur ratio majoris 


inequalitatis, vel minor eft antecedens, & dicitur ratio minoris inequalitatis : 
Aio ego, eandem rationem ifdem terminis conceptam poffe ac debere (faltem 
in Muficis, atque in hac noftra logarithmo-technia) alio etiamnum modo con- 
fiderari ita, ut neuter terminorum exiflimetur tanquam antecedens, vel confe- 
quens, fed uterque capiatur fimul pariter tempore atque ordine. Sic v. gr. in 
Muficis intervallum diapente, five ratio 3 vel 3, poteft quidem accipi ita, ut 
numerus undationum ab acutiori phthongo in aére excitatarum, nempe ternarius, 
fit antecedens, & binarius, exhibens numerum undationum pari temporis 
{patio 4 graviori phthongo effectarum, fit confequens, dum intelligatur acutior 
phthongus tempore (vel faltem cogitatione) precedere graviorem ; & vice verfa : 
fed nihil vetat, qué minus etiam .ambo ift1 phthongi fimul atque ‘eodem tempore 
confonent, a adedque neuter altero fit vel tempore vel natura prior. Czterum 
nihilo majus ob hoc vel minus evadit intervallum diapente (ratione fefquialtera 
conftans) five acutior phthongus precedat graviorem, five contra, feu denique 
ambo fimul confonent. Ita, licét utilis fit eee eons geometricis con- 
fideratio vulgaris, qua minor terminus antecedens ad majorem confequentem 
dicitur minorem rationem habere, quam idem illé major tanquam antecedens ad 
eundem minorem tanguam confequentem obtineat: Negari tamen haut poteft, 
eundem numerum ratiuncularum continert in fefquialtera ratione, five ternarius 
fit antecedens, five binarius, ‘five neuter; adedque confiderationem antecedentis 
& confequentis in eftimanda mole vel menfura rationum nullum inftar habere. 
Non fects ac quinarius negatus (—5) mole haud differt a quinario afiirmato 
(+ 5), ctim uterque conftet quinque unitatibus ; diffimulata nimirum affeCtione, 
propter quam negatus vel affirmatus cenfetur, & fola mole vel quantitate fim- 
pliciter zeflimata: cum tamen accipiendo quinarilum negatum, prout figno 
negationis affectus eft, verum fit, eum minorem effe, non modo _quovis numero 
afirmato, fed & omni negato, qui a nihilo minus differat, quam ipfe, quales 
funt binarius vel ternarius negatus (—2, vel —3.) Ubi preter molem 
numeri confideratur quoque, utram in partem eadem abeat a nihilo, affirmatam 
an negatam. Ita quoque five unifonum (vel equalitatis rationem, que quan- 
titate caret, atque ideo recté componitur nihilo) ponas in phthongo graviori 
(vel in binario), indéque afcendas ad phthongum intervallo diapente acutiorem 
(vel ad ternarium) ; five contra ponas unifonum in acutiori (vel equalitatis 
rationem in ternario), indéque defcendas ad phthongum intervallo diapente ¢ra- 
viorem (vel ad binarium): certé eadem eft utrobique quantitas intervalli M ufici 
(atque 
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(atque idem numerus ratiuncularum intercedentium), licet ab unifono (vel ab 
a@qualitatis ratione, tanquam nihilo) in diverfas plané partes abeat. Unde fi 
moles fola, aut quantitas rationis zftimetur, diffimulando utram in partem 
(majorifne, an miunoris ‘nzequalitatis) vergat ab equalitate; nihilo major eft 
ratio ternarii ad binarium, quam binarii ad ternarium. Sed fi cum mole una 
includas quoque confiderationem proceffts 4 majori termino ad minorem, vel 
contra; non €o inficias, minorem effe quamvis rationem minoris inequalitatis 
non modo quavis ratione majoris inequalitatis ; ; fed & quavis alia minoris 
inaequalitatis, que ab wqualitate minus abfit. Ita ratio antecedentis § ad con- 
{equentem 8, non modo minor eft ratione antecedentis 8 ad confequentem 6 (vel 
5), fed eadem quoque minor eft ratione antecedentis 6 (vel 7) ad confequen- 
tem 8: licét fepofita vel negleta notione antecedentis & confequentis, eadem 
fit_ moles rationis 3 atque 3. Diftinguemus igitur deinceps inter quantitates 
mole-majores, ut aifeCtionce-majores: ita ut in rationibus notio inequalitatis: 
majoris vel minoris nil nifi affectionem innuat. Eas porrd rationes ap- 
pellamus mole-majores, quarum major terminus divifus per minorem, dat quo- 
tum majorem; & vice versd. Preterea majoris inequalitatis rationum que- 
cunque mole, eedem & affectione majores funt; at minoris inzqualitatis 
rationes quo funt mole majores, eo affectione minores funt. Quibus premifiis, 
digeremus ea, que reftant, in propofitiones. 
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Si dua quantitates | ejufdem affeCtionis auferantur ab invicem (affirmata fc. ab 
affirmata, vel negata a negata), fitque quantitas reliqua ejufdem affectionis cum 
duabus ab initio datis ; ; quantitas ablata mole-minor eft quantitate ex qua au- 
ferebatur. Sin quantitas reliqua diverfe fit affectionis 4 duabus initio datis; 
quantitas ablata mole-major eft quantitate ex qua auferebatur. Sit exempli or. 


ratio ratio _ ratio 
fubducenda ex qua reliqua 
5 ) 3 (ues \ tres fcilicet rationes ejuf- 
8 5 25 


dem affectionis, puta miunoris inequalitatis fingule ; ergo, inquam, ratio fub- 
duéta + mole-minor eft ratione ex qua 3. Sit rurfus 


ratio ratio ratio 
fubducenda ex qua reliqua 
8 3 15 : 
4) ~ ( = f quarum priores due funt 


eyufdem asPioniees nimirum majoris inequalitatis ambz, at fertiakee. diverfee 
eft affections, puta inzequalitatis minoris; ergo, inquam, ratio fubduéta at 
mole-major eft ratione ex qua 3. 
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Si fint quotcunque rationes continue & terminorum equidifferentium, vy. gr. 

a a+b a+26 
at+ea+20 a+38 
pofterioribus rationibus zqualem confequenti proximé precedentis, & 4 minoribus 
progrediendo ad majores: Erit quelibet precedentium rationum mole-major 
qualibet fequente; fed & differentiarum inter ipfas rationes tam primarum, quam 
fecundarum, tertiarum, ceterarumque aded omnium in infinitum, femper pre- 
cedens mole-major eft fequente. Sin 4 majoribus terminis progrediare ad mi- 
nores; contrarium eveniet. 

Patet ex collatione fequentis tabelle cum propofitione prima. 


8 deinceps, faciendo fcilicet antecedentem cujufque ex 


Rationes. Diff. prime. Wifferentie fecundez. 
a 
a+b 
2 aa + 2ab +. bd 
aa + 2ab , 
a+b a+ 6435 4+ 124abb + 8233 
a+2b a* + 64°F 4+ 12aabb+4+ 1046 4+ 3h 


aa+4ab + 4b) 
aa + 44ab + 3bb 


a+b a* + 104°) +- 364aabb 4+ 54a0% + 275 
a+ 3b a* + 104a°D + 36aabb 4+ 56ad> + 325 
aa-+ 6ab + 9bb 
aa + 6ab + 8b6 
a+ 3b a* + 140°b + 72aabb + 56ad* 4+. 12854 
Pye ad: a+ + 1400 + 720abb + 162403 4 13504 
aa+ 8ab + 166d 
aa + 8ab+ 150d 
a+ 4b 
a+ 5b 
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Si quotcunque rationum continuarum, quarum termini fint equidifferentes, 
prima eademque minima vocetur @, differentia autem prime & fecunde2 
rationis vocetur 4, tum ex differentiis fecundis prima vocetur ¢; atque ex tertiis 
prima vocetur d; & fic porro: Aio fecundam rationem fore a + 4, tertiam 
a+2b+c, quartama + 35 + 3c +d, quntama + 40 + 6¢+ 4d+e; 
atque ita deinceps, componendo fingulas rationes ex prima & tot differentiis, 
quot queque locis abeft 4 prima, ipfis autem differentiis jungendo coéffi- 
cientes numeros figuratos, primis quidem radices, fecundis trigonales, tertiis 
pyramidales, atqué ita porro, fingulofque adeo, prout natural ferie ordinantur 


in fubjecta tabella : 
Aa Unitates 
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| ; 
ee trigono- |pyrami-| trigono- |trigono- | pyrami- 
Unitates. radices. trigo- pyrami- trigonae pyrami- di-pyra- trigono- pyrami- di-pyra- 
nales, | dales. fe dales. |midales. | pyramid. |di-pyra- jana 
mid, ramida. 
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Nimirum eodem modo, quo iidem figurati numerant complementa potefta- 
tum 4 radice binomia genitarum; obfervato afcenfu obliquo a finiftra dex- 
trorfum. 

Sic undecima ratio conftat ex 4 + 106 + 45¢ + 120d + 210¢ 4 oso f 
+ 210g + 1206 + 457 + 10k +7; fumtis ordine numeris imam tabellz 
bafin occupantibus. 

Exhibet autem tabella non mod6é quotam velis rationem, fed & fummam 
quotcunque continue fequentium, pari fermé negotio methodoque. Sic fum- 


ma quinque rationum eft 54 + 104 4+ 10¢ + 5d +e, obfervato afcenfu 
obliquo, ut ante, 


Rationes. 


Rationes. 
a 


atd 
a+to2b+e 
a+3b6+4+3¢+4 
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Demonftratio. _ 
Diff, Prime, Secunde. Tertiz, Quarte. 
b 
¢ 
b+ ¢ a 
c+d é 
b+ac+d ‘d 4-e 
C+ 2ad+e 


o+3¢+3d+¢ 
a+ 46+ 6¢+4¢d+€e 
Cim enim per precedentem, progrediendo 4 majoribus terminis ad mi* 
nores (vel, quod idem eft, 4 minoribus rationibus ad majores), non modo fe- 
cunda ratio excedat primam, fed & primarum, fecundarum, ceterarumque 
differentiarum fecunda queque excedat primam ; licebit fané iftos exceflus vo- 
care b, c, d, & deinceps. 


Cum a differentiarum tertiarum prima fit d5 Ex hypo- 
Et quartarum prima (qua fecunda tertiarum excedit primam) e¢ \ thefi ; 
Erit fané fecunda tertiarum dtee 

Rurfus cum fecundarum differentiarum prima fit ¢ Ex hypo- 
Et tertiarum prima (qua altera fecundarum excedit primam) 4d t thefi ; 
Erit fané altera fecundarum pe bay 

Sed 2da 3tiarum (qua tertia fecundarum excedit alteram) erat de 
Ergo tertia fecundarum erit c+2d+.e 
Potrd cim primarum differentiarum prima fit I}x hypo- 
Et fecundarum prima (qua fecunda primarum excedit primam) ¢ cd pain ; 
Erit fané fecunda primarum 

Sed altera fecundarum (qua tertia primarum excedit 2dam) nits é fas d 
Ergo tertia primarum b+2c¢+4+d 


Sed & 3tia 2darum (qua quarta primarum excedit 3tiam) erate + 2d + e 
Ergo quarta primarum erit b+ 3c¢+3d+e 
Denique cum prima ratio fit a | 

Ex hyp ; 
Et differentia inter primam & fecundam rationem 6 J x hypothe ; 





Erit fane fecunda ratio a+ b 
Et cm differentiarum primarum fecunda foret b+ ¢ 
Erit tertia ratio Gort 2h 4 6 
Sed & diffcrentiarum primarum tertia erat b+o2c+ d 
Ergo quarta ratio a+ 36+ 3¢4+ d 
Tandem differentiarum primarum quarta erat b+ 3¢4+3d+e 
Ergo quinta ratio a+ 464+ 6¢+4d+e 
(Prima a 7 
Secunda a+ 3») 
Poftrem6 rationes } menige a) 20 tee ¢ addantur, 
j Quarta at 36+ 3¢+ @ j 
EGaint a+ 46+ 6¢+4d+ @F 
fit fumma quinque rationum 54+ 105+ 10¢ + 5a + ¢. 
Nea, 2 Rationes 
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Rationes vel Magnitudines. 


Prima 4 

2 a@+ b 

3 a4+2b+- ¢ 

a, @+ 38+ -3¢+. 4 

5 &€+4b+ 6¢c+- 4d4+ é 

6 a+5hb4-10¢64+ 10d4+ s5e+ ts 

9 a@+6b415¢4+ 20d+ 15¢+ O6f+ g 

Rows 7h bade PF os5dih  Sbe- 2a hee 

9 a+ 8b+28c¢+4+56d+ 7oe+ 56f+2827+ 8h 7: 

Jo 2+ 94+ 36¢ + 84d + 126¢ + 126f + 84¢ + 364 + 91 +h 
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Si quotcunque rationum continuarum, quarum termini fint equidifferentes, 
prima eadémque maxima vocetur @, differentia autem prime & fecunde vocetur 
6, tum differentiarum fecundarum prima vocetur ¢, tertiarum prima d, & fic 
deinceps ; aio fecundam rationem fore 4 — b, tertiam @ — 26 +4 c, quartam 
a—3b + 3¢6— d, quintam @ — 4b + 6¢ — 4d 4 @; atque ita deinceps, 
alternatis femper fignis affirmatis & negatis. Demonftratur ut precedens. 
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Date rationis multiplicem invenire prope verum. 

Conftructio. Differentiam terminorum date rationis duc in denominatorem 
multiplicis dati, & a facto aufer ipfam differentiam, reliqui femiffem adde 
termino majori, & detrahe minori; ita prodibunt duo termini exprimentes 
rationem pauld minorem quefita. Tum fi termini prodeuntes fint forté numeri 
mixti ex integris & fractis; reducantur ad puré fractos, quorum denominatori- 
bus omiffis, ratio quefita cenfebitur in numeratoribus integris & a fractione 
liberis. v. gr. Queratur rationis $4 quadruplum. Differentia terminorum 3 ducta 
in 4 exhibet 12, unde ablatis tribus reftant 9, cujus femis 44 additus termino 
majori 28, facit 323, detractus autem minori 25, relinquit 203; erit igitur 
ratio 203 ad 323 pauld major quadruplo rationis 35. Reductis terminis 201 & 
324 ad pure fractos, fiunt 4° & ©, omiffi{que denominatoribus, erit ratio +! 
pauld major quefita. 

Demonttratio hujus & fequentis propofitionis conftabit ex propofitione vir. 
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- Date rationis partem imperatam invenire prope verum. 

Conftruétio. Differentiam terminorum date rationis divide in partes totidem, 
quot denominator partis quefite conftat unitatibus, atque ex ils partibus exemta 
und, reliquarum femiffem adde termino minori, & detrahe quoque majori; ita 


pro- 
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prodibunt duo termini exprimentes rationem pauld minorem quefita: Tum fi 
termini prodeuntes fint forté numeri mixti ex integris & fractis; reducantur ad 
pure fractos, quorum denominatoribus omiflis, ratio queefita cenfebitur i in nu- 
meratoribus integris, & a fractione liberis. v. gr. Oporteat rationis 2 invenire 
partem quintam. Differentia terminorum 2 divifa quinquefariam exhibet 2, 
ii eft una pars quinta, eximenda ex integra fumma quingue partium, que 
rat 2, & reftant 4, quarum femis 4 additus termino minor 2, facit 3% ; de- 
wvsebue vero eX miajori 5, cua facit 415 erit igitur ratio 34 ad 45 paulo 
minor, quam pars quinta rationis 3. Reductis terminis 34 & 44 ad pure fractos, 
fiunt +2 & *, omiffifque denominatoribus, erit ratio 7 paulo minor quefita. 
Rurfus inveniendus fit rationis .*, femis. Differentia terminorum 3 bipartita 
exhibet 1+, qui eft unus femis, eximendus ex integra fumma duarum partium 
3, & reftat 12, cujus femis 3 additus termino minori 8, facit 83; detra@tus 
autem ex majori 11, relinquit 10;35 erit igitur ratio 83 ad ie, pauld minor 
femiffe rationis +3. Reductis terminis 82 "8 Ioz ad pure fractos, filunt 3 


& 41, omiffifque denominatoribus, erit ratio 3} pauld minor quefita. 
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Invenire, quantum pars rationis imperata, qua per precedentem invenitur, 
deficiat ab exacuori. 

Conftructio. Primé, fi partis imperate denominator fit numerus impar ; 
fume rationes, que funt rationi per precedentem invente utrinque vicine & 
equidifferentes, ita habebis tres rationes, quarum minimam aufer a media, 
& mediam 4 maxima, prodibunt due differentie, quarum differentiam de- 
nuo inveftigabis, tantifper affervandam. Deinde partis imperate denominatori 
unitatem detrahe, reliqui femiffem in tabula figuratorum inferta prop. 111, 
quere inter radices, & invento congruentem numerum trigonalem excerptum 
tripartire, fic invenies, quoties fumenda fit differentiarum ‘differentia fupra 
aflervata, ut acquiras particulam, qua pars imperata, ee Bess ecedentem 
inveniebatur, deficit ab exactior1. v. g. Scire velim, ratio +2 per preecedentem 
inyenta quantum deficiat ab exactiori quinta parte rationis 3. Rationi 43 
utringque vicine & ANCE eis funt 22 & 21. Differentia minime 4 media 
437 & mediz a maxima 3:7, & harum differentiarum differentia +33442 affer- 

Sande Tum partis imperatee denominator 5 detraho 1, reftant dy cujus fe- 
miffi 2 inter radices invento congruit trigonalis numerus 3, cujus triens eft 1, 
indicans differentiaruin Sika ata fupra affervatam {i334 femel fumtam 

exhibere particulam, qua ratio 42 deficit ab sca ge quinta parte rationis 3, 
adeo ut hujus exactior pars quinta fit natio 42 -} ratione 137-427. 

Sin partis imperate denominator fit numerus par; fume femiffem differenti 
terminorum rationis per precedentem invente, quem ejufdem termino minori 
detrahes, & majori addes pariter ac detrahes; ita obtinebis quatuor rationes 
continuas terminorem equidifferentium, ex quibus minorum duarum diffe- 
rentiam auferes ex majorum duarum differentia, & emergentem differentiarum 


differentiam affervabis, Pe partis imperate denominatorem bipartire, & 
invento 
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invento femiffi congruentes in tabella propofitioni 111 fubjuncta fpecies ex- 
cerpere, faltim ufque ad c¢ {peciem, pofitoque @ = 7, b= 2, ¢= 14; due 
cuyufque fpecie: valorem in, fuum coefiicientem, collectifque omnibus in unam 
fummam, habebis, quot vicibus fumenda fic differentiarum differentia fupra 
affervata, ut acquiras particulam, qua pars imperata, que per precedentem 
inveniebatur, deficit ab exactior1. Ex. gr. Rationis 4%, octans per precedentem 
inventus fit 122; fcire velim, quantum is deficiat ab exactiori. Differentia 
terminorum eft 6, cujus femis 3 detractus minori termino, relinquit 146 ; ad- 
ditus autem majori, facit 158; é& detractus majori, relinquit 152. Sunt ergo 
quatuor rationes continue terminorum equidifferentium ze poh gge) Bebe hy (12 
49° 162° 165° 158 








X é : 24016 3 : : : 
ferentia duarum minorum rationum - ablata a differentia duarum majo- 

221692 : . : : : = 176282 : 
rum —— relinguit differentiarum differentiam =153"*5. affervandam. Partis 


175397 

imperate denominator eft 8, cujusfemifi 4 Aiecunt in tabella propofitioni 
111 fubjuncta fpecies ifte : ¢@ 4+ 36 + 3¢;feda = 3, & 36 = 6, & 3¢ = 4. 
que juncta factunt 10%. Ergo differentiarum differentiz ee fapra fer- 
vate fumendum ‘eft decuplum cum femiffe, ut acquiramus a cclaae qua 
octans per precedentem inventus deficit ab exattiori. Atqui rationis 





2753825 | ay a hunieie eve ee . , 
1753879 decup Vides V 17S4122 877061” & {emis per vI eft 
3507677 


; aded ut rationis 5%, octans exactior preter rationem per precedentem 
3507731 ° Per 


; : ; : b 
inventam 142 contineat etiamnum ratiunculas ht CS , 3597577 
877061 350773¢ 
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Ct per ii hujus fumma trium rationum continuarum, terminis zqui- 


differentibus contentarum, fit he ae alae 
Erit ejufdem fumme triens a+ b+ 26 (a) 
Rurfus differentia prime & fecunde rationis eft 

fecunde autem & tertie bb ¢ 
Ergo differentiarum differentia i 
Cujus triens ‘ L¢ 
‘Quem fi addas mediz trium rationum a 3b } 
Erit fumma ie bp at get 


Rqualis nempe trienti trium rationum fupra notato litera « Ergo difcerpta 
ratione quavis intres continuas terminorum equidifferentium, ut jubet propofitio,_ 
vi, erit media ex iis pauld minor triente totius difcerpte, & quidem tantd minor, 
guantus eft triens differentie differentiarum intercedentium inter rationem pri- 
mam & fecundam, nec non inter fecundam & tertiam, quod innuit pro- 
pofitio VI1. | 


Sic 


ur, 
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Sic quoque per 111 hujus, fumma fedecim rationum continuarum, terminis 


eequidifferentibus contentarum, eft 164 + 1206 + 560¢ + 1820d 
Et ejufdem fumme oftans 2a+ 156-4 7oc + 2271d(8) 
Tum per tabellam propofitioni a+ 664+ I5¢+4 20d 
ut fubsunctam, quatuor medize ex at Foote 2164 35d 
iftis fedecim, nimirum 7™4, 8°", 9%’, 2+. So py 28e¢ + 56d 
10™, funt a+ 96+ 36¢ + 84d 
Differentia duarum priorum Pita. Otte isd 
pofteriorum b- 8c + 28d 
Differentiarum differentia 2¢+ 3a 
Hujus decuplum boc + 130d 
& femis c+ 6id 
Una cum fumma duarum ex quatuor iftis mediar.2@ 4+ 156 + 49¢ + g1id 
Facit 24+ 155 + 70¢c + 228d 


fEqualem octanti fedecim rationum fupra hotato litera 6. Ergo fi ratio data 
difcerpatur in partes fedecim, erunt due mediz ex iis. fimul, paulé minores 
octante totius difcerpte ; & quidem tanto minores, quantum eft differentiz 
differentiarum (intercedentium inter rationes ex fedecim iftis feptimam & o¢ta- 
vam, nec non inter 9"*™ & 107") decuplum cum femiffe. q. e. d. 
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Rationes terminorum zquidifferentium funt propemodum, ut reciprocé ipforum 
terminorum media arithmetica. 

Explicatio. Sumatur per v1 hujus rationis cujufvis, v. gr. $, pars quevis, 
v. gr. femis 33, tum pars queevis alia, v. gr. triens $3, & ut fiant terminorum 
eequidifferentium, pro § fumatur +$, & pro 43 equipollens +2. Medium 
arithmeticum terminorum rationis totius eft 17, femiflis 34, trientis si. Li- 
quet igitur, ut tota ratio +$ eft ad femiffem fuum 33; ita reciprocé femiffis 
medium arithmeticum 34 efle ad medium totius 17: & ut tota ratio 1% eft 
ad trientem fuum $$; ita reciprocé trientis medtum arithmeticum 51 effe ad 
medium totius 17: idedque etiam, ut femis 33 eft ad trientem £2; ita ‘re- 





pS 
ciprocé trientis medium 51 effe ad medium femiffis 34: Tantum porré hanc 
analogiam abire a vero, quantum femiffes, tientes, partefve alia rationum 
per vi hujus invente deficiunt ab exactis. Quamobrem id agendum, ne de- 
fectus ille inftituto noftro officiat. Caterum minor erit defectus, minidfque 
aded officiat, quo rationes in analogiam adfcitee minores fuerint. Ctm enim 
fecundum demonfirationem praecedentis, octans exactus fedecim rationum foret 
2a +156 + 70¢ + 2274d, at fumma duarum ex fedecim iftis mediarum 
2a +156 + 49¢ + 914d, qui eft octans per vi inventus; patet differentiam 
horum oétantium confiftere in contentiori parte fecundarum & tertiarum dif- 
ferentiarum. Atqui rationum continuarum minores habent differentias primas 
minores, ac proinde differentiarum fecundarum & tertiarum partem exiliorem 
mult6 etiamnum minorem. Sed exemplo res ;fiet illuftrior, Nam rationis 


ra) 
o 
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femiffe deficit ratiuncula fuperb!partiente peer 
prius affumte .°.2, propemodum femis eft) fi denud bipartiamur per vit Thee 


habebimus ae fo 2797599 | Ubi ratio ia ab exactiori femiffe deficit ratiun- 


‘ . e ° T ‘ : 
490% femis, per vir hujus, eft ubi ratio £22 ab exactiori 
201- 


Rurfus rationem 22 2 ( quee 


127997001 
cula fuperbipartiente — Speer Minor eft igitur defectus, ctim bipartimur 
27997001 


rationem minorem 193) ee fi bipartiamur majorem -22,, quanto {cilicet 
27997599 7999399 | hoc eft 
127997601 1’ 
propemodum, quanto 8 milliones minores funt 128 millionibus, nimirum fedecim 
vicibus. Sed & ejufdem rationis quod minor pars fumetur per vi hujus, ed 
fe - i. : i ; ‘ : ] 
minus deficiet a vero. Sic rationis aa femis, per vii hujus, erat pegs + 


OL 
7999399 & ejufdem triens per eandem eft 22 + 8099459197 , 
Dies gor 8099460797 


229 (qualis per vi invenitur) minis deficit ab exaétiori, quam femis 222 (per 


301 
eandem inventus); quanto ratiuncula 8299459197 minor eft alter§ 2999399, 
8099460797 7999401 


Unde fequitur, cum bipartita ratione 52° fecundum vr hujus, non nifi bina- 
rium quafi perdamus in octo milltonibus, vel unitatem in quatuor millionibus ; 


ratiuncula fuperbipartiens - minor eft fuperbipartiente ‘ 


ub quidem triens 


futurum, ut iftius femiffe =" (five re diminuto quovis modo per ana- 
logiam vi? hujus fuperftructam, minus etiam perdamus; adedque 4 ratione 


ae nos analogicé argumentari poffe ad quamvis minorem terminorum #qui- 
TOO 


differentium, ita ut mirus quam unitatem perdamus in quatuor millionibus ; 
quéque ratio, ad quam argumentamur, minor fuerit, eo jacturam fore 
minorem. 
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Dati menfura rationis aan particulis, qualium decupla continet 1,0000000; 
invenire menfuram cujufvis minoris rationis terminorum equidifferentium, in 


par ticulis fimilibus. 








Rationis wa menfura fupra inventa fuit 21769) 3, & rationis - men- 
fura ibidem ih 7, quarum fumma exhibet rationem pepo poe oe De- 


ue 


hinc oporteat nos invenire menfuram rationis 12°. Ergo per praceden- 
{ 


4 : 3 ‘ 100 . : . 
Ur medium Arithmeticum terminorum ve (mimirum 100|5) ad medium 


Anthmeticum terminorum a (nimirum 100); ita menfura hujus rationis 
$ : 


(puta 
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(puta 43429) ad menfuram iftius 43213. Tot igitur particulis logarithmus 
abfoluti ror excedit logarithmum abfoluti 100. Quare, cum logarithmus abfoluti 
100 fit 2,0000000 ; oportet, ut logan abfoluti 101 fit 2,0043213. 


Porro invenienda fit menfura rationis - —, Dic: 
Ut medium arithmeticum terminorum - (nimirum 1o1| 5) ad medium arith- 


. ° Q . . ° 7 . . . 
meticum terminorum on (nimirum 100); ita menfura hujus rationis (puta 
5 . 


43429) ad menfuram iftius 42787. Tot igitur particulis logarithmus abfoluti 
102 excedit logarithmum abfoluti 101. Quare, ctm Icgarithmus abfoluti 101 
foret 2,0043213 3 oportet, ut logarithmus abfoluti 102 fit 2,008600. 

Ctm autem in omnibus hifce analogiis terminus fecundus fit 100, & tertius 
434293 liquet, ad inveniendam menfuram cujufvis rationum fequentium nihil 
amplius reftare, quam ut dividamus numerum 43429 per medium arithmeticum 
99L5 
100 


terminorum rationis date. Cetertim invenimus nos quidem rations =-—== then- 


furam 43429, que forté debebat effle unitate major, puta 43430; fed facilé in- 
995 affamfiffemus 99915 & in cumulandis ho- 
100 TOOO| 5 


rum terminorum poteftatibus calculum ad plures locos extendiffemus, ad ma- 
jorem utique precifionem perveniri potuifle, adedque huic methodo ad accu- 
ratam facilitatem nihil quicquam deeffe. At non deeft modus etiam hoc ipfo 
facilior, qui poft acquifitos paucos logarithmos fola additione rem peragit, & 
preterea probam fuam fecum fert, quem propofitionibus fequentibus breviter 
exponemus. 


telligit quivis, fi pro ratione 


POR OsPP OUSet a beieO, & Xs. 


Rationum duarum continuarum differentia eft ad aliarum duarum  con- 
tinuarum differentiam ; ut harum communis termini quadratum, ad _ ifta- 
rum communis termini quadratum; dummodo fingularum termini fint equi- 
differentes. 


Sint due rationes continue = i si, 
eft a + 4, & hujus quadratum aa + 24b + bb fint vero & alize duz con- 
a+ 3d a+ a+46 
at 4° a+ 50’ 
dratum aa + 824 + 166. Singularum termini differunt communi exceffu 4. 
aa-+2ab 


aa+2ab + bb? 
Atque he differentie funt quoque terminorum zquidif- 


quarum terminus communis 


tinuz , guarum communis terminus eft a + 44, & hujus qua- 


Differentia duarum priorum eft ———— & pofteriorum duarum 


ada+8ab + 155d 
aa+8ab+ 1665 : 4 ' 4% 
ferentium. Ergo per viii hujus funt propemodum, ut reciproce ipforum ter- 
: aa + 2ab ; 


aa+2ab+ bb 
ita horum terminorum, medium. arithmeticum 


Bb aa + 


minorum media arithmetica; hoc eft, ut prior differentia , ad po- 


; aa+8ab+ 1546. 
{teriorem We Subp 10be : 
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aa + 8ab Fy 15166, ad medium arithmeticumsiftorum aa + 24) + 16); 
hoc eft propemodum, ut communium terminorum quadrata, nimirum aa + 
8ab t 1645 ad aa + 24d + bb; que ab itis mediis arithmeticis non nif 
quantitate 4% differunt, exigua fine, & in rationibus minoribus (ubi_ fe. 
differentia terminorum 2 ad iplos terminos exiguum inftar habet) facilé con- 
remnenda. 


BP. ROP (OsS eo tek Olea ts 


Rationum trium continuarum differentiarum differentia, eft ad aliarum triun: 
continuarum differentiarum differentiam ; ut cubus medii arithmetici mediz ex 
his, ad cubum medii arithmetici media ex iftis; dummodo fingularum ra- 
tionum termini fint equidifferentes. 

a atb at 2b 

a* + 6436 + 12aabb + Sad} 
at + 6436 + 12aabb + 10483 + 354? 


b d 
meticum elt @ -+ a, cujus cubus @* + 


a + 2b a+36 a+ 46 é 

a+30 a+ 40 a+ 5e° 
4 3h bb 60ab3 85+ ee 2 

rum. eft Se ea & mediz illarum medium arith- 


Sint tres rationes continu quarum differentia diffe- 


rentiarum eft 





& medie illarum medium arith- 
27abb 53 
+ he -+- 2; fint verd 


quarum differentia differentia- 


gaad 


& alie tres continue 


~hsama “+ ae + ee Ceterim fin- 
gule rationes Hgeeiee communi exceffu 4; at differentie differentiarum non 
{unt terminorum equidifferentium, fiquidem differentia terminorum prioris eft 
2ab? + 36%, at pofterioris 224% + 7*: fects ac in precedenti propofitione, 
Quare cum illic res expediretur toute proportionum fimplici inversa, hic opus 
eft duplici inversa ; nimirum : 

Ut medium arithmeticum prioris differentie differentiarum (nimirum 


at + 649b + 12a0bb + 9ah* + ay ductum in differentiam terminorum 





f af 
meticum @ + A, cujus cubus @* + 


pofterioris (246? 4+ 72*) ad medium arithmeticum pofterioris differentie dif- 
63 5+ 
3") duétum 


in differentiam terminorum prioris (240? + 344): Ita differentia differentiarum 
prior ad pofteriorem : Ita quoque cubus medii arithmetici mediz trium priorum 





ferentiarum (nimirum a* + 140°9O 4+ 72a@ab66 + 161483 + 


aab 2aab b3 
rationum (nimirum 4? + eee + an + Sa 22—) ad cubum medii arithmetici 
2 ‘ : e . . 3 
mediz trium pofteriorum rationum (nimirum e a niin Thpe cde O3abb + 343° Baek 
2 


uz analogia vera effe deprehendetur, fi productum extremorum medusa 
fit producto mediorum. 


Atgui primus terminus 44 + 64°F + 12aabb + gad} +. 20 Le in2ad3 + 
7b = 24? + 19a*0* + 6649 + 1024ab° + 6640" + neil ducatur in 


quartum 
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‘i 
taab 63ab6 53 
quartum 4? + ane tet + ee; productum eft 24°)? + 4oa7* +. 


297a°Ds + 11804°b° + 29917-0*d’, &c. 
Rurfus fecundus terminus a* + 1443) + 72¢aabb + 161483 + 


2ab® + 3h* = 24°)? + 28a*h* + 144490) 4 32244) + 263407 + ahs tag 
2 


in 





263 5+ 
2 


A 3 d 3 
fi ducatur in tertium a? + oes + a +. ee ; productum eft 24°%* + 


4007* + 339a°O + 15934°D° + 455820", &e. 


Hoc igitur productum ctim confentiat cum ifto, non modd in primis & 
fecundis fpeciebus, fed & in maxima parte tertiarum & quartarum; aio ana- 
logiam in propofitione memoratam, veram effe. Nam defectus, qui hic ap- 
paret in productis terminorum, in ipfis terminis longé minor erat, quippe 
qui multiplicando crevit. Ut taceam in ntinoribus rationibus differentias fecun- 
das & tertias nullius feré momenti effe * 

Simili modo oftendetur, differentias tener rationum continuarum & termi- 
norum equidifferentium, effe ut quadrato-quadrata; quartas, ut quadrato- 
cubos terminorum, qui fingulis in tabell4 propofitioni 11 fubjunéta, é€ regione 


opponuntur. Atque ita deinceps. 
PROPOSITIO XII. 
Numerorum in progreffione arithmetica ordinatorum quadrata conveniunt in 
differentiis fecundis, cubi in tertiis, quadrato-quadrata in quartis, & fic 


deinceps. 
Patet ex infpectione beliators fubjectarum : 


Numeri Quadrata diff. 1. diff. 2. 


I I 
a 
2 4 2 
5 
3 9 2 
7 
4 16 
Womerr  Cubi . diff. s. diff. a. diff. 3. 
I I 
7 
2 8 12 
19 6 
3 27 18 
37 6 
4 64 24 
61 
5 125 


* See the note at the end of this tract, p. 196. 
B be Numeri 
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Numeri 


I 


2 


3 
4. 


5 
6 
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Quadrato-quadrata 


I 
La6 
81 
256 © 
625 
1296 


diff. 1. 


15 
65 
175 
369 
671 


diffa diff. 3.° GRR 4. 


50 


24 
2.4 


Hinc patet, datis v. gr. cubis quatuor, vel quadrato-quadratis quinque, quo 


pacto ceeteri continua additione fuccenturiari poffint. 


Sint enim dati 


Cubi diff. 1. diff; 2. diff. 3. 
tiene 

es 19 
yay DES<1S 

Jum cio 
C204 ser 24 

Pie 07 | ieee §) 
AA125 j= 

“ TD atid 

eee 


Diez: k -izll+gumm+d=n. 


PR O° P OFS oT aoe OX ITITS 


Logarithmos quotvis locorum continua ac folé additione producere ita, ut 
ultimo exiftente probo, cexteri omnes fint probi. 


& deinceps con- 





. cca 
Conftructio. Cum fit a +5 a ie ae iat | 
tinuando progreffionem in cat fi ponamus ¢@ = 100 = medio arithme- 


Ste tn? LOLS ant . 
GON Mationts Fore & b= 100000, & c= o|[5, adeo ut db — ¢ fit gqQ999] 5 


= medio arithmetico rationis datz ooooo? cujus menfuram invenire oportet, 

















10000 
100 Ca 
erit nimirum =F five It I —— (five 
a zs uae 57 (live | velo] Con) A ae 
OL 5* 100 ° oO] 25* 100 
_a1sti00_ : vel of 000000005) +5 = (five ee 
10000000000 10000000000 LOOOON@®O990000000 
2 o| 125* 100 
mail Salat Pelt 8 | O[.000000000000025) + = ie Sah Bsa 
ITOOOQOONNN0000000 a IOOOOONNOGO00C0N000000 
Ij 2 j 
seaman =. aa) Feat Se Fe OL 000000000000000000125) = 
TEQOQNNN0NN0N900000000 
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ae ee fin manentibus @ & 6, ut anté, ponatur 
= 153; erit —~— = 0[001000015000225003375: vel fi rurfus manenti- 
—c 


° a 
bus @ & 4, ponatur ¢ = 2[53 ent -——= O[ 00100002 500062501 562 5. 


Liquet ex precedenti, quo pacto datis numeri 5 quadrato & cubo, fequentium 
quoque numerorum 15, 25, c@terorumque quadrata & cubi additione con- 
tinua inveniri poffint. Iftis igitur numeris cum fuis quadratis & cubis rité 
difpofitis ita ; ut poft unitatem in ofoor fextum locum occupet ultima figura 
numeri 5 (vel 15, vel 25); & fextum ab hac locum uluma figura quadrati 25 
(vel 225, vel 625); & ab hac rurfus fextum locum ultima figura cubi 125 
(vel 3375, vel 15625) ; quemadmodum exempla fuperiora oftendunt : conflati 
erunt numeri, qui in tertium regula auree terminum 43429 ducendi funt 


8 
finguli, ut prodeat menfura rationum datarum RE Pee Eee) 
r00000" 99999” 99998" 


hee multiplicatio, ut fola quoque additione perficiatur, digerendus eft tertius 
terminus 43429 in tabellam fubfidiariam, hoc modo : ' 








Atque 


43429 
86858 


I 
2 

3. 130287 

4 173716 

See | FAS 

6 260574 

Par Be4003 

8 347432 

390861 

T0000 
10001 
in particulis, qualium decupla continet 1,0000000; mox addendo has or- 
dine retrogrado concinnabimus logarithmos fingulorum abfolutorum a 10000 ad 
100000 ; quorum ultimus fi fit probus, precedentes omnes erunt probi; nifi 
forté error pofterior quafi’ex condicto corrigat priorem, quod in hac non magis 
quam omnibus aliis probis, nec nifi rariffimé ufuvenire potetft. 





Acquifita hoc modo rationum omnium menfura 4 ee ufque ad 


iaeeneeeeereemeeeememnerir 


ATQUE ita expofita methodo conftruendi logarithmos nova, accurata, & 
facili, haud fcio, an opus fit monere lectorem, fi ad praxin accedere luberet, 
non requiri compofitorum numerorum logarithmos ; ideoque omnes pares pri- 
mum excludendos, deinde omnes 4 quinario produétos ; ita ut reftent foli lo- 
garithmi numerorum in unitatem 3'™™, 7m, gitm exeuntium, atque horum 
quoque tertium quemque, ctim fit ex ternario compofitus, omitti pofie: fic acqui- 
fitis logarithmis abfolutorum 10003 & 10013, omiffo logarithmo abfoluti 
10023 ex ternario compofiti querendus eft logarithmus abfoluti 10033, utpote 
tricefimi ab abfoluto 10003; tum logarithmus abfoluti 10043, tricefimi ab 
abfoluto 10033: tum rurfus omiffo logarithmo numeri 10053 querantur lo- 

garithnal 
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garithmi numerorum 10063, 100733; atque ita deinceps. Quare dicendum per 
regulam propofitione vii: traditam : 

Ut 10048, nimirum medium arithmeticum inter 10033 & 10063, 

ad 10018, nimirum medium arithmeticum inter 10003 & 10033: 

Ita 13006, nimirum differentia logarithmorum congruentium abfolutis 10003 


& 10033; 
ad 12967, differentiam Jlogarithmorum competentium abfolutis 10033 & 
10063. 
Dico : 
10048 
‘ 10078 ne 12967 
Ut ee ad 10018; ita 13006, ad nae 
&e.. Ff 
Item: ; 
10058 
10088 a 12953 
Ut es ad 10028; ita 12992, ad see 
&c. 
At tertius qui fequitur ordo, nimirum : 
10068 ome 
Ut 10098 - ad 100383 ita 12979, ad bee 
&e. ; 


hic ipfe eft, quem omittendum indigeto. 


Pari modo tertius quifque in unitatem 7%", o@"" exeuntium omuittetur. 
Itaque fiet, omiffis paribus lucrifaciamus femiffem opera, & detra¢ctis quinariis 
rurfus partem decimam, denique exclufo tertio quoque in 1, 3, 7, 9, defi- 


nentium, trientem laboris refidui; unde non nifi + » nhonaginta chiliadum, 


que funt 4 10000 ad 100000, induftriam noftram expectant. Hoc eft, de 
go chiliadibus reftant folum 24 concinnanda. Ceteros compofitos 4 7%°, 117°, 
aliifve priniis genitos, non eft oper pretium fecernere in methodo tam pro- 
clivi; prefertim ctim probando calculo infervire poffint. 

Czterum ex iis, que haéctenus differuimus, fatis liquet, naturam logarith- 
morum geometriz nullo modo obnoxiam effe ; fed vertus ac liquidius ex pro- 
prio fuo fonte manare. Intercedit tamen utrif{que cognatio fuavis, & contem- 
platione digniffima, quam deinceps paucis exponere non gravabor. 


PR O- 
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PROP OS TT 1 O° XIV- 


Sit hyperbole mur, cujus latus rectum Kx equale fit tranfverfo Bc; erunt 
afymptoti aN & Az ad angulos rectos, & quadratum pF ezquale rectangulo 
cpp per xx1. Conicor. 1. Ex B & F cadant perpendiculares ad afymptoton 
BI & FH. Dico, au effe ad al, ut Brad FH. 


DEMONSTRATIO, 





Git AP cai — AC 
BC = ABP AC 19 
RD =a 
AD = AB + BD =I —@ = DE 
cD = BC + BD=2+44 
cp X Bp = 2 + gin @=— 28 + aa A: DF 
DF = 24a + 44 = DG 


AG =~ AD+ DG>1+4+4+Y24 + aa 
2.1 i: AG.AH 
I1+a+/2a+ aa 

af 2 
EF =~ DE=DFZ2I+4—y24a+- 44 
YEA IScEE.. Pet 
I+a— f2a+ aa 

2 
Ducatur AH in FH; 
ponendo 1+am=e¢,&Y2a+aa=d 
erit I4-2¢+44= ce 
Be ga baa oe fubtrahe 


AH 





FR Ss 











I cc — dd 
com dd — 1 ~ an y Py 
WEE OVE ye UES IP * 
2. Vis AB. AT 
I 
AI re 
I I 1 ’ 
teh a ey V2 — 7 8 
Ergo per « & 6, AH X FH = AI X Bt 
CE AH GAL “2 BYP ge. Ce 


PROPROSITIO XV. 


In diagrammate precedenti, pofita ar = BI = 1, & HI = 4; oporteat in- 
venire FH, 


4 Dic 
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Dic per precedentem: ut An ad ar, itapr ad FH; hoc eft, 1 + @.1:: 1. 

I . . . . . eae . . 
— 3 nimirum FA equalis eft unitati divifee per 1 ++ a. Perficitur autem di- 
vifio ipfo opere fic : 











b cy a e 
1+a’ I I 
Pi uaes 
1+ a 
h i k 
O— @ — GZ 
1 m 
—a— 4a 
n Oo p 
Oo + aa + aa 
r 
q 3 
aa-+-da 
ie? u 
s 3 3 
Oo—4 —a 
b c d oe e b c f 
Applica 1 + @ ad 1, tai 1; tum © in t+ Agta I + b: fubdu- 
d h b c h k 
cendumex 1, & reftlato —a@. Rurfus 1 + @ appiiceturad o — aA oritur — 4; 
k h i Bd Net h i n ) 
tum —4@ ino — 4 producit —a@ — aa, fubducendum ex o — a, & reftato — aa. 
: r 
b' '«¢ Pp b METER OR oat) 3 
Ad hoc applica 1 +4, oritur -+-aa@; quod ductum in 1 +4 gignit aa + a, 
t 
n ) 8 3 ' 
fubducendum exo + aa, & reftat o — a. Atque ita continuata operatione, 
deprehenditur : . -~=1—4a+4+4aa—a + a* (&c.) = FH, 


POR OVO TeT1O AVI. 


Quovis numero in partes zquales innumeras difcerpto; invenire fummam 
quarumyis poteflatum ab innumeris iftis numeris genitarum. 

Numeri dati poteftas proximé fuperior poteftatibus quetfitis, fi dividatur per 
exponentem fuum, extabit fumma poteftatum quefita. 

V. gr. Numerus datus fit'21; hic fi difcerpatur in partes innumeras, con- 
tinebit non modo hos numeros 20, 19, 18,17, &c. fed & innumeros interjectos, 
quorum quifque intelligitur ductus in unam partem infinitifimam numeri 21. 
Horum igitur omnium productorum fummam fi queras ; quoniam ipfa producta 
funt poteltates prime (five linee); erit poteftas proximé fuperior quadratica ; 
& ejus exponens 2. Ergo dati numeri 21 quadratum 441, fi dividatur per 

exponentem 
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exponentem 2, extabit fumma omnium primarum potefatum, es ab 
Innumelis iftis numeris, qui in dato numero 21 continentur, nimirum 220[ 5. 
Rurfus quevis poteftas prima intelligatur ducta in feipfam, & oporteat nos 
invenire f{ummam omnium iftorum quadratorum. Poteftas proxumé fuperior 
eft cubica, & cus exponens 3. Ergo dati numeri 21 cubus 9261, fi dividatur 
per exponentem 3, extabit fumma omnium quadratorum 3087. - Horum qua- 
dratorum quodvis ducatur in fuum latus, & oporteat nos invenire fummam 
omnium iftorum cuborum. Poteftas proxime fuperior eft quadrato- quadratica, 
& ejus exponens 4. Ergo dati numeri 21 quadrato- quadratum 194481, fi 
dividatur per exponentem 4, extabit fumma omnium cuborum 48620 25. 

Demonftratio. Summa omnium ab unitate imparium eequalis eft quadrato 
numeri terminorum; fic numerus terminorum omnium imparium ab unitate 
ufque ad 21 eft 11, cujus quadratum 121 equale eft fumme omnium horum 
imparium ; 1, 35 55 7 9p 115 13,15,17, 19,21. Atidem quadratutp 121 du- 
plicatum, nimirum 242, excedit fummam omnium eorundem imparium una 
cum paribus inclufis ipfo numero terminorum 11; deficit autem a fumma 
omnium parium que ac imparium eodem numero terminorum 11. Ergo 
quadratum duplicatum numeri terminorum imparium non poteft excedere vel 
deficere 4 fumma omnium, tam parium quam imparium, plufquam ipfo nu- 
mero terminorum imparium, hoc eft (fi termini fint innumeri) eodem numero 
terminorum five dimidio termini maximi, dudto in partem infinitifimam numeri 
dati. Quod produ€tum fi quis putet, adhuc rationem aliquam obtinere ad 
fummam omnium terminorum; nondum utique divifus eft numerus datus in 
partes innumeras, quod eft contra hypothefin. Ergo quadratum dimidii numeri 
terminorum (tam parium quam imparium) duplicatum ; sicvel, quod idem eft, 
dimidium quadrati numeri omnium terminorum (tam parium quam imparium) 
equale eft fummz omnium terminorum. 

Rurfus ; numerus pyramidalis ultimi ab unitate imparium, equalis eft fumme 
omnium quadratorum ab iifdem imparibus faétorum. Sic numeri 21, tanquam 
ultimi imparium, pyramidalis 1771, equalis eft fummz omnium quadratorum 
factorum ab his imparibus; 41, 3, 5, 7, 9; TI, 13,.15, 17, 19, 21. Unde haud 
fects, ac modo, conficietur eundem pyramidalem duplicatum (fi termini fint 
innumeri) ; vel, quod idem eft, trientem cubi facti a numero dato, equalem 
effe fumme omnium quadratorum ab imparibus zqueé ac paribus factorum. 

Item; ultimi cujufvis trigonus in fe ductus, zequalis eft fumme omnium cu- 


borum ab imparibus equeé ac paribus factorum. Sed trigonus ifte, five fumma 
: . : .. Quadrato . ; : 

terminorum, fupra equalis erat ————,, ergo ejufdem. Trigoni quadratum 
2 

¢ Quadrato quadrato 


equale e = fumme omnium cuborum. Atque ita deinceps, 


Cc ‘PR O- 
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ae ROPOS TT ITO. XVI. 


Quadrare Hyperbolam. 


In diagrammate precedenti, pofita ar = 1; intelligatur afymptoto inde 
ab 1 verfus £ divifa in partes equales innumeras, que fint, v. gr. 1p = pq = 
qr =a Erit, per xiv & xv huus, pp = 1 —-a+4aa—a*+a* &c, & 
gt=i1— 24+ 44a — 8a + 1604 &, & ru=>1— 34+ gaa — 274° 
+ 81a* &c. Sedps + qt + ru = aree Biru = 


eee ee re) Pa a3 4. a* 
—=41—2¢+ 4¢4a— 843 4+. 1644+ &= 
I— 34+ gaa — 2743 + 81a* 


hoc eft, == numero terminorum contentorum in linea rr, minus fumma eorun- 
dem terminorum, plus fumma quadratorum ab ufdem, minus fumma cuborum, 
plus fumma quadrato-quadratorum, &c. 

Hinc pofito, ut ante, RAL trod sale ven aoa numero terminorum : in- 
venio, per xv & xvi hujus, aream Bips = numero terminorum = oj] 1, minus 
fumma eorundem terminorum = o|00s, plus fumma quadratorum ab iifdem 
= 0} 000333333» minus fumma cuborum = 0| 000025, plus fumma quadrato- 
quadratorum = 0000002, minus fumma quadrato-cuborum = of 090000166, 
plus fumma cubo-cuborum = o| C9d0000T4, &ec. 





Of I O[ 005 
o[ 0003 33333 
— < o|000025 

+ o| Co0002 L 2 

o| CCOOCONI 4 o| 000000166 
+ = of 1003. 35347 — 0[005025166 
Sar OLOO kG St Oe 
+ oLogs310181 = aree BIDps. 

Sic pofito rq = o[ 21 = numeroterminorum: invenio, perxv & xvr hujus, 
aream BIgt = numero terminorum = o[ 21, minus fumma eorundem termi- 
norum = o[02205, plus fimma quadratorum ab 1fdem = o|003087, minus 
fumma cuborum = o|000486202, plus fumma quadrato-quadratorum = 
o| 000081682, minus fumma quadrato-cuborum = o| 090014294, plus fumma 
cubo-cuborum = o,000002572, minus fumma quadrato-quadrato cuborum 


= 0| 000000472, plus fumma quadrato-cubo-cuborum = o| coo000088. 
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3 o[ 21 : tsi 
0L 003057 
kis Oo 00008 1682 Pe pear as 
o| 000002572 Hote 0014294 
of c00000088 | 0Looo000472 
ase [.o| 000000016 
i Of 213171345 —_ OL 022550984 
— 01022550084 
4 ee teniine se 


OL 190620361 = aree Brqt. 


Unde apparet, ut ratio at ad ap (1 ad 1[1 eft dimidiata rationis ar ad ag 
(1 ad 1[ 21); ita aream sips efle dimidiam arez giqt. Ceterum proclive eft 
hunc calculum extendere ad quotvis loca, quod mihi tentanti, prodiit area 
BIPS = 0[09531017980432486004395212328076509222060534; & area 
BIqt = 0[ 19062035960864972008790424656153018444121072, quam cim 
exacté duplam deprehenderem iftius fuperioris {civi indeme calculum recté pofuifle. 


POR. OL Ps OLS Te rel: OFT SV ET. 


Comparare Areolas hyperbolicas cum Ratiunculis abfolutorum Ai quidifferentium. 


In diagrammate precedenti, pofita at = 1, & afymptoto inde ab 1 verfus pz 
divisa in partes equales innumeras, que fint, v. gr.Ip, pq, qr: erit areola sips 
menfura ratiuncule, quam ar obtinet ad ap; & areola spqt menfura ratiuncule, 
quam ap obtinet ad aq; & areola tqru menfura ratiuncule, quam aq obtinet 
ar, &c. Atque areole ifte fupputantur prorfus eodem modo, quo fupra pro- 
pofitione vir & 1x rationes terminorum equidifferentium. Id quod paucis 


indicare oportunum duxi. 
BW, OFP) OVSILTAL Oi, XIX; 


Lnvenire fummam Logarithmorum. 


In eodem diagrammate, pofita a1 = 1, & afymptoto inde ab 1 verfus x 
divisé in partes equales innumeras, que fint, v. gr. Ip, pq, qr, Oportet in- 
venire fummam areolarum; sips -- Biqt + Biru (&c) — fumma logarith- 
morum = folido, conftanti ex areola B1ps perpendiculariter infiftente linez ps, 
& areola Biqt perpendiculariter infiftente linee qt, & areola Biru perpendi- 
culariter infiftente linee ru &c, ductis nimirum fingulis in unam infinitiffimam 
line date. 

Conftruétio hujus problematis congruit cum conftructione propofitionis xv1r, 
fubftituendo nimirum, pro numero terminorum, fummam eorundem; & pro 
fumma terminorum, fummam quadratorum ; & pro fumma quadratorum, fum- 
mam cuborum; &c. Sic pofita ar = 1, & 1p = o[1, oporteat nos invenire 
fummam omnium logarithmorum inde ab 1 ad o[1. 


OL 005 PekyootsOo bo 
+ 4 0| 000008333 — 4 01 0000005 
Paiconccood: 


| Of C}O000003 3 
+  0[005008366 — 0[0001671068 
— of000167168 

o[.004841198 = fumme omnium logarnthmorum. 


Hinc patet, quomodo produétum continuum omnium a o ad numerum da- 
tum arithmeticé progredientium inveniri queat. Nam fumma logarithmorum, eft 


logarithmus producti continui. 
4 Patet 


196 - MERCATORIS LOG. 


Patet quoque ex precedentibus, quo pacto problema Merfennianum, fi non 
geometricé faltem in numeris, ad quotvis ufque locos folvi poffit. Atque hic jam 
filum abrumpere cogor, tantifper dum otium pertexendi reliqua largiatur Deus. 


Note to prop. x1, referred to in p. 187. 


* In demonftratione hujus propofitionis undecime auctor nofter in plures calculterrores lapfus eft. 
gaad | 27abb 3553 
mwa tT 


4 8 





36 
Etenim dicit cubum quantitatis binomiz a + “= efle a3 +- » cum revera 








bb b3 . 
ifte cubus fit a3 + HS a. ae a =; & dicit cubum quantitatis binomiz 4 + —~ td 
2 
b3 : 
effle a + 21aab + es + a, cum -revera ifte cubus fit..a3 ++ ad + ae t. 
2 
bu Ma Hi autem errores non funt neceffarii ad ftabilienda auétoris ratiocinia, que aliquanto 


8 
propiis ad veritatem accedent, fi hi errores corrigantur. His autem correétis, demonftratio tota 
erit ut fequitur. 

a+b a+28 
TP. a+ 26° a+ 36° 
4 3 6 b3 ‘ : ; ‘ 
atk 8.497 cdlgaes na ds Pata 8 f —~, & mediz illarum medium arithmeticum eft 4 + 36. Cue 
a* + 6436 + 32aabb + 10463 + 3 54 2 


b 53 
geet ate ab iil Ey ial ; fint vero & aliz tres continue “~ *" ail scl hank 
2 4 8 a+30 a+ 40 


Sint tres rationes continue —— quarum differentia differentiarum eft 





jus cubus 43 + 


a+4é ea se ghee a+ + 14435 + 72aahb + ES + 12854 
OEY quarum differentia differentiarum eft ———— eid aki: sepve Tce TPT LENT Te =j & me- 


3 

21aab y 1474bb 4 3436 nies, 

3 4 8 
terim fingule rationes differunt communi exceflu 4; at differentie differentiarum non funt termi- 
norum equidifferentium, fiquidem differentia terminorum prioris eft 2463 + 344, at potterioris 
2ab3 + 764; fecis ac in precedenti propofitione. Quare cum illic res expediretur regula propor 
tionum fimplici inversa, hic opus eft duplici inversa ; nimirum: 

Ut sowed arithmeticum prioris differenti differentiarum (nimirum a* + 643d + 12aa}d 


: j : b 
diz illarum medium arithmeticum a@ + iy. cujus cubus a3 ++ 
2 


+ gab? + 3%) ductum in differentiam terminorum pofterioris (2443 + 744) ad medium 
2 . 


arithmeticum pofterioris differenti differentiarum (nimirum a@* + 14a3b + 72aabb + 161483 + 
2635+ 
; ———) duétum in differentiam terminorum prioris (24)3 + 38+): Ita differentia differentiarum 
prior ad pofteriorem: Ita quogue cubus medii arithmetici mediz trium priorum rationum (nimi- 
gaab 27aab Re 
rum a3? + + —— + 


——) ad cubum medii arithmetici medie trium pofteriorum ra- 
2 
21aab 147 abh b3 
uigald 1 "saya piesa 


2 4 8 is 
Que analogia vera efle deprehendetur, fi productumextremorum equale fit producto mediorum. 


tlonum (nimirum 4? + 


4 
Atqui primus terminus a+ + 6436 + 124ab) 4+ gab} + ad in 245% + 754 = 245d3 + 19a4h4 


1 58 
+ 664355 + 1o2aabs + 66a)7 + = fi ducatur in quartum @3 -- ——— Be ue 147.466 





as + 
+ AE 3 productum eft 24°43 +4 407+ + 339055 4+ 1579450° 4+ 43771.a4b7, &c. 
Rurfas fecundus terminus a+ - 144033 + 72aa5b + 161403 + cae in 2403 + 354 = 
24583 4 31a%d+ + 1860355 4+ 538¢ab° + 74647 4 * kU » fi ducatur in tertium a3 +- gaah +. 
2 





27abb 2763 53 
Sa 
4 ae 
Hocigitur produgtum cum confentiat cum ifto, non modo in primis & fecundis & tertiis {peciebus, 
fed & in maxima parte quartarum & etidm quintarum; aio analogiam in propofitione memoratam 
effeveram. Nam defectus, qui hic apparetin productis terminorum, in ipfis terminis longé minor 


erat; quippe qui multiplicando crevit. Ut taceam in minoribus rationibus differentias fecundas & 
tertias nullius feré momenti effe. 


; productum eft 24°b3 + 4047b4 + rs + 15$91a5b° + 45274437, &c. 


MICHAELIS ANGELI RICCII 


EXERCITATIO GEOMETRICA 


DE MAXIMIS ET MINIMIS, 
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MICHAEL ANGELUS RICCIUS, S.P.D. 





CRIPTIONEM hanc meam argumenti, ut vides, inter Mathe- 
matica difficillimi, fed swqué ad difficiliora queque Problematum 
efficienda, & obfcuriora Theorematum cognofcenda utilifimi, ctim in 
Geometrico, tum in Analytico pulvere, ad te mittendam duxi, vir orna- 
tifime, Stephane Gradi, quem ego unum omnium hujus Civitatis 
plurimi facio, ob egregias animi laudes, prefertim vero propter acre 
his de rebus exiftimandi judicium, quotidianis graviflimarum inter nos 
difputationum experimentis mihi perfpetum & cognitum. Lege 
quefo illam diligenter, & ubi diu exadtiflime tux cenfure fubjetam 
habueris, ecquid refpondeat folita tua de meis hoc in genere cogi- 
tationibus, opinioni, pronuncia. Nam fi hoc aflequar, ut tibi cxte- 
rifque Amicis earundem Difciplinarum intelligentibus probetur, minus 
erit in pofterum quam ob rem humaniffimis tuis hortationibus ob- 
lucter, cium autor mihi efle perfeverabis edendi alia que tecum jam- 
pridem communicavi, de preceptis univerf Artis analytice, geome- 
trica methodo breviter & expedité demonftratis, una cum animadver- 
fione erratorum quz in ipfis tradendis magni nominis Auctores erraffe 
deprehendi ; faciliufque obtinebis ne diutius premam apud me que- 
cumque de Geometria in genere difputata & literis confignata in- 
certas propofitiones redegi; & ex his illam prxcipue a Torricellio, & a 
3 te 


{ R00 ] 


te quoque tantopere commendatam, quz integram dodrinam  triginta 
propofitionum Archimedis, Luce Valerii, & aliorum, una com- 
pleGitur ; duafque preterea, quibus totam pene Jo. Caroli de la Faille 
de centro gravitatis partium circuli & ellipfeos do€rinam [jufto vo- 
lumine ab ipfo explicatam] abfolvo. Statui autem pauca aliquot hujus 
{cripti exemplaria typis imprimere, quo commodius poflint ad peritos 
hujufmodi {cientiarum Amicos, tum per Italiam, tum exteras apud 
gentes pervenire, accenfo potius ea in re tuo ftudio obfecutus, quam 
ingenio meo. Neque enim is ego fum, cui nomen famz per am- 
bitionem ingerere libeat; aut quem non magis indagate veritatis 
cognitio, quam cognite oftentatio deleCtet. Interim hune amicitiz 
noftre jampridem inftitute, & literario precipué commercio nunquam 
coli intermiffe, frudtum jucundif’mum feram, ut qux hac in re de me 
fentis amicé, hoc eft [ut Euripidi placet] liberé, te loquentem audiam ; 


eoque, quid cxteri & fentiant & loquantur, fecurus fam. Vale. Rome, 
octavo Idus Julii 1660. 


MICHAELIS 


fF izon. J 








MICHAELIS ANGELI RICCII 


GEOMETRICA EXERCITATIO. 





DEFINITIONES. 


I OTESTATEM quamlibet, ejufque radicem, voco dignitatem. 

2 Sidignitas in dignitatem ducatur, ut a? in 83, fiet productum a? in B3 ; 
cui producto illud fimile dicimus, quod gignitur ex dignitatibus graduum 
eorumdem. Ita, in facta hypothefi, productum x? in c?, ex quadrato & cubo, 
fimile eft producto a*in B3, 

3 Homogenea producta funt que ad eundem gradum pertinent; ut duo 
rectangula, quippe qua ad fecundum gradum pertinent; & duo folida, que 
ad tertium. 

4 Terminos cum dico, intelligi volo duos numeros feu zquales feu in- 
zequales, vel numerum & unitatem, vel duas unitates. Terminos inzquales 
appello duos numeros inzquales, vel numerum & unitatem. Terminos autem 
zequales, duos zquales numeros, vel duas unitates. 

5 Produétum in linea fieri fecundum terminos datos, aut pofitos, dicimus, 
quum illud fit ex duabus dignitatibus, quarum exponentes funt ipfi termini 
dati vel pofiti; radices vero fegmenta illius reéte linez fecte in proportione 
terminorum eorumdem. 

Sit, verbi caufa, quapiam recta linea, cujus majus fegmentum ad minus fit 
in ratione 3 ad 2; productum ex cubo fegmenti majoris in quadratum minoris 
erit factum in linea data fecundum terminos pofitos 3, & 2; quia fegmenta 
que funt dignitatem radices habent rationem numeri 3 ad 2, & exponentes 
earumdem dignitatum funt etiam 3, & 2. 

Rurfus efto, quemadmodum fegmentum majus ad minus ejufdem linee, 
fic 3 ad 1, productum ex cubo majoris fegmenti in fegmentum ipfum minus, 
erit productum in linea factum fecundum terminos pofitos, numerum & unita- 

Dd tem. 
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tem. Tea, a? in B* [fi a vocetur majus fegmentum, B vers minus] eft pro 
ductuin factum i in linea a + B fecundum terminos 3, & unitatem, quia radices 
A & B fic funt, ut eft numerus 3 ad unitatem; & dignitatis a? exponens eft, 
2, tumertis datus ; dignicatis w' exponens’eft, unitas, item data. 


LBM SOA SPUR NM UM. 


Si dus recte in eadem ratione fecentur, producta fi milia facta ex feg- 
mentis tanquam ex radicibus, erunt proportionalia productis homogeneis quae 
fient ex totis. 








A BD B 


Sint AaB, De, recte, in punctis c, & F itafecte, ut quam rationem ac ad 
cp habet, eandem habeat pr ad FE, & fiant ex illarum fegmentis producta 
ac? in cB’, & pr* in FE, que funt fimilia per fecundam definitionem ; 
ifque homogenea producta fiant ex totis AB, DE, nimirum azn’, DE‘ per tertiam 
Hendieoncres Dico ac? in cB? eandem rationem habere ad as’, ac DF? in FES 
ad pE*. Quia rationes ex quibus ratio producti ac? in cs? ad aB* componi- 
tur, eadem funt, ac componentes rationem producti pF? in FE? ad psE*, ob 
fe€tionem linearum proportionalem, & inde proportionales dignitates ex quibus 
producta illa refultant. Quod, &c. 


LEMMA S E-C,U-N D®°UCM. 


Tifdem -pofitis, dico, ac? in cs? fuerit maximum omnium fimilium pro- 
duétorum ex binis fegmentis rect as, etiam pF® in FE* fore maximum 
produétorum fimilium ex binis fegmentis reéte DE, tanquam ex radicibus. 

Singulis enim productis ex fegmentis reéte DE alia re{pondent orta ex feg- 
mentis recta aB in eadem proportione fecte ; & illa ad homogeneum fuum DE 
eandem rationem ‘habent, atque ita ad faum ABs » €X primo lemmate. ‘Ratio 
quidem ac? in cB? ad "ABS eX hypothefi eft. eadem ac ratio DF” in FE* 
ad DE* : cxterorum verd productorum ex fegmentis ipfius DE “ad DE‘, 
eadem eft atque ratio productorum fibi refpondentium, que fiunt ex feg- 
mentis recte ap, ad as*, Cum igitur ratio ac? in ce* [quod maximum 
effe ponitur] ad as* fit major, per octavam quinti Elem. ratione ceterorum 
productorum fibi fimilium ad axs*; major etiam erit ratio DF? in FE? ad DES, 
quam ratio ceterorum fimilium produétorum ex fegmentis recte DE ad DE’; 
ac proinde ipfum pF? in FE* per decimam quinti Elem. eft maximum. 


Quod, &c. | 
LEMMA TERTIUM. 


‘Si data ‘recta linea fecetur in ratione terminorum ineequalium, & -dividendo, 
flat 
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fiat fegmentorum differentia ad minus fegmentum, ut differentia terminorum 
ad minorem terminum; hc inventa proportionalitas vel ipfa erit proportiona- 
litas zequalitatis, vel alia, in quam incidemus, iterum dividendo, & fic deinceps; 
& in ea terminorum differentia aquabitur minori termino, & differentia feg- 
mentorum {egmento minori. é; 
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Efto ac ad cB, ut g ad 6, & ap differentia fegmentorum ac, cB: erit di- 
videndo, 3 ad 6, ut ad ad .cz, vel ad fegmentum fibi equale, pc: Quoniam 
verO hee proportio non eft proportio sequalitatis, fiat pz differentia fegmen- 
torum AD, & bc; 3, differentia numerorum 6 & 3; & dividendo, erit ut 3 


ad 3, fic pu ad ap, proportio equalitatis. 





Rurfus ac fitad cs, ut 5 ad 3; & ap fegmentorum differentia; dividendo 
erit, ap ad cs, feu ad fibi equale fegmentum pc, ut 2 ad 3. Et iterum 
dividendo [fegmentorum ap & pc, efto, differentia, EC], 1 ad. ovupgee ad. 
ap feu DE; & tertid [facta FE terminorum pz & zc differentia] dividendo in- 
veniemus, ut 1 ad 1, ita FE ad ec. Quod, &c. 

Ratio lemmatis eft, quod duorum quorumcumque numerorum differentia, 
vel differentia numeri & unitatis, femper eft numerus aut unitas, ut per fe 
patet: & nos dividendo, femel atque iterum, ac fepius, demimus femper mi- 
norem terminum divifz proportionalitatis qui eft numerus vel unitas, de majori 
termino feu numero, utimurque deinceps refiduo tanttm [quod eft eorum 
terminorum differentia] & comparamus illud cum minori termino proportiona- 
litatis divifee : at non poffumus fic demendo progredi in infinitum, quia unitates 
in terminis funt finite, fed exhauritur tandem omnis differentia, refiduumque 
majoris termini proportionalitatis divifae azquatur termino minori. Ita fit pro- 
portio zqualitatis, in qua unitas ad unitatem, vel numerus ad fibi equalem nume- 
rum, eft ut fegmentum ad aliud zquale fegmentum. Qued oftendere oportebat. 

Quod fi ab ea proportione zequalitatis, in qua defitum eft, rurfus: inci- 
piamus, dico nos componendo gradatim, venturos per veftigia divifionis ad 
terminos primz proportionalitatis, in qua fegmenta date linez erant in ratione 
inzequalium terminorum. Cujus propofitionis rationem facile intelliget Geometra, 
“quem latere non poteft, in Geometria omnia qua dividendo concluduntur, ex 

12d 2 contrario 


204 MICH, ANG. RICCII 


contrario converti poffe, & componendo concludi illud ipfum, quod ponebatur 
ante divifionem, ut in quinto Elementorum oftenditur, Exempli gratia, fit majus 
fegmentum date recta ad minus, ut 2 ad 1. Igitur dividendo 1 ad 1, eft 
ut differentia fegmentorum ad minus fegmentum. Ex hac porré zequalitatis 
proportione componendo redimus ad primam proportionem, in qua fegmenta 
erant in ratione 2 ad. Quod, &c. 


LEMMA QUARTUM. 


Si duo quelibet producta orta fint ex duabus dignitatibus duis in aliam 
communem dignitatem ; quam rationem habent ille duz dignitates inter fe, 
eandem habent duo producta. Sic productum as‘ in Bcs eam rationem habet 
ad productum az? in EP*, quam habet dignitas pc‘ ad dignitatem EF?; in quas 
duas dignitates duéta communis dignitas as? illa producta effecit. 

Ex definitione multiplicationis probatur hoc lemma, quod alii in numeris 
demonttrarunt. 


LEMMA QUINTUM. 


Datis quatuor quantitatibus, quarum prima ad fecundam habeat minorem 
rationem, quam tertiaad quartam, productum quod gignitur ex duabus extremis 
eft minus producto ex mediis. 

Augeatur prima donec fiant quatuor geometricé proportionales ; tunc prima 
in quartam ducta efficiet productum zquale producto ex mediis. Igitur pro- 
ductum quod efficiebat antequam augeretur, erat productum minus eodem 
producto ex quantitatibus mediis. Quod, &c. 


THEOREMA PRIMUM. 
Productum in aliqua recta linea fattum fecundum pofitos terminos zquales, 


maximum eft omnium fimilium productorum, que fieri poffunt ex binis linez 
date fegmentis tanquam ex radicibus. 


A 





B 


Recta linea az fecetur sequaliter in pundto c, & fit ac ad cB ut 3 ad 3 
[termini equales pofiti] dico productum ac® in cB%, quod fit in linea apr fe- 
cundum pofitos terminos, efle omnium fimilium productorum maximum. 
Sumpto quolibet alio puncto p, faciamus aliud fimile produétum ap? in ps3, 
Ctm autem fint quatuor linez arithmeticé proportionales cum exceflu cp, 
nimirum AD, Ac, cB, & Bp, minor eft ratio maxime ap ad ac, quam cB 
ad sp; & triplicata ratio ipfius ap ad ac [feu ratio ap* ad ac*] minor eft, 
quam triplicata ipfius cp ad Bp [feu cp? ad Bp*] & per quintum lemma, pro- 
ductum ex mediis quantitatibus, ac’, in cB*, majus eft producto ap’ in Bp? 


facta 
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facto ex duabus extremis. Eodem pa¢to demonttratur ac? in cx? effe alio 


quocumque fimili producto majus, & confequenter omnium fimilium maxi- 
mum. Quod, &c, 


PHEORWE MA. SECUNDUM. 


Si duo rect linee fegmenta fuerint in ratione terminorum inequalium, &, 
per confequens, dividendo, fit differentia fegmentorum ad minus fegmentum, 
ut differentia terminorum ad minorem terminum; quoties ex dignitate dif- 
ferentie fegmentorum ducta in dignitatem minoris fegmenti fit produétum 
maximum, toties fit etiam maximum ex eadem dignitate minoris fegmenti ducta 
in dignitatem majoris; atque ita, fi dignitates fegmentorum pro exponentibus 
habeant terminos potitos, & dignitas differentia, differentiam terminorum. 





Sit aB recta linea inequaliter feta in puncto c, & Be ad Ac, ut 5 ad 3, qui 
fint termini pofiti. Producatur Ba in F, donec equetur Fe ipfi cB, & ar erit 
differentia fegmentorum pc & ac. Quoniam vero fegmentum majus Be fic eft 
ad minus ca, ut 5 eft ad 3, erit dividendo ar ad ca, ut eft 2 ad 3. Nunc 
fiant duo producta qualia diximus, primum FA* in Ac’, ex dignitate ipfius FA, 
differentize Scere rorum; ducta in dignitatem minoris feomehti. Ac, Secun- 
dum ac? in cs*, ortum ex eadem dignitate minoris fegmenti ducta in digni- 
tatem majoris. Prima dignitatis Fa* habet pro exponente, 2, differentiam 
datorum terminorum, relique habent 3 & 5, terminos pofitos, ut imperabatur, 
Dico, fi productum primum eft maximum omnium fimilium ex binis fegmentis 
recte Fe [effe autem ejufmodi fupponamus], etiam fecundum fore productum 
maximum omnium fimilium ex binis fegmentis recte pofite ap. 

Sumatur in aB alius punctus preter punctum c, & efto D; qui accipi a 
nobis poteft infra punctum c, vel fupra. In utroque cafu, Fra nequit habere 
eam rationem ad ac, quam habet ad ap, fed majorem aut minorem habebit,, 
atque aded Fp non eft fecta in punéto a fecundum rationem ipauis FA ad CA: 
fiat porr6 FE ad ED, ut Faad ac, & productum FE” in ED’, per fecundum. 
lemma, erit maximum [ eque ac produétum FA” in ac?] & confequenter majus 
fimili producto Fa* in ap*, facto ex fegmentis eyuidem rectee FD. Quod maxi-. 
mum FE? in ED* habet eandem rationem ad FD* , dignitatem fibi homogeneam, 
quam FA” in ac3 ad Fc’, ut ex duobus primis lemmatibus colligitur ;, igitur 
FA? In AD?* [ quod diximus effe minus products FE? in ED*], minorem, rationem 
habet ad Fp*, quam FE” in ED*® adidem Fp‘, feu minorem, quam Fa” in ac® 
ad Fc’; & ‘permutando, FA” in ApD* minorem habet rationem ad Fa*™in ac® 


[feu,, 
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[feu, per lemma quartum, ap* minorem habet ratio ad ac*] quam Fps ad Fes, 
& longé minorem, quam cps ad Bp’. Quippe funt recte DB, cB, Fe, & 
FD, arithmeticé proportionales cum exceffu, Dc; ac propterea in primo cafu, 
FD maxima, in fecindo cafu, FD minima, eft oa FC in minori ratione quam 
cB ad DB, & quintuplicata ratio FD ad Fc, nempe ratio ipfius Fp’ ad Fc°, eft 
minor quintuplicata ratione cB ad pB, feu cB’ ‘ad ps’. 

[gitur cum quatuor quantitatum, aD’, ac’, cp’, & pp’, prima ad fecundam 
habeat minorem rationem, quam tertia ‘ad quartam, per quintum lemma, pra- 
ductum ap? in vz* factum ex duabus extremis erit minus producto ac? in 

cps ex mediis. Similiter oftendes, aliud quodcumque productum fimile minus 
.effe producto ac* in 3x’, quia punctus p ad libitum fumitur. Ergo ac3 in 
ces productum eft maximum omnium. Quod, &e. 

Hactenus de recta linea aB inequaliter feta, quum eft fegmentum majus ad 
minus, uti numerus ad numerum. Reftaret altera pars theorematis, quum eft 
quemadmodum majus fegmentum ad minus, fic numerus ad unitatem. Hoc 
tamen conftruétione ac ratione tam fimilibus modé faétis concluditur, ut id fibi 
quifque invenire, explicare ac dilatare facillimé poffit. Letoribus autem {cri- 
bimus a Geometria & ab Algebra inftruCtioribus, quos hujufcemodi rerum intellectu 
facilium explicatione fruftra defatigaremus; quare pergimus ad reliqua ufum 
preftanti#fimum habentia ad inveniendas plurium linearum tangentes, figurarum 
centra gravitatis & quadraturas, & ad alia item multa, que jufto fervamus 
oper) ; ubi dabimus novam folidorum conicorum feriem, qui fecti exhibent in- 
finitas, uti vocant, hyperbolas, infinitas parabolas, infinitas ellipfes, &, ana- 
logiam fervando, circulos etiam infinitos. Unde lectoribus manifefté apparebit, 
de conicis me plus mult6 adinvenifle, quam ceteros, eofque ingeniofiffimos 
viros, qui communem tanttm hyperbolen, parabolen, ellipfim, & circulum 
[figuras conici in noftra nova ferie predicta, fecundi gradus] agnoverunt : alias 
tertii & quarti & ceterorum non item ; nifi quod de parabolis infinitis per puncta 
in plano defcriptis pauca, licet cognitione digniffima, tradidere nonnulli, quos 
inter, duo precellentes ingenio viri, Fermatius, ac Torricellius, preceptor 
meus, inventorum preftantia & numero commendabiles, ac veteribus proximi ; 
qui novum infuper excogitarunt hyperbolarum infinitarum genus. Neque pre- 
tereundum puto, quamplures Apollonii propofitiones atque demonftrationes 
aptari feCctionibus noftris & per omnia congruere, affectafque multipliciter equa- 
tiones harum fe€tionum ope refolvi facillimé, & determinari poffe. Nunc re- 
vertor ad rem. 9 


tHE OR E M Aare RT Ape oN. 


Data recta linea, & duobus terminis, fecundum quos fiat in linea data pro- 
du€tum : hoc erit maximum omnium fimilium productorum, que fieri poffunt 
ex binis ejufdem recte fegmentis, velut ex radicibus. 

Propofitionem feco in partes duas. Primtm dico, productum, quale de- 
feripfimus, effe omnium fimilium maximum, quum dantur termini pele os 8 
_-quod in primo theoremate demonftravimus. 


Deinde 
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Deinde fi dantur termini inequales, fic rem oftendo. 


pr ene SPERMS a, 
° 





Efto_ap recta data, & termini.dati 5 & 2. Secetur recta in punctoc fitque 
gcadca, ut 5 ad 2. Dico productum sc in ca? factum in linea data fe- 
cundum terminos datos effe maximum. Producatur BA in F, ut aF fit dif- 
ferentia fegmentorum, &  dividendo primam proportionalitatem, nempe sc ad 
ca, ut 5 ad 2 [ficut in tertiolemmate prefcribitur] pergamus ufque dum inci- 
damus in proportionem equalitatis. In noftra hypothefi, primum rit, divi- 
dendo, 3 ad2, ut Fa differentia fegmentorum ad ac minus fegmentum ; quam. 
fecundam proportionalitatem exhibet fecunda figura, in qua fiat cr differentia 
fegmentorum cA, FA; per confequens erit, dividendo, 1 ad 2, ut ce ad ac; 
quam quidem proportionalitatem feorfim exhibet tertia figura. Fiat rn dif- 
ferentia fegmentorum cz & ac, dividendo erit 1 ad 1, ut EH ad Ec; que eft 
demum ‘proportio equalitatis ; femper autem minus fegmentum producimus ut 
zquemus majori, & fegmentorum differentiam conftituamus, 

At retrorfum viciffim, incipiendo 4 recta Ea tertie figure cujus majus feg- 
mentum ac eft 2, minus fegmentum ce eft 1, & illorum differentia HE itidem 
1. Quoniam productum we’ in cz* eft maximum in linea cH, per primum 
theorema noftrum, erit proinde, per fecundum theorema, Ec* in ca? maximum 
in recta EA. 

Deinde in retta Fc fecunde figure, majus fegmentum aF eft 3, minus ac 
eft 2, & fegmentorum differentia Ec eft 13 porré cum Ec* in ca? fit maxi- 
mum, ‘erit per fecundum theorema, etiam maximum in recta Fe produétum aF3: 
in AC’. 

Poftrem6é in linea az prime figura, productum ar3 in ac* eft maximum, 
ut mod6 oftendimus, ergo per fecundum theorema eft etiam maximum ac? in 


BcS. Quod demonftrandum erat. 
Si loco duorum numererum detur ‘numerus, & unitas, fit fimilis conftructio, & 


demontftratio. 
SCHOLION,. 


Td quod in fecundo theoremate fupponebamus ; data rea linea, & datis: 
numeris, 3 & 2, maximum fore productum in ea linea factum fecundum numeros 


Ulos datos; nunc demonftravimus ‘in theoremate hoc. Erat porrd. illius theo- 
I rematis: 
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rematis propofitio conditionalis, ex pofita illa hypothefi, non abfoluta, ut patebit 
confideranti. 


COROLLARIUM. 


Si producturn genitum ex dignitate ducta in dignitatem quamcumque, maxi- 
mum fuerit, Hlaram dignitatum radices & exponentes erunt geometicé pro- 
portionales. Quippe in theoremate oftendimus, productum in linea fatum fe- 
cundum terminos‘datos effe omnium maximum ; at productum ejufmodi, ex v 
definitione noftra, gigniturex duabus dignitatibus, quarum exponentes rationem 
eam habent, quam dignitatum earundem radices. 


PROBLEMA PRIMUM. 


Datam lineam rectam ita fecare, ut produ€tum ex dignitatibus fegmentorum’ 
fit omnium fimilium maximum. 

Sumantur exponentes. duarum illarum dignitatum, rectaque dividatur in 
ratione horum exponentium, & factum erit quod imperatur ; quia produétum 
erit in linea data faétum fecundum terminos pofitos, nimirum fecundum ex- 
ponentes ; ac proinde erit maximum per theorema tertium, 


PROBL'EM A. SEC'UN DWT M. 


fEquationem determinare, in qua poteftas quefite radicis negatur de homo- 
genco fub radice data, & dignitate {ua parodica, ut B ina — a*||z*: vel 
B in A? — a*|| z4, &c. 

Oritur huyufmodi zquatio ex dicta parodica dignitate poteftatis negate ducta 
ing — A, differentiam date & quefite radicis, rem probo. Illa parodica dig- 
nitas affirmata, fi primim ducatur in a, radicem quefitam negatam, gignet po- 
teftatem negatam uno gradu altiorem, quam fit ea parodica dignitas [ut patet 
ex natura multiplicationis}] deinde in +8 radicem datam afhrmatam duéta, 
signet homogeneum affirmatum, fub eadem dignitate parodica & radice data; 
que duo produtta, funt ipfa pars equationis, de qua in problemate. Pars 
altera eft homogeneum comparationis. 

Rurfus, per lemma quartum, ratio homogenei ad poteftatem negatam eft- 
eadem, ac radicis date ad quefitam; fed minor eft poteftas homogeneo, de 
quo ipfa negatur & demitur. Ergo etiam radix quefita minor eft data; in 
qua proinde radice data nos rect¢ {umimus fegmentum equale radici quefite 
a, ut alterum fegmentum fit 8B — a, differentia date ac quefite radicis. 

Quoniam igitur prima pars wquationis oritur ex B — A uno radicis date feg- 
mento, ducto in altero fegmentum a, vel in hujus poteftatem, efficitur [per 
tertium theorema | ut inde refultans produétum fit maximum omnium fimilium, 
quotiefcunque a, & 8 — a, fegmenta rationem habent eam, quam exponentes 
fuarum dignitatum. Sicin equatione B in a3} — a*||z*; fi a, & Bp — a fue- 
rint ut 3 ad 1, cubus fegmenti a in Ba ductus gignet partern equationis B in 
ai — A*; que eft productum in linea data 8B, omnium fimilium maximum; 


cujus 
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cuyus proinde magnitudinem non poteft unquam excedere homogeneum com- 
parationis, quod femper equari neceffe eft illi alteri equationis parti. Unde 
canon pro determinanda problematis gequatione conficitur. 

Fiat in radice maximum produ&tum fecundum terminos, qui funt exponentes 
ejufdem radicis & parodice dignitatis, fub quibus eft homogeneum. Llius pro- 
ducti magnitudinem excedere non poteft hemogeneum cemparationis. 

Idem procedit in alia equatione orta ex multiplicatione ipfius, a, in B — a, 
vel in hujus poteftatem ; femper enim eft idem cafus tertii theorematis noftri, in 
quo productum facium in linea [feu data radice B] fecundum terminos datos 
eft maximum, termini vero funt exponentes dignitatem fegmenti a & alterius 
B— A. 

Sed uno vel altero exemplo de geometricis noftris opufculis deprompto me- 
thodi facilitatem comprobemus, 

E fingulis punctis date recte as ducantur 
recte cD, EF, &c. recte inter fe parallele, cum 
data AB angulum quemcumque efficientes. Sint 
autem harum parallelarum dignitates, & digni- 
tates abfciflarum ac, aE, &c. geometricé propor- 
tionales (id qued tripliciter contingere pofle mox 
patebit) tranfibit per extrema parallelarum puncta, 
p, F, &c. perimeter figure, cujus diameter aut 
axis erit AB, vertex a, ordinatim vero ad diame- 
trum applicate erunt ipfe parallele. 

Nam  parallelarum abfciflarumque dignitates 





fi fuerint eyufdem gradus, exempli gratia, FE? ad A 
pe*, ut AE‘ ad ca*: vel cubi parallelarum ut cubi /\\ 
abfciffarum, figura erit triangulum, cujus proprietas D 


notiffiima eft, non parallelas modo & abfciflas effe 


geometricé proportionales, fed parallelarum & ab- ¥ 
{ciffarum earumdem poteflates omnes homogeneas ; Alisa 
quarum ratio equé multiplex eft rationis linearum feu | 


radicum ita ut cubi, & quadrato quadrata, &c. ab- 
{ciffarum fint ut cubi, quadrato quadrata, &c. parallelarum ; & illorum quoque 
radices geometrice proportionales. 

Sin autem diverforum graduum fuerint dignitates parallelarum & abfeiffa- 
rum, linea defcripta erit curva, habens fuum axem, & ad illum ordinatim ap- 
plicatas, quarum dignitas eft gradu fuperior dignitate abfciflarum : at contra 
dignitas applicatarum ordinatim ad rectam [que curvam in vertice contingit] 
fumptam pro axe, gradu inferior eft dignitate abfciflarum tangentis. De quo 
alibi latius dicam. 


Ee Efto 
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Eftoigitur acpB una ex prefatis figuris, ejufque 
axis AB, & vertex a; in qua quidem gradus dig- r 
nitatis parallelarum fit altior gradu dignitatis abfcifla- 





| 
rum; quzratur autem linea recta contingens figuram | 
in puncto dato c. Ducatur ex hoc punéto linea ad pay rer ite 
axem ordinatim applicata, ut cb, & ponantur expo- j fe r 
nentes dignitatum, 3 & 2. Erunt confequenter in figura ° y, 2 
parallelarum cubi ut quadrata abfciflarum. Fiat ab- py 
{cifla ap, inter verticem & ordinatim applicatam, ad EZ ‘le 
AF, axem productum, ut minor numerus 2 ad 1, dif- sg B 





ferentiam exponentium, duCtaque Fc; sae hanc effe 
tangentem quefitam. 

Produétum enim Fa‘in Ap? in linea pF, faGtum fecundum terminos pofitos 1 
& 2, eft maximum, per theorema tertium ; femperque homogeneum dignitati 
parallelarum (cim parallelarum dignitatem exponat major datorum numerorum,: 
maximum verd productum illud oriatur ex HSHannes quas exponunt minor 
numerus & differentia numerorum, que duo fimul efficiunt numerum majorem). 
Ergo fi accipiamus alium punctum ¢ in axe fupra p, aut infra, & ducamus or- 
dinatim applicatam GH, que fecet E reétam Fe (ubi opus fuerit productum), pro- 
ductum Fa* in ac? non erit maximum in linea FG, quale eft FA* in AD? in 
recta FD; propterea quod major eft vel minor ratio ipfius Fa ad ac quam ad 
AD, & confequenter FG, FD non funt proportionaliter divife. Ergo ma- 
jorem rationem habet Fa’ in ap’ ad FD3 fibi homogeneum, quam Fa‘ in ac* 
ad ro3, & permutando, majorem rationem habet Fa’ in ap? ad FA‘ in ac’, 
(vel ex lemmate quarto, ap* ad ac*) quam Fp3 ad Fo3. Sed ap* ad ac* 
ponitur in figura; ut cp3 ad He3: Fp3ad FB3, ob fimilitudinem triangulorum, 
ut cD3 ad EG3. Ergo majorem rationem habet cp3 ad HG3, quam cD3 ad 
EG3; & confequenter cD majorem rationem habet ad He, quam-ad £6, ac proinde 
nc recta eft minor quam Ec, & punctus £ cadet extra datam curvam AHcH. 
Eodem pacto de fingulis pun@is ducte linee re demonftratur illos cadere 
femper extra curvam. Ergo rc eft illius tangens. Quod, &c. 

He funt parabola, ut vocant, infinite, quarum contingentes linee, quo 
modo ad datum punctum duci poffint, oftendimus. Nunc eandem metho- 
dum in hyperbolis quoque libet experiri. Preemittimus autem hoc neceflarium 
lemma. 


LEMMA SEXTUM. 
Dato angulo aBc utcumque fecto per rectam Bp, & puncto £ in alter- 
utro laterum comprehendentium angulum datum; ex eo puncto ducere 


lineam rectam que angulum asc fubtendat, & a recta Bp fecetur in data 
ratione R ad s. 


Fiat 
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_ Fiat uer fegmentum circuli capiens angulum equalem dato, & compleatur 
circulus ; deinde ut R ad s, ita fiat FL ad LH; ut angulus aBp ad EBD, fic 
arcus FI ad 1H 5 ductaque 1L producatur ufque dum pertingat ad x in Ji: ra 
ferentia circuli, & connectantur puncta F, x, aH. Ad ata punctum = fiat 
angulus BEa equalis KHL, & za fecet BDin mM & Ba in punéo a. Dico rectam 
EA efle quefitam, que a BD in M dividitur in ratione data. 

_Siquidem angulin & E: K & B funt exquales, & hi fecti proportionaliter [per 
trigefimam tertiam fextt Elementorum] 4 kui, & zp. Ergo triangula FHK 
ABE funt equiangula, & az ad EB, utHFad ux, Rurfus equian ate roan 
triangula MBE, LKH, & confequenter EB eft ad EM, ut ux ad HL ec ex zqua- 
litate ordinata az ad EM, ut HF ad HL, & dividendo FL ad LH [feu R ad s] 
ut aM ad ME. Quod, &c. lias 
~ Quod fi punctus datus fit extra, ut ino, ducemus go ream [pun@tus autem 
o fic detur oportet, ut op recta cum ag angulum faciat, nec fit ad lineam ofita } 
& faciemus angulum Bot equalem differentie angulorum, u, & ERO 8 OL 
producta fatisfaciet queefito. . ia : 

Sit hyperbole acL, cujus diameter aB, vertex 
a, & dignitates ordinatim applicatarum habentes 
eam proportionem quam producta. illis dignitatibus 
homogenea, orta ex dignitate abfciffe ducta in 
dignitatem, abfciffe & diametri, ex quibus una 
recta conflata intelligatur. Exempli gratia, qua- 
drato cubi ordinatarum, hoc eft 11’ ad cp’, fint, 
ut producta B13 in ai? ad BD3in AD’, genita ex 
quadratis abfciffarum ar, ap, & cubis retarum 
BI, BD, quippe quas efficiunt eedem abfcifle & 
diameter. 

Detur punctus c, ad quem ducenda fit tangens, 
& ordinatim applicetur cp. Porrd ducatur sc, 
preducta ad partes c, quoad oportuerit, & ex 
lemmate precedenti, az [fecans cp in F, & in F 











* . ; : Td 

item fecta pro ratione 2 ad 3, qui numeri expo- x Ll | ee 
nunt dignitates gignentes producta B13 in ar”, & e 

BD3 in ab’, fubtendens angulum Eca] & tandem fe 


cc parallela rete az, occurrensipfi aBin G. Dico 
tangentem queefitam efle ca. 
Ey ¢€ 2 Sumatur 
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Sumatur in ce alius punctus kK fupra & infra c, & ordinatim applicatis Kr 
fecantibus hyperbolen in L, ab 1 punéto ducatur ic incidens in ream HB 
in puncto m, & fecans af in N; que HBipfi ag parallela in Hu occurrit pc 
producte. | 

Quoniam verdé az fecatur in F in ratione 2 ad 3, Fa” in FE3, per tertium 
theorema, eft productum maximum, & ratio Fz3 ad wE3, feu HB3 ad mB3 [ prop- 
ter fimilitudinem triangulorum HcB, ECF: MBC, CEN] major eft ratione na? ad 
aF*, Ergo per lemma quintum mayus eft HB3 in a¥’ ipfo MB3 in Na®; que 
duo producta fi comparentur cum ces, primum habebit majorem rationem ad 
c¢5, quam fecundum. Sed ratio primi, quod eft HB3 in ar’, ad ce5 eadem 
eft ac ratio sp? ih ap* ad Gp$’ [cum HB ad c@ fit ut BD ad Gp, ob fimili- 
tudinein triangulorum HBD, ceD, eandemqtie proportionem habeant earum 1i- 
néarum cubi: tufh ce* ad aF*, ut Gp* ad ab*] ratio fecundi, feu mx3 in wA?, 
ad co*, eft €adem ac ratio B1° in At’ ad 16° [quia fimilia funt triangula mer, 
eG1; & MB, cG, BI, 16 recta earuthque cubi proportionales: rtirfus ut G1? ad 
ta*, fic ce* ad an*] ergo majorem rationém habet 8D3 in an? ad Eps, quam 
Bi? in 1tA* ad 615, & permutando, BD3 ih ab* ad Bri? in Ai [feu ex natura 
hyperboles, eb5 ad 115] majorem rationem habet, quath pes ad 613, feu [ob 
fimilitudinem triahgulortim k61, cep] cpv* ad 1x*, & per decimam quinti 
Elem. dignitas, 1i* minor eft quam x1, & fua radix, 11 recta, minor recta 
KI; quare punctus Kx eft extra curvam. Sic de ceteris punétis oftendetur 
cadere extra curvam, atque aded co hyperbolen tangere in folo c puncto. 
Quod, &c. | ; 

Hec porré démonftratio etiam ad ellipfes, & circulos accommodari poteft. 


Jam verd quam laté pateat ufus noftri_theorematis tert, ex propofitis ex- 
emplis licet intelligere ; nec ita multum diffimili aut difficiliori via centra gra- 
vitatis, & quadraturas, quorum problematuin paulo ante meminimus, inveni- 
mus. Interim, fi quis Apollon conftructionem atque demonftrationem trigefime 
quarte propofitionis primi Conicorim hbri eum noftris comparabit, nonnihil 
fortaffe proficiet in arte dilatandi propofitiones & demonftrationes. Nain id 
quod ule de quadratica tantum hyperbole, ellipfi, & circulo ftatuit, nos ad 
omnes porrigimus hyperbolas, ellipfes, circulofque infinitos. Quarn viam placuit 
indicare, & fupradicto exemplo confirmare. 
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This Extra&t is contained in pages 645, 646, 647, 648, and 649 of the 
faid Third Volume of the Philofophical ‘Tranfactions, and is as follows : 


a Tg es ie err 


The Squaring of the Hyperbola by an infinite Series of rational Numbers, 
together with its Demonftration, by that eminent Mathematician, the Right 
Honourable the Lord Vifcount Brouncker. 


HAT the acute Dr. John Wallis had intimated, fome years fince, in 
the Dedication of his Anfwer to M. Meibomius de Proportionibus, to 
wit, ‘* That the world one day would learn from the noble lord Brouncker, the 
quadrature of the hyperbole ;” the ingenious reader may fee performed in the 
fubjoined operation, which its excellent author was now pleafed to communi- 


cate, as followeth in his own words : 


My method for fquaring the hyperbola is this : 


Let az be one afymptote of the hyperbola Edc; and let az and sc be 
parallel to the other: Let alfo az be to ge as 2to1 ; and Jet the parallelo- 
gram ABDE equali. See Fig. 1. 

Suppofing the reader knows, that Ea, a2, KH, ¢y, d9, yx, dA, ge, CB, &C 
are in an harmonic feries, or a feries reciproca primanorum, feu arithmetice pro- 
portionalium (otherwife he is referred for fatisfaction to the 87, 88, 89, 99; 
91, 92, 93, 94, 95, prop. Arithm. Infinitor. Wallifii) : 
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And that therefore in the firft feries half the firft term is greater than the 
fum of the two next, and half this fum of the fecond and third greater 
than the fum of the four next, and half the fum of thofe four greater than 
the fum of the next eight, at in infintum. For tdp = dr + ba: but 


bn > 


fc, therefore i dp > dr + fc, &c. Andin the fecond feries half the 


firft term is lefs than the fum of the two next, and half this fum lefs than 
the fum of the four next, &c in infinitum. 


Th 


at the firft feries are the even terms, viz. the 24, 4t*, 6t, 8th, roth, &c, and 

the fecond, Hig Oats vigiie waists, Cie uw 9, &c of the following 
: T 

“Se: a | cin inten = Fe WW hereof 


feries, 


a being put for the number of terms taken at pleafure, 


Ty TAP eee ter 4b) Ua ete eer 





I ° 
ae i the laft, 
is the fum of all thofe terms from the beginning, and p = : 





the fum of 


the reft to the end. 
That + of the firft term in thethird feries is lefs than the fum of the two 


next, 


and a quarter of this fum, lefs than the fum of the four next, and one 


fourth of this laft fum lefs than the next eight, I thus demonftrate. 


Let a = the 3% or laft ne of any term of the firft column, viz. of divifors, 





rr I 


I x oe 16a3 — 48a? + 56a — — 24" 
a@axa—i1xXa—2 —3a*+ 2a 164° — 964° + 2324a* —= 288.43 + 18: + ie one 48a a 
I 1D. I 7 
X2@—I1X2a@—2 843 — 1247+ 42 
24 4 Cit 1643 — 48a? + 562 — 24 


2a—2X2a—3X2a—4° §©84a3 — 36a* + inte 


64a° — 3844° + 880a* — 96043 + 4960 — 96 


644° © — 38405 + 928a* — 115243 + ae — 1924 
64a° — 38445 + 880a* — 9604? + 4960 — 96a 








xX ZA <B. 
And 


2. « died 
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And 48a — 1924? 4+ 240@ — 964 = Tixcefs of the numerator above de- 
nominato 1. y 


Therefore += 


But the affirm. 
That is, 48a* + 240a* > 1924* + 964 
Becaufe 


> the negat. 
if a : 
a + 


4G> 4+ 24a 
4a* + 2 


bo > 
atid Be 


Thetefore 8.> 2A. 


I 


of any number of a, or terms, is lefs than their fo many 


refpective B, that is, than twice fo many of the next terms. Quod, &c. 


By any one of which three feries, it is not hard to calculate, as near as you 
pleafe, thefe and the like hyperbolic {paces, whatever be the rational propor- 


tion of AE to BC. O Be 
calculation follows after that where the proportion is, as 2 to 1, and both by 


the third 


feries. ) 


As for example, when az is to Bc, as 5 to 4 (whereof the 


Firft then when (in Fig. 1) aE. Boi: 2. 1%. 


58 X 59 
60 X 61 
62 X 63 


x 4) 1. 
SEO IITs 
iro L 
710) 1, 
S02 he 
x 14) I. 
x 16) I. 
S10) I. 
X 20) I. 
“i 22) 5. 
x 24) Ts 
x 26) I. 
x 28) 1. 
x 30) 1: 
xy yen. 
x 34) I 
136) 1. 
x 38) I. 
X%-40) I. 
S42 ads 
X44) 1 


eX 46) I. 


x 48) I. 
x 5G) 7. 
ba) rs 
X 54) I 


5 xX 56) 1. 


X 58) I. 
x 60) 1. 
X 62) I. 
X 64) I. 


(0,0416666666 — 
(0,008 3333333 — 
(0,0029761904 — 
(0,0013888888 — 
(0,0007575757 — 
(0,0004578754 — 
(0,0002976190 — 
(9,0002042484 — J 
(0,0001461988 — 

(0,0001082251 — 

(0,00008 23452 — 
(0,0000641026 — 
(0,0000508751 — 
(9,0000410509 — |} 
(0,0000336021 — 

(0,0000278520 — } 
(0,0000233426 — 

(0,0000197566 — 


0,0416666666 
} o,0113095337 


0,0029019589 


0,0007306482 





0,0416666666 
0,01 13095237 
0,0029019589 
0,0007306482 








(0,0000168691 — 3 ) 0,0001829939(0,0000609980 
(0,0000145180 — — 

(0,0000125843 — 0,0§679179 

(0,0000109793 — ++ 0,00006100 

















(9,0000096361 — i toe — 
Pd osscshes ~ £0,0001829939 0,05685279 < Edcy 
(0,0000075415 — ; 
(0,0000067193 — But 0,0007 306482 
(9,0000060125 — 0,0001829939 p + 
(0,0000054014 — 0,00004.58315 
0,0000048 704 — ——oe 
I, — Therefore 0,05679179 


(0,0000040002 — Jj + 0,00004583 
++ 0,00001 528 

0,05685290 > Edcy 
For 


“we 


one wed 





Ff 
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For, it has been demonftrated,' that + of any term in the laft columm'is: tefs 
than the term next after it; and therefore that + of the laft term, at which you 
ftop, is lefs than the remaining terms, and that the total of thefe is lefs than 4 — 
of a third proportional to the two laft, 


And therefore ascyz being = 0,75 — — — 0,75 
and Edcy > 0,05685279 —~ and < 0,05685290 








And ascdg is < 0,69314720 — and > 0,69314709 


Peo mee pe 








Ee ee 


But when AE . BC :: §. 4, or as EA to KH, then will the {pace ance, or 
now, the fpace AHKE (AH = 448), be found as follows. 








8 x 9X10) I (0,0013888888 0,001 3888888 
16 x 17X18) 1 (0,0002042484 j 0,0003 504472 
ae ae if pits 20003 SANT” 3)9,0000878204(0,000029273 5 
52 3 ’ 27952 SORT SLIT? 
25% 36 ° 33426 0,001827156 
oF ae SESE coicononnneee [o70pace Beaker Cenaaean 
38 x 39 X 40) I (0,0000168691 eee ane 
0,0018564299 < Eab 





©,0000878204 
0,0000220073 7 


aa S| 


But 0,0003504472 ; 








Therefore 0,0018271 564 
+ 0,;0000220074 
+ 0,000007 3358 


0,0018564996 > Eab 








Therefore emd (Fig. 4) 
being = 0,025 on 0,025 
Eab > 0,0018564299 — & <.0,0018564996 








zmda (Fig. 4.) or EKM (Fig. 1) > 0,02685643 — < 0,02685650 
AHKM < 0,22314356 — > 0,223143949 


oe 





Therefore 3ancdrE = 2,07944154 Therefore the logar. of 10. 
and AHKE. = 0,2231435 is to the log. of 2, 

woe as 25302585 

Ancde (when AE.BG 3: 10-1) = 2,3025850 to 0,693147 





ANOTHER 


Fe ee ear tie. Te GA ain Gere te cd Tie 


FROM THE 


PHILOSOPHICAL TRANSACTIONS, N° XXXVIM. 


Publifhed on the 17th Day of Aucust, 1668, 


CONTAINING 


Firft, An Account of Mr. Nicnotas Mercator’s TRACT on LOGARITHMS, 
called LocaritHmo-tEcHnia, by Dr. Jonn Waturs, Savilian Pro- 
feffor of Geometry in the Univerfity of Oxford, in a Letter to the Lord 
Vifcount Brouncxzr; and 2dly, A Method of finding the Sums of Lo- 
garithms, by the faid Dr. Wattts, in another Letter to the fame learned 
Lord; and, 3dly, An Illuftration of the faid Mr. Nicholas Mercator’s 
Tract aforefaid, called LocaritHMo-TEcHNIA, by the faid Mr. Mer- 


CATOR himfelf, 7 


4 7 te 2 


; =e 


ee can 





[sae ) 





This Extract is contained in pages 753, 754, 755, 756, &c.—¥64, of the 
Vhird Volume of the Philofophical Tranfaétions, and is as follows : 





L, O GaAcK let MO ="T iE .C Hi Nava 
NeieG: OcbyagreM ER GA TO;R 1:8); 


Concerning which we fhall here deliver the Account of the judicious 
Do&or Joun WALLIs, given in a Letter to the Lord Vifcount 
BrounckKer, as follows: 


NCIDEBAM heri, Illuftrifime Domine, in D. Mercatoris Logarithmo- 

techniam, nupér editam; que ita mihi placuit, ut non prius dimiferim 
quam perlegiffem totam. Et quamquam pauca quedam, phrafeologiam quod 
{pectat feu loquendi formulas nonnullas, mutata mallem; funt tamen ipfa feniu 
fuo fana: Eaque que fuperftruitur doctrina, logarithmos expedité atque fub- 
tilitér conftruendi, perfpicué fatis atque ingeniofeé traditur. - 

Que huic fubjungitur Quadratura Hyperbole, elegans admodtim eft atque 
ingeniofa. Nempe ad hunc fenfum. V. Fig. 1. 

Poftquam in hyperbola sr, (cujus afymptote an, aH, ad angulum rectum 
coeunt) oftenderat, prop. x1v, reCtangula Bra, FHA, spa, &c. (ductis B1, FH, 
sp, &c, parallelis afymptote aw), invicém efle equalia ; adedque latera habere 
reciprocé proportionalia (qua nota eft hyperbolz proprietas): Pofitis ar = 














1 ahepeee bd 1 i +. ae t “ er ' 
BI = ft, & His 2 -ohendic, prop. XV, FH = - ay (nempe propter ana- 
logiam AH. Ari: BI.FH, hoc eft, I4+a@)i(1—@ +4? + a*, &e. 
I ° 
Figat aah bce . Sed & (quod di- yen 
I+-a ES bs 
~ ° ‘ I . 
videndo 1 per x + @ oftenditur), gry poe 
—=1ea+a— a? + a &c (continuatis + a 
deinceps, ipfius @ poteflatibus, alternatim +e + a 
negatis & athrmatis). oe 
Ciimaque hoc perinde obtineat, ubicun- gia 
que ultra punctum 1, ponatur wu. Pofitis, Tea! 
ut prius, al = 13; hujufque continuatione Ke 


qualibet, ut w= a; que intelligatur in 
zequales 
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zequales partes innumeras dividi, quarum quelibet, ut 1p, pq, &e, dicatur @s 
adedque 1p, 1q, &c, fint 4, 24, 34, &c, ufque ad a: Que his refpondent’ 
recte2 ps, qt, &c, ufque ad ru, (fpatium Biru complentes) ‘funt, # 


I— @+- @— at at &e 
I—24+44a°— 8a + 16a* &c, 
I= 34 + 94 — 274 + 81a* &e. 
& fic deinceps ufque ad 
Toe A ANT OAS RE AS ec, 


Cum itaque fint 1 +1 + 41. &c.(ufqguead ultimum) = a 
a@-+2a@ + 34 &c (ufgue ad a) eA 
a + 40° + ga &c (ufque ad a?) er As 
a+ 8a? + 274° &c (ufque ad a‘) = at 


& fic deinceps : 


(quod oftendit ille-prop. xvi, €{tque @ me alibi demonftratum): Reété colligit, 
prop. xvii. Expofitum fpatium hyperbolicum piru = a — Ja? 4+ 1,43 — 
aM Hea Ecce Adeoque fi (affignato, ipfi a = ir, valore fuo in numeris, 
ut res poftulaverit) diftribuantur in duas clafles a, ja*, ta’, &c, (poteftates 
afirmate), & 7A*, zA*, &c, (poteftates negate); haramque ageregatum, ex 
ageregato illarum, fubducatur; refiduum erit ipfum siru fpatium hyperbo- 
licum. ta 

Nequis autem operam lufum iri exiftimet, propter addendorum feriem in 
utragque claffe infinitam; adedque non abfolvendam: Huic incommodo me- 
delam (tacitus) adhibet: ponendo a = 0,1, vel a = 0,21, aliive fractioni de- 
cimali equalem, adedque minorem quam 1: (hoc eft, fumpta ir. minore quam 
at 1). Quo fit, ut pofteriores ipfius a poteftates tot gradibus infra inte- 
grorum fedem defcendant, ut meritd negligi poffint, 


Exempli gratia ; pofitis ar = 1, & mr = 0,21; erig 

















A (sD O22 

Lal (10,00 3067 Zh vies 0302208 

245 = 0,000081682 {a = 0,000486202 
1a? = 0,000002572 ZA° = 0,000014294 
a2 = 0,000000088  4a* = 0,000000472 
w-A™ = 0,000000003 +a? ='0,000000016 
Tr ? 

ate 5299171345 ale 0,022550984 = 0,190620361 = Biru qua 


1 Samer TIRMMITeS 7 Dearie ine Bove Sona Ri | aia La 
€it DICVis fyDopiis quaqckature 1ue iatis C20 Gants. 


ay 





andum interim non eft; fiquis totius simr f{patii (cujus Iatus 1 lon- 
A " ge ee J «distal draenei mea te i aS eee k wail 
gas intelligatur quam at) Qu pie aap poftulec 5 rem non ita feliciter ere 
furam: propter medelam, quam: modo diximus, .malo mints fufficientem, 
Cum enim jam ponenda fit adr; manifeftum eft, pofteriores ipfius poteftates, 
altius in integrorum fedes penetraturas, adedque minimé negligendas. 
= ° . . 4 3 % 3 ‘ , ] 
Huic autem incommodo, levi con{truRionis immutatione, facilé fubveni- 
fu. Vid. Fig. 1. 


Ceteris 


MERCATORIS, 233 


Czteris utique ut prits conftructis ; quadrandum exponatur HFur {patium ; 
Ccujufcunque fuerit longitudinis aw ; puta major minérve quam Al, vel huic 
requalis : fumptéque ubivis inter A & H, puncto r; puta ultra citrave punctum 
1, vel in ipfo 1 puncto) : ponantur autem (non, ut prils, ar = 1, & ir = a: 
fed) an = 1; & ur = a, quz intelligatur in eapaies partes innumeras dividi, 


quarum queelibet fit a. Erunt itaque,  poft Sites sae deinceps decret- 
centes I — 4, 1 — 24, 1 — 3a, &c, ufque ad ar = 1 A. Item, propter 


equalia rectangula FHA, ura, BIA, &c. puta, = 0°: oad HF = —; reliquz- 


: j2 je j2 Bes 
que deinceps eg ere Tae &c. ufque ad ro = 


complentes. (Que omnia oftenfa funt, in mea Arithmetica Infinitorum, prop. 
88, 945 95:) 

Factaque divifione; reperietur 1-a@ FPW+ Vat dat a & 
b = Fe Pat ia Ff — a 





z 
3 {patium Hrur 











28 — @ 2 
+ bat &e. Hoc eft, vy Ay Re 

VPintpata+t_aet+ a’, &c. —————_ 

(fumptis ipfius @ poteftatibus con- hie ie 

tinue fequentibus affirmatis omni- + Hat 0 et; 

bus). Cdamue de reliquis idem + ae 

fic yudicium ; erunt recte omnes, + ba? — ba* 

ipfis HF & ru interjecte, am fe 

Ce 

1 bo 2 7+ @+e at &e. 


a + 27a + 81a* &c. 
fic deinceps ufque ad 
rita ta’ + AX + A* &e. 


Omniumque aggregatum a + $a*+4+ 34° - Ga*® + 74° &c, in = Fare, 
(per Arithm. Infin. prop. 64). 


+ } 

r+ ven * 8a? + 160% &ej 
+9 c 
& 


Exempli gratia, Brunt Ar. .0,21 
Pofitis aH = 1. whe inn OS02205 
HES A= 4,21 FA? = 0,003087 
Fy colt acento 1 Za* = 0,00048623 == 
Adeéque 6° = 0,01 ta5 = 0,000081682 +. 
Za° = 0,0000142904 + 
ZA’ = 0,000002573 — 
4A* = 0,000000473 — 
$A° = 0,000000088 +4 
+A"? = 0,0000000017 — 
+frA™ == 0,000000003 -- 
a 








Horam fumma = 0,235722333 
Ducta in 2% = 0,01 


Se ane eee eC) 





Exhibet—* . 0,00235722333 <> FHru 


Qua- 
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Rectus, 
Obliquus. 


Quadrato, 


Qu salium t cH ANwaH : 
Rhombo, 


\ fi angulus a fit 


Quz guidem tam abfoluta eft tamque expedita hyperbole quadratura, ut 
nefciam an melior {perar1 debeat. 

Atque hec funt que hac de re feribenda duxi, Que fi D. Mercatori im- 
pertiveris; non difplicebit, credo, hec fue quadrature facta acceffio. 

Poffe hec ad logarithmorum inventionem accomodari, non eft quod mo- 
neam: fed & ad fummam logarithmorum inveniendam (quam inquirit ille 
prop. xix). Nempe, pofitis an = 1, a1 <= 1B = 4, (ut prius) planoque BiHF 

= pl. Erit pl — 4+ 4° = sips + Biqt + Biru &c, ufque ad BinF. Si 
autem non ab ipfa B1 cate. fed ultra citrave, puta a ps: Pofita pp = a, 
& eS pl. Erit (univerfaliter) pstq ++ psur &c (ufque ad psrx) = pl — 
ab*: (qualium 1, equetur cubo ipfius aH). Quod alias, fi opus erit, demon- 
firabitur. Tu interim, illuftrifime Domine, vale. 

Oxon. d. 8 Sulii, 1668. 





THE -DEMO ONS RATT TONS 


Promifed at the End of the foregoing Letter, follows in another from 
the fame Author to the fame Noble Lord, thus, 


PETIS illuftrifime Domine) per literas tuas Aug. 3 datas (quas hefter- 
na nocte accepi) ut demonftrare velim methodum meam logarithmorum 
fummam inveniendi, quam literis meis Julii 8 datis, breviffime infinuaveram. 

Que quidem, cum fit cum ungularum doétrina (quam alibi trado) connexa ; 
opus erit ut utramque fimul exponam: fed & rem totam (quam D. Mercatoris 

figuree 
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figure & methodo quantum res ferebat accommodaveram) ad principia mea 
revocatam ab origine repetam. MV prageo% 

Oftenfum eft, in mea‘Arithmetica Infinitorum, prop. xev, fpatium hyperbolium 
AD (in infinitum continuatum a parté 3, fed a parte pg ubivis terminatum) 
figuram effe quam ex primanorum reciprocis conflatam appello, prop. Lxxxvirl, 
‘definitam : Cujus nempe ordinatim — applicate d@, dg, fint primanis (feu 
arithmetice proportionalibus) db, db, (triangulum complentibus) adeoque 
ipfis da, da, (fuis 4 vertice diftantiis) reciprocé proportionales, Hoc ett, 
(pofito ap = d; & rectangulo apg = 4°; particulifque infinite exiguis, a, 2, 





; sd a ee ee bz B2 bz fr bz 
&c); fia vertice ad wens oth ri pptibeae &c. ufque ad a ee els 
f USE  puteaigs pe 3 be ‘A 
fia bafe Dé incipias Ph Pie Eo &c. ufque ad FF AG) TT 


finite (nempe, fi ad verticem ufque proceflum continuaveris) ; vel, ufque ad 


bt : : Rae 

m= cS (pofito pc = A), fi continuaveris ufque ad c@, ubivis intra a 
oe bt bz 5 

& p@ fumptam. (Adeoque omnium agegregatum, ry orig ccc « acer 


— &c, eft ipfum pc@@ planum.) 


Manifeftum itaque eft (& ibidem prop. xciv oftenfum), fi intelligantur 


% 


. ° . . B* é RB " 
fingule d@, in fuas a vertice diftantias ad, ductz ; hoc eft, —in@,— in 24 
4 2a 





(& fic de reliquis) ; erunt ommia rectangula ad@ ; hoc eft, retarum d@ mo- 
menta refpectu ad (intellige, facta ex magnitudine in diftantiam duéta).; feu 
plana femiquadrantalem ungulam (cujus acies a3) complentia (eifdem d@ rectis 
perpendiculariter infiftentia) ; invicem equalia. Quippe fingula = 2%. -(Quo- 
rum cum unum fit a1vd quadratum, erit ar = 4.) 

Adeoque totius ap@@d (plani infiniti) feu omnium dé illud complentium, 
momentum refpectu reéte ad (ut axis equilibrii) ; feu ungula femiquadran- 
talis eidem avd infiftens (aciem habens ad); funt totidem 47; hoc eft, 
db’. (Ungula magnitudinis finite plano infinite magnitudinis infiftens.) 
Ejufque pars plano ac@6d infiftens (propter ac = d — a) fimiliter often- 
detur zqualis ipi d— a in 2* ducte ; hoc eft, db» — ab’. Adeoque pars ~ 
reliqua, ipfi pc@S infiftens, equalis ipfi ad’. Quod itaque eft ejufdem pc 6B 
momentum refpectu ad. pe. 

Atque hoc momentum per plani pc®S magnitudinem, puta per pl, divifum ; 
exhibet plani diftantiam centri gravitatis ab ad, ap adeoque diftantiam ejuf- 
dem apf, d — eh 

Hec itaque a4 rf difantia, in pl (plani magnitudinem) dutta; exhibet 
dpl — aé ejufdem pe6B momentum refpectu vB; feu ungulam eidem pc@B 
infiftentem, cujus acies fit D6. . 

Hec denique ungula (cujus altitudo, in bQ, nulla fit, fed, in cB, ipfi pe 
eequalis): fi ex planis ipli pc@@ parallelis conflari intelligatur; erunt ea, 
cpBB, cd@B, & fic deinceps; hoc eft, aggregatum omnium cdgg, cdé8, ulque 


ad cpéé. 
| Gg Sunt 
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Sunt autem ea plana (ut ex Gregorii de San¢to Vincentio, aliorumque poft 
illum, doétrina conftat) tanquam logarithmi arithmetice proportionalium cd, 
ed, &c. ufque adep; (feu a, 22, 34, &c, wique ad a.) Ergo ungula ipia, 
eft eorundem aggregatum. Hoe eft (pofito p= 1), dpl— ad = pl — ae. 
Quod oftendendum erat. 

2 2 2 2 #2 2 

Porro; cum fit _ CSR ies ort 2 + a + cae &c. (Quod di- 
videndo 2? per d — a, patebit): vel, pofito d= 1, (qué ipfius d poteftates 
omnes deleantur), 27 + @b* + ab’ +030" &c. feu + 4 + a* + a’ &c.ind?; & 

SHiter ie te oe ge Bee Me PRE Seat peda ere arm ge 
fimiliter Cray Sah Fi a =~ eC. =H + 2a +400" + 8a 
&c, — Pint + 2a + 40% + 8a? &c. & fimiliter in reliquis : 


(1+ et @+t @+t ~ at &e,) 








scibeongene), PN [baa baal + Sat + abet Bes] 
Adeoque (per Arithm. Infin. | & ae aA nae Bis siticns, i 
Fun, (APRN Seah Teaer woe OATEe Le Une eny 
erat Ea Ada? itar+ tat + a5 &cy in & = ph. 
Qualium 1 = ApEd quadrato vel rhombo. 


Tdeoque, plani pc@@ momentum refpectu pg; feu femiquadrantalis ungula 
eidem infiftens cujus acies fit pg; feu planorum aggregatum ipfam conftituen- 
trum; feu logarithmorum fumma quos ea reprefentant, dp] — aé* = p/ — 
A* = 3a? + 4a? + fat + ta® in B: 

: Qualium cubus (feu rhombus folidus) apzd fit 1. 
Si vero non ponatur d = 1, fed cujufcunque magnitudinis: erit faltem 
A a Aoo) tAl ae matey 
— eee iB Riarrt s Ii Peet pes 
Vel (pofito = = e) erit e + fe* + +e? + je4 &c in J = p/ qualium d* = 
ADEO quadrato vel rhombo. 

Ungulaque (ut prius) dp/ — ad* qualium d* = apxd cubo, vel (fi angulus 
A fit obliquus) rhombo folido. 

Cumque a (pofito d= 1) vel e (quicunque ponatur valor ipfius d) fit 
minor quam 1 (propter a < d@): illius poteftates pofteriores ita continue de- 
crefcunt, ut tandem negligi poffint ; planique valor p/ exhibeatur quantumlibet 
vero propinquus. } 

Atque hec eft, Iluftrifime Domine, methodi, quam innuebam, ex meis 
principiis deductio, & demonftratio brevis. Vale. Oxon.d. 5. Aug. 1668. 


Some 
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Some Illuftration of the Logarithmo-technia of M. Mercator, who 
communicated it to the Publifher, as follows : 


Si quorum in manus incidit Logarithmo- technia mea, non inviti, opinor, 
ad{picient paucula hec exempla, miram iftius methodi facilitatem cum fum- 
ma precifione conjunctam oftendentia. 

OF Rg ee ee EE ae Steele A ee Se emi Dae, Nal | ed) 
Expo- 









































AVN Unitatis ordo Binarii ordo. 

I rj] 1 2 Duo funt ordines tabelle, 

2 1 | 0, 5 4 prior unitatis, alter binarii 
: propago, quorum uterque 

3 : 043 33333 ; 25666666 | denorum numerorum pri- 

4 I 042.5 -|—-—_—_ morum logarithmos produ- 

5 I 6,4 cit, preter com pofitorum 

6 a aa sil peek 10.666666 logarithmos, qui & ipfi re- 

Sek ES aaa — quiruntur, 

7 I pane a 7 18285714 

8 I 32 

9 1 | O,1141II 512 56,888888 

fe) 1 | ot 1024 | 10254 





Ex primo ordine 


I | ¥ s 
25 05 
033333333 0333333 
025 025 
02 02 
016666 | + 10000333353 
01428 = 500025 
O125 1005033595320 
: 9950330853754 
ett: Part modo ex eodem 
Ys ordine procedunt ra- 
+ 10033534772 Tones | jt 28. Wee. 
—__§02516792 Peers TESST) TOC? 
1053605156449, TSCOCTe 
95310179801¢ 
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Ex fecundo ordine. 


bal 
































2 2 
2 2: 
266666666 2666666 
a 4 
64 64 
1066666 Io 
308 
LS ac87 + 20002667306 
eN, — 200040010 
5°89 2.02.027907 3 10-95% 
aes 19802627296;89 
186 
Pe Haud fecus ex e0- 
34h, dem ordine eliciuntur 
pL Use i vOhN Ss by OBO } rationes ness ewe 
me 02 79255404 Voor TESS, PS Ts 
: mae EE rsscer, KC. 
: 22314355128 y5 
2 1823215568072 
3 ‘Mics et 405465106085 = > 
ig) mie AD ag, 105360515647 
5 ae 4 28768207244% = 7 
6 Satie G0 314418062 ia seb 2 
7 6 X 3 2079441541562 = Let 
8 1+ 7 230258 50928475 Lon 
g |_©X pe. pag. | 953101798042 
10 8 +9 23978952726dy <2 LL" 
II ele an) 1098612288603 + 4 = 13"! 





Similes ordines a 3"°, 4"°, & quovis alio numero derivari poffunt, fuas quif- 
que rationes exhibiturus. 


Acquifito. logarithmo 10", conficienda eft ftatim tabella reducendorum lo- 
garithmorum naturalium ad tabulares, ut quevis ratio, fimul ac inventa eft, 
reducatur ad menfuram tabularium ; ita enim logarithmi compofitorum, quorum 


ope 
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ope ad primorum logarithmos defcenditur, fimul fient tabulares abfque re- 
ductione. 

Fiat igitur, ut logarithmus 10"! non-tabularis 2302585 ad tabularem 10000000, 
ita 1 ad 443429448. Hic numerus bis, ter, quater & pluries fumptus conftituit 
tabellam reducendorum logarithmorum naturalium ad tabulares, quam hic fub- 
jectam vides. ’ 


I 043429448190 Hujus igitur ope tabellz, rationis 52%, menfura 
2 086858896380 naturalis 20202707316 reducitur ad tabularem hoc 
3 130288344570 modo: 
I I 2761 
: ede Naa 2 086858896381 
6 260576689141 eh 
7 304006137332 eRe 
8 | 347435585522 , 0868 5890 
9 | 390865033712 r aBe 
O Oo 
7 30401 
3 1303 
; 043 
6 26 
87739243069 
Tum 4 logarithmo 100"! 20000000000000 
auferatur rationis ;2,2, menfura 87739243069 
reftat 19912200756031 = L 98 
unde ablato logarithmo 2" 3010299956640 
reftat sae 16901960800291 = L 99 
cujus femis 8450980400145 = L 7 


Item rationis 12° menfura naturalis 19802627296 reducta, fit 86001717619 


Ergo jam logarithmo 100 20000000000000 
adde rationis +22 menfuram 86001717619 
fit — 20086001717619 = L 102 
unde ablato logarithmo 6 7781512503836 


reftat 12304489213783 = L 17 4 
Hic tabula numerorum primorum egregium ufum preeftare poteit. 





Sed & ejufdem primi 17 logarithmorum abfque ambage invenire datur, di- 
cendo: 20. 17 ::10.8|5; tum differentia inter 10 & 85 Se ecabaete 
fumendo quadrati femiffem, cubi trientem, &c, tractandoque iftum ordinem, 
ut fupra, inveniemus fimul logarithmos abfolutorum 23, 197, 203, 1997» 2003; 


&c. 
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15 
£ 1,5 155 1125 
2 3225 1,25, 1125 
3 39375 1,125 126 5625 
4 530625 1,265625 1518 
5 7259375 1,51875 189 
6 11,390625 1,8984375 22 
+- 15114040 
— 1137845 
O25 Lashes 
1397619535 


Cetertim ifthec omnia, & longé plura ex prop. x11, xv & xv1 Logarithmo- 
techniz noftre aperte derivantur, non magis confiderando hyperbolam, quam 
fi ea nufquam in rerum natura extitiffet. Quare fruftra funt, qui hyperbolam ad 
conftructionem logarithmorum vel hilum conferre autumant; imo logarith- 
morum ope quadrare hyperbolam, verius eft. Id quod exemplo oftendere haud 


pigebit. In diagrammate (Fig. 1) fit aH 74305816 parium, qualium a1 eft 
1, & oporteat invenire aream BIHF. 


Opus eft ad eam rem tabella fubjecta, que continet logarithmos naturales 


fupra acquifitos, in priori columna ab 1 ufque ad 9g, in altera a 10 ufque ad 
1000000000. 


I 00000000000 02,30258509299 
J 69314718052 04,60517018599 
3 109861228860 06,90775527898 
4 138629436104 09,21034037198 
5 160943791232 11,51292546497 
6 | 179175946912 13 581551055796 
7 194591014904 16,11809565096 
8 207944164156 18,42068074395 
9 


219722457720 20,72326583695 

Tum prima figura numeri dati femper diftinguatur a fequentibus. fepara- 
trice, hoc modo ; 7,4305816, & ipfi prime figure femper adjiciatur 1, ita 
conflantur, hoc loco, 8. Querenda eft nunc rationis 8 ad 7,4305816 men- 
fura naturalis, Id ut fiat commodius, dic: ut 8 ad 7,4305816; ita 1 ad 
0,9288227, hune quartum. proportionalem aufer ab 1, reliquum 0,0711773 
voco poteftatem primam, que ducenda eft in fe ita, ut in facto idem numerus 
partium extet, qui erat in ipfo 0,07117733; productum 0,0050662 eft po- 
teftas fecunda, que rurfus ducatur in primam 0,0711773, ut idem numerus 
partium exftet, prodit 0,0003606, que eft tertia poteftas ; & eodem modo in- 
venitur quarta 0,0000256, & quinta o,o000018. Deinde 


Poteftas 
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Poteftas prima 0,0711773 } 

Et fecunde. femis 25331 

Et tertie triens 1202 ¢ addantur 

Et quarte quadrans 64 | 

Et quinte pars quinta 4J 

fumma — 0,0738374 eft menfura rationis 8 ad 


754305816, eadem fcilicet cum ratione 80000000 ad 74305816. Porrd lo- 
garithmus abfoluti ‘80000000 facile acquiritur ex fuperiori tabella; cum enim 
index prima figure numeri 80000000 fit 7, € regione 7%! ex fecunda co- 
Jumna excerpo logarithmum abfoluti 10000000 (hoc eft unitatis feptem cyphris 
affecte) 


qui reperitur ‘ 16,11809565 \ ws 
cui fubfcribo logarithmum 8™ 2,07944154 addo 
fumma eft logarithmus abfoluti 80000000 =='18,19753719 

ablata menfura rationis 80000000 ad 743005816 = 030738374 

reftat logarithmus abfoluti 74305816 = 18,1236997, atque 


tanta eft area BIHF. 


Mantiffe loco accipe modum facillimum quadrandi quamvis hyperbole 
partem per logarithmos tabulares. Dati numeri 74305816 logarithmus tabu- 
laris eft 7,87102278, per fuperioris tabelle2 columnam fecundam reducendus ad 
naturalem, proditque eadem, que fupra, area BIHF = 18,123699872. 

Poftremo, ne quis hefitationi locus reftet, accipe, quo pacio ex prop. XIII, 
xv, xvi, Logarithmot. calculum fuperiorem derivem. 

Differentia terminorum rationem quamvis exprimentium fi concipiatur divifa 
in partes zequales innumeras; compofita erit ratio tota extremorum fermino- 
rum ex innumeris ratiunculis terminorum 4 minimo ad maximum infinitifima 
parte ipfius differentie fe mutuo excedentium. Sin idem illi termini innu- 
meri accipiantur pro medus arithmeticis aliorum terminorum fimili parte in- 
finitifima diftantium ; fumma omnium ratiuncularum pofterioribus hifce terminis 
intercedentium deficiet 4 tota ratione extremorum, non nifi femiffe prime & 
ultime ratiuncularum 4 prioribus terminis contentarum, id eft, ratiuncula mi- 
nori, quam que ullis numeris exprimi pofit. Quare pofito maximo termino 


= 1, & parte infinitiffima differentia = 1, & menfurarationis minime itidem 1; 
erit ut medium arithmeticum terminorum rationis minimam proximé pre- 
cedentis, ad medium arithmeticum terminorum ipfius minime; ita menfura 
minime, ad menfuram proxime majoris ; hoc eft: 
e ° e oe e ° 4 
Peers et te ieee 0 &cumentiure ulume 
I—21.1::t.1 +2t1t 41° + 81+ &c penulume _padd. 
I 


I— 31 Ohi 4 311 ie 913 + a71* &c antepenulume 


fit fumma ratiuncul. = 31 + 611 + 141% + 361% &c = numero terminorum, 
plus fumma eorundem terminorum, plus fumma quadratorum ab ufdem, 


&c. 
4 Sin 
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Sin minimus terminus ponatur = 1, manentibus ceteris ut fupra; evadit 
fumma ratiuncularum = 31 ~ 611 Bo yagi 3614, &c. 

Hinc data differentia terminorum = ol, erit numerus terminorum = oj 1, 
& per 16 Logarithmot. fumma eorundem terminorum = 0,005, & fumma qua- 
dratorum = 0,000333. At data differentia terminorum = o| ol, numerus ter- 


minorum efL_=o0,o1, & fumma eorundem = 0,00005, & fumma quadrato- 
rim = 0,00000333, &c. 


Nota. Prop. 1v, Logarithmot. figna fpeciebus intercedentia debebant effe 


alternatim affrmata & negata: atque ubicunque lector offenderit infinitifi- 
mam, legat infinitefimam. 
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ARTICLE, If. 


: ; a? a3 a4 FSG WE. 
HE former of thefe feriefes, to wit, a — wer aaa ere ase + Sar ta a 
&c, gives the logarithm of the ratio of 1 + ato1, whenever a is either 
equal to, or lefs than, 1 ; that is, if a be either equal to, or lefs than, 1, fo. 


A3 At AS A® 
+ &c 


—— — 


f 2 
as to make the terms of the feries a — = + : 
converge, and zB be any quantity different from a, and either equal to, or lefs 


is 2 
than, 1, fo asto make the terms of the feries 3B — ~— =f : ; 
BS B 


+ &c converge, the feries B — a + = inivieraee = + &c will be to 


5 6 ; 4 
= — -+- &cin the fame proportion as the 


; Pe 
the feries A — —+ z 
ratio of 1 -+ BtoTr is to the ratioof 1 -—- A tol. 


a 


B3 Bt 


aa" 


A3 


At 


—— 


s . ; 2 3 
2. In like manner the latter of thefe feriefes, to wit, a ++ — + a + 


AS a® ‘ 4 : 
shyt ieee ct &c, gives the logarithm of the ratio of 1 to 1 — a when a 


is of any magnitude lefs than 1; that is, if a is of any magnitude lefs than 1, 
and sg be any quantity different from a, but alfo lefs than 1, the feries 
B? B3 Bt BS Bos . . A” As 
ee rar are 73 $3 feist sh &c will be to the feries a -+- eal eas 
4 5 6 E F; . 
+ = + = +- — + &c in the fame proportion as the ratio of 1 tor —B 
to the ratio of 1 tor — a. 


3. By the former of thefe feriefes (which was invented by Mr. Mercator) we 
may therefore find the logarithm of any ratio not greater than that of 1 -- 4 
to 1, or 2 to 1, but not the logarithm of any greater ratio. af mean In a 
direct manner: for indireéily we may difcover by it the logarithm of any 
ratio, how great foever; to wit, by dividing fuch greater ratio into feveral 
other ratios, that fhall, each of them, be lefs than the ratio of 2 to 1, and 
computing the logarithms of fuch leffer ratios by the faid feries, and then 

19 ee: adding 


= 


Mr. Merca- 
tor’s feries is 
thelogarithm 
of the ratio of 
I+ Ato Ie 


Dr. Wallis’s 
feries is the 
logarithm of 
the ratioof 1 
TOI — Ae 


Mercator’s 
feries will ex- 
hibit only the 
logarithms of 
ratios of ma- 
jority thatare 
not greater 
than theratio 
of 2 tod, 


But Dr. Wal- 
his’s feriefes 
will exhibit 
the loga- 
rithm of any 
ratio of ma- 
jority, how 
great foever, 


But neither 
of thefe fe- 
riefes is of 
much ufe in 


practice, un- , 


lefs the ratio, 
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adiing them together into one fum. Thus, for example, the ratio of 
the number 1057 to-1 is equal to the fum of the feveral following ratios, 
to wit, the ratio of 1057 to 1050, the ratio of 1050 to 1000, the ratio 
of 1000 to 800, the ratio of 800 to 50, (which is equal to the ratio 
of 16 to 1, or to four times the ratio of 2 to 1, or to 8 times the ratio 
of 4/2 to 1) and the ratio of so to 48, the ratio of 48 to 3, (which is 
equal to the ratio of 16 to1, or to 8 times the ratio of 4/2 to 1) the ratio of 
3to2 + 4, the ratio of.2 + 4 to 2, the ratio of 2 to 2, and the ratio of 


/2to 1. Therefore, if we were to compute by the faid feries a — 
a 3 4 5 S : - 

= +f e ~ = eens = + &c, the logarithms of the ratios of 1057 to 1050, 
of 100 to 1000, of 1000 to 800, of 4f2 to1, of 50 to 48, of 3 to2 +3, 


and of 2 + 2 to 2, (every one of which ratios is lefs than the ratio of 2 to 
1), and then were to add together the logarithms of the ratios of 1057 to 
1050, of 1050 to 1000, of 1000 to 800, and eighteen times the logarithm 
of the ratio of 4/2 to 1, and the logarithm of the ratio of 50 to 48, and the 
logarithm of the ratio of 3 to 2 + 4, and that-of the ratio of 2 + + toa, 
the fum would be the logarithm of the propofed ratio of 1057 to 1. And in 
this indirect manner, it is evident that the logarithm of any other ratio, how 
great foever, might be obtained by means of this feries of Mercator. But by 
a direct, or immediate, application of it we cannot compute the logarithm of 
any ratio that is greater than that of 2 to 1. 


4. But by the fecond feries above-mentioned, to wit, the feries a + 
Az 3 4 5 6 5 : : eas 
S42 424545 4 &c (which was invented by Dr. Wallis), it is 
poffible to find at once the logarithm of any ratio, how great foever. For 
the ratio of 1 to 1 — a, of which the faid feries exhibits the logarithm, may, 
by taking a of a fufficient magnitude, though always lefs than 1, be made to 
equal any ratio of majority how great foever. Thus for example, if a is = 

1000 — 9a 
229. we Thali shave 1. -<)ca mes ree ere de ee 
1900 1000 1000 1000 


quently the ratio of 1 to1 — a will in this cafe be equal to the ratio of 1 to 


: and -confe- 





. + &c willin this cafe be equal to the logarithm of the ratio of 1000 to 1. 


And in the fame manner it may, by increafing the magnitude of a fo as to 
make it approach ftill nearer to 1 (though it never can be abfolutely equal to it), 
be made to exhibit the logarithm of any other and greater ratio, how great 
foever. It may therefore be juftly confidered as a complete fupplement to the 
: : A3 at as Mc ; : 
former feries A — = +——-—+-—— — + &c, which had been invent- 
ed by Mercator, and which was capable of exhibiting only the logarithms of 
fuch ratios as were not greater than the ratio of 2to 1. 


5. It muft, however, be obferved, that neither of thefe feriefes is of much ufe 
in practice when a is but a little lefs than 1 ; as for example, when it is equal 


o 2, o 24, or even 2; becaufe the convergency of their terms is 
1900 100 1c 


in thofe cafes fo exceeding flow, that it would be neceflary to compute a 
pro- 


of Mr. Mercator and Dr. Wallis. 


prodigious number of them in order to obtain the values of thefe feriefes exact to 
a moderate number of decimal figures. And, when A is abfolutely equal to 1, 
a A3 A4 AS 
ar yer a ce 

3 4 : 
I—i+}3-—-i4+ 4-—3+4 &c, and is equal to the logarithm of the ratio 
of 2 to 1) converges with fuch exceffive flownefs, that it is totally impofible 
to obtain its value exact to feven or eight places of figures, by the mere com- 
putation and addition and fubtraction of its terms; though by certain com- 
pendious methods that have been invented for the purpofe, its value may be 
found to that, or a ftill greater degree of accuracy. But, when a is equal only 
to £ or +’5, or any leffer fraction, the terms of thefe two feriefes will converge with 
great {wiftnefs, and they will be found exceedingly convenient for the purpofe of 
computing logarithms. And by the computation of thefe feriefes in thefe eafy 
cafes, in which their terms will decreafe fo fwiftly, it will be poffible, by a little 
addrefs and management in the choice of the {mall ratios, the logarithms of which 
we compute by them, to find the logarithms of all other ratios, how great foever ; 
ef which I propofe to give a few examples in the fubfequent part of this 
difcourfe. 


the feries a — 


A® ° . 3 
= + &c, (which in this cafe becomes 





6. Some learned and ingenious mathematicians have, fince the difcovery of 
thefe two feriefes by Mr. Mercator and Dr. Wallis, inveftigated fome other in- 
finite feriefes, which converge with a {till greater degree of {wiftnefs than thefe do, 
in order to facilitate ftill further the computation of logarithms. But thofe feriefes 
are lefs fimple in the laws by which their terms are generated than thefe 
original ones invented by Mercator and Wallis; and there is ufually need of a 
good deal of care and attention in the application of them to the computation 
of the logarithm of a given ratio: fo that, upon the whole, I think thefe of 
Mercator and Wallis deferve to be preferred to them. Nor do J conceive that 
any more convenient methods of computing the logarithms of given ratios are 
likely ever to be found out, or indeed need be withed for, than thofe which 
are afforded us by thefe two valuable feriefes, 


. a* A3 As as Ae A* 
7. Thefetwoferiefes a — oo she oh ai + ra note +- &c, and a +- — 
6 . , 
a + &c are nearly of equal ufe for the purpofe of com- 


puting the logarithms of given ratios; infomuch that I know not upon what 
ground to give one of them the preference to the other. For, though the 
latter will, in theory, exhibit the logarithm of any given ratio of majority how 
great foever; whereas the former can only exhibit the logarithm of a ratio that 
is not greater than the ratio of 2 tor: yet, in practice, they are neither of them 
(as we have already obferved) fit to exhibit the logarithms of any but finall 
ratios, or fuch as differ but little from a ratio of equality, and arife 
from fuppofing a to be much fmaller than 1, as, for example, to be 
equal to or +;, or fome leffer fraétion; and thefe logarithms 
they will enable us to compute with nearly the fame degree of eafe and 
expedition. It feems therefore to be almoft a matter of indifference which 
of thefe two feriefes we make ufe of in the bufinefs of computing loga- 
rithms ; and perhaps it may be beft in fome cafes to make ufe of one of them, 
and in other cafes to make ufe of the other. Thus, forexample, if we wanted 
to 
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of which the 


logarithm is 
fought by it, 
is a {mall 

ratio, or dif- 
fers but little 
from a ratio 
of equality. 


But when 
that ratio is 
equal to the 
ratio of Io 
to g, or that 
of 11 to 

10, or any 
leffer ratio, 
thefe feriefes 
will be found 
very ufeful, 


When the ra> 
tios, of which 
the loga- 
rithms areto 
be computed, 
are fmall, the 
two feriefes 
are nearly 
equally ufe- 
ful. 


Remarks on the Two foregoing Infinite Seriefes 


to find the logarithm of the ratio of 11 to 10. by one of thefe feriefes, ‘it 


would be rather eafier to find it by means of the former feries a — — + = 
~ +5 aa) Ree -— -. iy cs which was Te: by Mercator, than by lee latter 
feries A ree: = A ee soph Ad : -+* ~ +> -+- &c, which was invented by Dr. 


Wallis, roe if we confider the Hae of 11 to Io as being equal to the ratio 


- of 33 to 48, or of 33 rz to ie oh ae x + ey tor, its logarithm will 


be equal to the feries A — — sir —— — hear <a ee, “Upon 2 lappy: 


I I 
AS ac ed is to iil Was aoe ey. Cee 
fition that A-1s = +%, t aS Sores + aT 





I I I 


+ 


eae tts No Sacer once Sita eateae &cC, OF 0,100,000,000 — 
ax 10* 6 x 10° 6 x 10° e z ‘ < : 2 


©,001,000,000 0,000, 100,000 0,000,010. 000 0,000,001 O09) 
Rates the fame ratio of 11 to 10 as being equal to the ratio of 11 to 
se, OF Otte 00 aa ry or Ri I Re I — Fs its logarithm will be 


equal to the feries a a 2 4. - fi “ + ~ Ab > + &c, upon a fuppofition 


: : P I I I 
= he ieries 2 SORT 2 ty a rau RA Fj 
that a is = +4, that is, to the f Sa hisses rar 4X 114 i 


ees of ee . And it is evident that thi : 
erates datece — + &c. And is latter feries, which Pro 


eeds by the powers of 41,, is not quite fo eafy e compute as the feries 7. — 
I I I I 


eee) 3 X 108, 5 ge not + 5x 108 6x 106 + &c, which proceeds 


by the powers of 4,3; and therefore in computing the logarithm of this ratio of 
11 to 10, it would be rather more convenient to make ufe of the feries a — 
Az A3 At AD 


ata ~- 5+ fc than of the feries a+ © 44 4 4 


+ > + &c. And, on the other hand, in computing the i tte! of Hr ratio 


of ne : 9, it route be he more convenient to make ufe ie pe feries A if 


_ atari - += a fe + +. &c than of the feries a — — oo x as 


is 
a — Be For, é we confider the ratio of 10 to 9 as ao te to 


5 


0,010,000,000 
SS 
2 





1 





dhe unib of 1&2 to 2, or of 3 4- “tos) for 4 I + a S 1, its logarithm 


2 





A A3 
will be equal to the feries a — — + Sp is ~ +4 <-— — + &c, upom 
fiti 18a oa CAG Set wines earth 
a fuppofition that al = 15,1 FORE feties 5 2% ig? = 3 xX 93 

I I I I I 
Se i aa cc a) as ea 
: xo 1 5x Oo 6x + Sane aie Gene ey apie 
I F I ace ek 

ETE AT Pra Se Re &c, which proceeds by the po 

4 X 656% TEx 591049 Ox sanagr + P y PeMae 
of 4. But, if we confider the ey ratio of 10 to g as being equal to the 
fini OFt 22) tes Or Of Fe MO ee a OF 93 7 acs ee ry, its lo- 


garithm will be equal to ae feries A + as ry uch nok te agli 5 + &c, 





upon a fuppofition that a is = a‘, that is, to i ae xo fh a aie 


2x 10 ' "3 x 103 


of Mr. Mercator and Dr. Wallis. 








I I T 0,010,000,000 
Ep apne hig metal F She neh FSS, OF.%700,000,000 -b, 
©,001,000,000 0,000,100,000 , 0,000,010,000 0,000,001,000 : 
— + — -+ prt aie Se dai oe rena 3 + &c, which pro- 


ceeds by the powers of ;4. And it is evident that this latter feries, which 


proceeds by the powers of +{,, is rather eafier to compute than the other feries 


rete erie Ne a bn ee ee ee 

5 pie i eng oi Ray exo aoe os Si which Pieces 
by the powers of 3: and therefore in computing the logarithm of this ratio of 
To to g, 1t would be rather more convenient to make ufe of the feries a + 





2 Az 4 5 6 y % 3 
FRA wena +> + &c than of the feriesa — -- ce ers 4; 
5 6 : ; 
= Riga ~ + &c. But theadvantage of the one of thefe feriefes over the other 


5 
in thefe examples, and in all other cafes of the fame kind, with refpe& to 
the facility of computing them, is not very confiderable. 


_8. There is, however, one advantage in having both thefe feriefes for the 
purpofe of computing logarithms rather than only one of them, which may de- 
ferve to be taken notice of ; which is, that they ferve to confirm each other, or 
as proofs of the truth of the arithmetical operations, by which the logarithm of 
a given ratio has been obtained. Thus, for example, if we had computed the 


2 B a 2 3 Lhe = 5 
logarithm of the ratio of 11 to 10 by the feries a — * + Si 7 an ra 


— - + &c to eighteen or twenty places of figures, and were doubtful whether 


we had not made a flip in fome of the arithmetical operations by which we had 
obtained it, it would be expedient to compute it alfo by means of the feries a ++ 


She her eat St ++ ae +- &c to the fame number of places of figures. 


And, if the value obtained for it by this fecond feries agreed exactly with the 
value found for it by the firft feries, we might conclude with confidence, that the 
arithmetical operations had been rightly performed, and that the value of the 
faid logarithm was rightly affigned. 


: 2 3 4 AS ae 
; t PA GR Rees fap AT &c and a 
9. As hefe two feriefes = ob : ; -+- : ea + 


2 3 & 5 6 . Ps Seer 
“ + il + ahha A = + = +- &c, are fo beautiful from their fimplicity, and at 


the fame time fo fit and convenient for the purpofe of computing logarthms, 
it feems to be defirable that the truth of them fhould be eftablifhed in the 
fulleft and cleareft manner poffible, and by more than one demonftration. The 
foregoing demonftrations cf them are derived from the contemplation of the 
2 4 5 6 

hyperbola, and that of the latter feries a + = at Ate 7 at = a8 “. 

+ &c, which was invented by Dr. Wallis, is grounded likewife on fome of the 
propofitions of that learned author’s AriTHMeETiIcA-InFinrToRUM, which is 
a work that is now but little read, though formerly it had a great and de- 
ferved reputation. I fhall therefore here fubjoin other inveftigations of both thefe 


feriefes, which have no relation to the hyperbola, or to any other curve-lined figure 
2 what- 
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whatfoever, but are grounded on principles that are purely arithmetical, and de- 
rived from the nature of ratios (of which logarithms are nothing more than 
the meafures expreffed in numbers), by the help of the celebrated theorem of 
Sir Ifaac Newton for exhibiting, in an infinite feries of rational quantities, the 
roots of a binomial quantity. They are, as I believe, the fame in fubftance with the 
inveftigation given of thefe feriefes by Dr. Edmund Halley in his difcourfe on 
this fubject, in the Philofophical Tranfactions, N° 216, and were fuggefted to 
my mind by reading that difcourfe ; which, however, is written with fo great 
a degree of obfcurity that I am not fure that I rightly underftand it. But, 
whether they exprefs the ideas he meant to convey, and are therefore only a com- 
mentary upon his inveftigation, or whether they are fomething different from it, I 
have endeavoured to make them as clear andas eafy as I could; and, inorder to 
enfure that effential obje& in treating of thefe difficult fubjetts, have not 
{crupled to expofe myfelf to the danger of being cenfured by fome of my 


more acute and learned readers for the much lefs fault of too great prolixity. The 


A” A? At A® Ae 
inveftigation of Mercator’s feries a — ee oe er og orci ee &c, 


which expreffes the logarithm of the ratio of 1 + Ato 1, is as chile 3 


10. The propofition of which I here mean to eftablifh the truth, is this: 

If there be two different quantities, a and B, that are both of them lets than 
1, and of which, confequently, the feveral powers a’, A%, a‘, a’, AS; BSC, 
ADC BeBe y AB Es BS, B®, &c, are decreafing quantities, the two infinite feriefes 

2 3 4 5 4 5 
aot yS iB yt SE +&cands b+ SW * —~-- ~ 
+ &c, (which, itis evident, will be decreafing progr efions) will be meafures, 


or logarithms by the fauos of I on, A to: rand. of 4-1! B.to 33 i or)the 


2 


+— — a + = — >= + &cin the fame proportion as the ratio of 1 ~- a 
tor is dontis iced I ‘ Bto I. 

Or, if we change the notation a little, and fubftitute the fmall letters £ and 
q, inftead of the capital letters «a and 8 refpectively (which will be more 
agreeable to the notation now moft in ufe in treating of thefe kinds of feriefes), 
the propofition which we are to demonftrate the truth of, will be as follows : 

If there be two different quantities & and q, that are both of them lefs thant, 
and of which confequently the feveral powers k*, k*, k*, k*, k°, &c, and 


y*ytg, <¢ > 975 9°, &c, will be decreafing quantities, the two infinite feriefes 
R3 ht Rs s 4 5 

a eile’ 7. 3 4 : 5 opine SRNL ney “nel + 5 

F + &c, (which, it is tera will be eninge neato); will be 


meafures, or logarithms, of the ratios of 1 + kto 1 and of i -- gto 13 or 
3 5 
the feriles k — — + 7, —_ — +- = oe as + &c will be to the feries I— 


2 3 5 
- i ee a Jaf & aot = + &cin me ne proportion as.the ratio of 1 + & 


to 1 is to the ratio of 1 + gq tO Ie 
In 


of Mr. Mercator and Dr. Wallis. 


In order to demonftrate the truth of this propofition, it will be expedient to 
premife the two following propofitions, as lemmas. 


LEMMA tdIs 


11. If there be three unequal quantities, as the right lines ap, az, and 
AF in the figure hereunto annexed, whereof ap is the leaft, and ar isthe 
greateft, and their differences DE, EF, are extremely fmall in comparifon of 
the quantities themfelves (as for example, lefs than a millionth part of either 
of them), the proportion of the ratio of aF (the greateft of the three quan- 
tities) to ap, (the leaft of them), to the ratio of az (the middle quantity) to 
ab (the leaft quantity) will be very nearly equal to the proportion of the 
difference, pF, of the terms of the former ratio, to the difference, DE, of the 
terms of the latter ratio. And the differences pF, DE may be taken fo very 
{mall in comparifon of the leaft term ap, that the proportion of the faid dif- 
ferences fhall approach as near as we pleafe to the proportion of the forefaid 
ratios, or fhall differ from it by a quantity, or ratio, that is lefs than any affigned 


ratio whatfoever. 


4 gaye se a 
A Dar Liaise Niedoe “O! 7Ap EF 





DRE Me OeNoSats Re AvTi sO Ne 


Let the ratio of ar, the greateft of the three quantities, te ap, the leaft of 
them, be divided into a very great number of leffer ratios, all equal to each 
other, by the infertion of intermediate proportionals, as AL, AM, AN, &c, bes 
tween AD and AF. 

Then, fince AM isto AL as AL is to AD, it will follow, dividendo, that Lm 
is tO AL as DL to aD, and, permutando, that LM 1s toDLas AL to aD. And, 
in like manner, becaufe aN isto AM as AM isto AL, it will follow, dividendo, 
that MN is tO AM aS LM isto AL, and, permutando, that MN is to LM as AMis 
to AL. Therefore, when AD, AL, AM, and aw are nearly equal to each 
other, the differences DL, LM, and Mn will alfo be nearly equal to each other. 
Therefore, when the two extreme terms AD and aF (and confequently, 4 fortiori, 
all the intermediate terms, AL, AM, AN, &c, between the faid two extreme 
terms), are nearly equal to each other (as for example, when aF exceeds ap 
only in the proportion of 1000,001 to 1000,000), all the differences DL, LM, MN, 
&c contained between the points p and F, will alfo be nearly equal to each 
other, and more nearly than ap is to AF: fo that, if AF isto AD as 1000,001 
to 1000,000, the common ratio of Mn to LM, and of tm to Dr (being the 
fame with the common ratio of an to AM, and of Am to AL, and of at to 
AD), will be lefs, or nearer toa ratio of equality, than the ragio of 1000,001 


to 1000,000, 


) Now, 
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Now, when two lines or other quantities, of unequal magnitudes, are di- 
vided into parts of the fame fize, the length or magnitude of the greater of 
the two will be to the length or magnitude of the letier in the fame proportion 
as the number of thofe equal parts contained in the greater to the number of 
them contained in the leffer. “Therefore, when ar is to aD in a proportion 
that approaches very nearly to a ratio of equality (as for example, when it 
exceeds ap only in the proportion of 1000,001 to 1000,000, or the excefs of 
AF above ap is equal to only one millionth part of ap), and confequently the 
differences DL, LM, and mn, &c, are nearly equal to each other, the line 
pF will be to the line pe very nearly in the fame proportion as the number of 
the leffer differences pt, LM, MN, &c, contained between the points p 
and F, to the number of thofe differences contained between the points p 
and £, and confequently in the fame proportion as the number of the equal 
ratios of AL tO AD, AMto AL, AN to AM, &c, contained in the ratio of AF 
to aD, to the number of thofe ratios contained in the ratio of AE to ap, and 
therefore in the fame proportion asthe ratio of aF to AD to the ratio of AE to 
Ap; that is, pr, the difference of the greateft and leaft terms. ar and ap, 
is to DE, the difference of the middle term az and the leaft term ap, in 
this cafe very nearly in the fame proportion as the ratio of ar, the greateft 
term, to AD, the leaft term, is to the ratio of az, the middle term, to ap, 
the leaft term. 

And, as, by diminifhing continually the difference pr, by making the point 
¥ approach nearer and nearer to the point D, the proportion of AF to AD 
may be made to approach as near as we pleafe to a ratio of equality, it fol- 
lows that that difference may be taken fo {mall, in comparifon of ap, that 
the common ratio of the differences DL, LM, MN, &c to each other fhall 
approach as near as we pleafe to a ratio of equality, and confequently that the 
proportion of pF to DE {hall be as nearly equal as we pleafe to the propartion 
of the ratio of AF to aD to the ratio of AE to AD. Q.E. D. 


LEMMA ll. 


12. If wbe any quantity not greater than 1, and ” be any whole number 
1 


: may scat. 9 eet ane ; 
whatfoever,. the quantity 1 +”, orY" 1-+ »%, that is, the #8 root of the 
binomial quantity 1 + x, will, be equal to the following infinite feries of de- 

5 I I {— i — iS, 
creafing terms, to wit, I -+ wi 0 4G alae 5 Ta ey 4 Bide Beet 
7 
BY _ 2H = I Sta | —_ 2i4— 
es bw cals eae Bede Reig et a hs Ne 3 Beieere ¢ 
mn 2n 32 4n n 20 32 
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a x Tee kw ight pss pa bee eaaig so ancy 


2n 32 4n 52 62 
x «© + &c ad infinitum, or (if we put a= 1, ands = —, andc = — 
; n- 
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> and £, F, G, H, 1, K, &c for the feve- 
2 ral 
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ral following co-efficients of the powers of in this feries), tothe feries 1 + + x | 
: mae 


4 — 1 22 = 1 {32-1 Bw I . ae 
Ae TRE yg? pS ee pera og MeL SRM. iar 8 ee 
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Cin iota t 


6n— 1 artes a — 1 
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+ &c ad infinitum; in which feries the feveral. co-efficients of x, x”, x°, x*, 
ws, x°, x7, x8, x°, 4°, &c, are derived, or generated, from the firft term 1 by 
I ae 2H —- I 


7m — 





x Gxt — 








the continual, or fucceffive, multiplication of the fractions —, posted 
2 2n 30 

a—I Nt == 1 a—t1t 62—1 a— 1 Snx—t1 Rn Ft } 

=e 5) : > : aa, pe [erates § aM i 9 &c, which are there- 


42 a 62 7H 82 


5 . 2 gz 104 
fore called their generating fra€ions. 


13. In thefe-generating fractions, it is evident that 7 — 1, the numerator 


. H— I . . 
of the fecond fraction ogee formed from 1, the numerator of the firft 


fraction - by the addition of ~ — 2, or the addition of and the fubtraétion of 


4; fort + ”—2 is=m—1: And it is evident likewife, that the numera- 
. . . a — - 
tors of all the following fractions after the fecond fraction — -, to wit, the 


a 





numerators 24 — 1, 34 — 1, 4m — 1, 5u— 1, 64— 1, 7u—1, 8u—1, 
gon — 1, &c, are formed from the numerator m — 1 of the faid fecond fraétion, 


and from each other by the continual addition of ” to every preceding nume- 
Vows 





rator. And the denominators of the fecond fraction ‘ and the third frac- 


a5 4 





tion and all the following fractions, to wit, the denominators 2”, 37%, 


4n, sn, 6n, 72, 8n, gn, 10”, &c, are formed from # (the denominator of 
. I . oa 
the firft fraction —), and from each other by the continual addition of # to 


the preceding denominator. 


14. This is Sir Ifaac Newton’s famous binomial theorem in the cafe of roots 
or fractional’ powers, expreffed in what I take to be the moft intelligible and con- 
venient manner poflible ; as by this way of expreffing it we avoid all mention of 
negative quantities in the co-efficients of the feveral terms of the feries, from 
the ufe of which negative quantities, I have obferved that a good deal of per 
plexity often arifes in other ways of expreffing it. This expreffion of the value of 


I 





—r7, - s : mt mi — tT it — 2 
1 -+ »” is derived from the feries 1 + — Ax + Bx” + a cw” 








arpxt SF ee Ba ae - Fx® + &c (which is = 1 + #”) by fub+ 


4 TU: ; 
{lituting —— in its terms inftead of m. 
2a - 


1s. For a demonftration of this celebrated theorem in the cafe of roots, or 
fractional powers, I refer the reader to a learned treatife of Algebra, lately 
publifhed at Dublin by Dr. Hales, a fellow of Trinity College in that city, 
and intitled Analyfis Ziquationum. In this valuable work (which was publithed 
in the year 1784) the reader will part amongit many other curious N oape 
ie a de- 
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a demonttration of this theorem of Sir Ifaac Newton, that extends to the 
cafe of roots, or fractional powers, as well as to the cafe of integral powers. 
See that treatife, pages 33, 34, 35, &c, — 39. And he may likewife fee 
another and very fatisfactory demonftration of this theorem in the cafe of roots, 
or fractional powers, in the Mathematical Tratts of the very learned Dr. 
Charles Hutton, Profefflor of Mathematics at the Royal Military Academy at 
Woolwich, which were publifhed at London inthe year 1786. See the faid 
Tracts, Tract vi, pages 65, 66, 67, &c, 79. On the prefent occafion I fhall 
take the truth of this theorem for granted. 





I 
16. Coroll. 1. It follows from the foregoing lemma, that 1 + «4 — 1, or 
Vv": + *— 1, or the excefs of the 2 root of the binomial quantity 1 + x 


— 1 2u— 1 








z : 4 si I 

above 1, is equal to the infinite feries — AK — Bx” -+- — cx — 

{ -—- | u— 1 f na— il . ° e 

sae Dx* + ra EX — ve Fx° + &c; in which a is, as before, equal 
2 


. I ° ° nt— TI 
tO 1; and ‘8 is = — a, or the; co-efficient of #3 and @ ase repens eb sR the 
n 


7 . ° 22 ae? x . 
eo-eficient of x*; and p is = Fr Sgt the co-efficient of x*; and the 


following capital letters E, F, G, &c, are equalto, or ftand for, the co-efficients 
of x4, x°, x*, and the other following powers of x. 





17. Coroll. 2. If » be a very large number, as for example, the ninth powey 
of a million, or 1 with 54 cyphers annexed to it, or 1,900000,000000,000000, 
©00000,000000,000000,000000,000000,000000, (which Mr. Locke, in be 


Effay on Human Underftanding, calls a nonillion), the quantity 1 + PY 
— 1, or the excefs of the nz root of the binomial quantity 1 ++ x above 1, 














1 “ be 3 + 5 
will be very nearly equal to the feries — — — Bahra pees re 
: rd ss 42 52 
_ + &c, ad infinitum, or to ~ x the feries x a nt & 5 
Be ; hat Si a ee 
a 


* . . . 
= + &c, ad infinitum: and m may be taken of fo great a magnitude, that 


> x3 


3 





. T . 4 5 6 
the ratio of — xX the feries * — aby ae ORCS I, — 4- &c, to 
a 5 
u 
1 + x\” — 1 fhall approach as near to a ratio of equality as we pleafe. 
For, when # is equal to a nonillion, or any fuch very great number, it is 
evident that #— 1 and 27 — 1 and 3” — 1 and 4” — 1 and 5” — 1, &c, 


will be very nearly equal tom, 2”, 3”, 4m, 5”, &c, on account of the im- 
menfe magnitudes of the numbers ”, 2m, 3”, 4”, 5”, &c in comparifon of 


the unit which is fubtra&ted from them. Therefore the feries ~ax —'2— 
n 2n 


‘4 2n— 1 a— 1 4n7— 1 {su —1 ‘ . 
Bx + Cx: a D x* srs zx’ 1 Fx® + &c (which is= 


3% n 
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1+»), — 1) willin this cafe be very, nearly equal to— ax — —~ ex? + =” 
% 2% 3% 
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ie ts tt 8 PISA hors Winter ps. thd aor eae 
I : x? x ete 
pen tA the feries « — " Spe ay ee eae = ae TepscatT Gabe oe Therefore 1 + x 
— 1 will in this aa be very nearly cid to — x. the feries « — 2 at Mei 
2Z2 2 

4 3 Pcie : : 3 

aay ees +— — — + &c, ad infinitum. And it is evident, that if any ratio 


whatfoever be it aan that differs very little from a ratio of ae m may 
be taken of fo a a ag hi that the are Obs i ee 4 get ohe 
% 


x the feries x —— + — ~ — = += 3 oye ue ne fhall approach ftill nearer 
to a ratio of ap eaie than fuch afigned fatto. Q: E.D 


18. Thefe lemmas being premifed, the main propofition may be {ftated. 


and demonttrated in. the manner following. 


THEORE™M °f, 


If & and gare any two: quantities lefs than 1, whereof we will fuppofe & to 


be the greater ; the ratio: of 1 + &to:1 will ue to the tage of 1 + 9torin 
k3 fag Re 


the fame proportion as the infinite feries & — — + +25 + &e 
to the infinite feries g — C4. £— e +4 Z Hee + wis 


DEMONSTRATION... 


Let #:be put, as before, for any very large number, as, for example; for a 
nonillion, or the ninth power of a million. 

ee by the 2° a of the 27“ of the foregoing lemmas, we fhall:-have 

I+ ae 1, very nearly, = —- x the feries k — —+ ——> + <—% 
&c, ad infinitum, and 1 +4 i ee I, very nearly, = — x the feries g —f fa 


- 2 fe ££ 4+- &c. And, by increafin ae magnitude of m, each 
y & , 


of thele ratios ee be made to come as near to a ratio of equality as we 
pleafe. 


245 


Remarks on the Two foregoing Infinite Seriefes 


ae I 
pleafe. Therefore the proportion of i -- A” —1 to 1 +4 — 1 is inthis 
fie ks k ks 
cafe very nearly the fame as that of — —— the feries hm leer 3 _—— nbar aa 
po 3 4 5 
— ~—+&c, to— x the feries g — © sare Saye Sept o. ae ae uh and 
t * 5 4 6 
f tly, as that of # times £ x the feries k — — + eR M “h Mas Seek 
confequently, < 8 = : ‘ 7 : a 
. é 2 K 4 5 6 
-+- &c, to m times = x aa feries g — = ie he te — = + &c, or as 
5 k3 4 say: 6 
that of the feries  — — _ ae “ + — — we + &c, to the feries ¢g — 
3 4 9° 
z oy leek eae SE at _ = ‘ ae ve is, the proportion of the excefs of the 


a root of the binomial Tene 1 + & above 1 tothe excefs of the x root of 


the binomial quantity 1 ++ g above 1 is, in this cafe of the very great magni- 
k k3 k* kr 
tude of 2, very nearly the fame as that of the feries k — eee esr 73 
fe] 


<4. &c ad infini he feri GS MBN Te Se ie TO game 
hi a ts c ad infinitum to the feries g — > ge rbielt 6 + &ca 
infinitum. 

Now the ratio of 1 -+- & to 1 is to the ratio of 1 +g to 1 in the fame 
proportion as any given part of the former ratio, is to the like part of 
the latter ratio, and confequently, as the z‘*, or nonillionth, part of the 
former ratio is to the z*, or nonillionth, part of the latter ratio. But 
the ratio of the # root of 1 +kto 1 ‘is the part of the ratio of 
a+ to 1; and the ratio of the # root of 1 -+ q¢ to 1 is the #'® part 
of the ratio of 1 +g to 1. Therefore the ratio of 1 + & to 1 is to the 
ratioof 1 + g to 1 inthe fame proportion as the very {mall ratio of the 2 
root of 1 + & to 1 isto the very {mall ratio of the z'® root of 1 + qgto 1. 

But it has been fhewn above in lemma 1, that when three quantities are 
va nearly equal to each other, the ratio of the greateft of the three to the 
leaft will be to the ratio of the middle quantity to the leaft in very nearly the | 
fame proportion as the excefs of the greateft quantity, above the leaft is to the 
excefs of the middle quantity above the leaft: and by diminifhing the greateft 
and middle quantities continually, fo that they fhall approach nearer and nearer 
to an equality with the leaft, we may make thefe two proportions, to wit, that of 
the faid two ratios and that ae the faid two excefles, approach as near to each 
other as we pleafe. Therefore in thefe three quantities, to wit, 1 and the x‘, 
ornonillionth, root of 1 + g and the #‘*, or nonillionth, root of 1 + &, (in 
which the excefles of the two latter quantities above the firft quantity 1 are fo 

extremely {mall that they will not appear before the 54° place of decimal frac- 

5a > 

tions), we may conclude, that the ratio of the greateft, to wit, 1 + k *, or the 

n root of 1 + &, tor, the leaft, will be to the ratio of the fecond quantity, 
I 


to wit, 1+ 4”, orthe z‘* root of 1 +, to 1, the leaft, very nearly in the 
fame 
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fame proportion as the excefs of the greateft, or 1 +> ao » above the leaft, oF 


I 

1, to the excefs of the fecond quantity, or 1 + q”, above the leaft, or 1. 

But it has been before fhewn, that the ratio of 1 + & to 1 is to the ratio of 
1 -+- gto 1 inthe fame proportion as the very {mall ratio of the x® root of 
I + &to ris to the very {mall ratio of the # root of 1 + gtot. 

Therefore the ratio of 1 + & to 1 will-be tothe ratio of 1 + gto 1 very 
nearly in the fame proportion as the excefs of the a root of 1 + & above 1 
to the excefs of the xz root of 1 ++ g above 1. 

But it has been fhewn above, that the proportion of the excefs of the x" root 
of 1 + & above 1 to the excefs of the m* root of 1 + g above 1 is, in this 


cafe of the very great magnitude of z, very nearly the fame as that of the 
: k &3 kt ks ke ; : : 

feries k — tat nee +. mers + &c ad infinitum to the feries gq — 

2 2% 4 5 6 : ; 

oye pak a Ee —— +. &c ad infinitum. 


Therefore the ratio of 1 + & to 1 will be to the ratio of 1 + ¢ to 1, in the 
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Sat RATS SEER pathy RS SG eel gp Se as ARES - 
fame proportion as the feries & oiler ; ALiar eet &c adin 
: q* 9° q* 9 gq Lys 
jinitum to the feries g — ata ee cr OS ae ier 6 + &c ad infinitum. 
, | 


Q.E. D. 


19. The foregoing demonftration may be expreffed in fewer words, as 


follows : | 
Let 2 be put as before, for any large number; as, for example, for anonillion, 
or the ninth power of a million. 
, | : 
Then it will follow from lemma 2, coroll, 2,that 1 -- 4” — 1 will be very nearly 
he ks h+ AS ke 


2 3 4 5 6 











equal to - x the infinite feries k — 
I 

&c, and that 1 + qe — 1 will, in like manner, be, very nearly, equal to ~*- 

It 

‘ 3 4 5 5 oy 

x the feries g — Le Fie ae ab ae —= 4+ &c.. Therefore.1 4+ 2% 


2 
I 








— 1 will be to 1 + g# — 1, very nearly, in the fame proportion as x 
: Re k3 Vg ke ke I : 
pais eo ea wetter Te Lehcge ns ee  e to — x the feries g — 
the feries & ae i -- : aac &c to — Xx ies g 
z 3 4 5 6 atte Y 
- +. a ae = + i ae - + &c, that is, in the fame proportion as the z‘* part 
ne Oe ar ee ie cen eh Wald. af phe teria 
of the feries k — Gickiaieget ,— eo + &c tothe 2 part of the feries 
4 3 4 5 6 X ; 
gq—t+ ER EAGT haley 7 +- &c, and confequently in the fame proportion 
2 3 4 5 
33 is Bs Ke ; 
as the whole feries k — say ea pal oo Selle + é&c to the whole 
q” g° q* q° g ! 
eries g — —— + — He YH Oe. 
: aac ey 5 6 


Now 
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The fore- 
going dee 
monittration 
expreffed in 
fewer words, 


248 


"The fame de- 
monftration 
exprefled 
with full 
greater bre- 
vit 
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Now the ratio of 1 + & to 1 is to the ratio of 1 ++ ¢ to 1 in the fame pro- 
portion as the x" part of the former ratio is to the #™ part of the latter ratio, 
I 


and confequently in the fame proportion as the ratio of 1 + &* to 1 is to the 
: i 


ratio of 1 +g” to 1. 


I Y 


But, becaufe 1 + A* and 7 + qu approach extremely neat to an equality 


with 1, it follows from lemma 1, that the ratio of 1 +4 k™ to 1 will be to 


I 


the ratio of 1 + 9 to 1, very nearly, in the fame proportion as the excefs 
I XY 


of1 + &* above 1 to the excefs of 1 +9 above 1, or asi +&" — 1 to 
ray a 


Therefore the ratio of 1 4 & to a will be to the ratio of 1 + 9 to 1, very 


1 
nearly, in the fame proportion asi + &¥ — 1 isto 1 + gi —1. 
But it has been fhewn, that, in this cafe of the very great magnitude of #, 


I I 
the proportion of 1 + &™ —1 tor + q¥ —1 is, very nearly, the fame as 
Z ise ki k* ks . ‘ : 
that of the feries k — PRR Tom eb ot Peas Gk Leek. ek 

. q° g3 q* fe * 6 : Tema 
SCLICS @ patie eee aba +. &c ad infinitum. 


Therefore the ratio of 1 + & to 1 will be to the ratio of 1 + ¢to1 inthe 


- . a k3 k* ks Re F 
fame proportion as the feries k — Bnew iirgiire teenie SLA da 


4 5 
6 
zh ot + &c ad infinitum, Qk. D. 


2 r | lat 5 
fumto the feriesq — & +L —~L 484 
7 Re by ot 3 4 + 5 


zo. And, if ftill greater brevity of expreffion be defired, the foregoing de- 
monf{tration may be expreffed in a ftill concifer manner by the help of a 
little additional notation, as follows : 
r+k 
I 


Let rR. 





be ufed to denote the ratio of 1 + &to1, and Rr. : a £ to de- 





bf 
i in ; bs 
note the ratio of 1 + to 1, and R. - + *l* to denote the ratio of 1 + pe 


I 
1 


1 + q\n 
I 





| 
to 1, and R, to denote the ratio of 1 + ria tO) Te amie (Oey Rt eet 
a 


I 
to denote the #'* part of the ratio of 1 + kto1, and — x rx, LZ 





- ¢o denote the m™ part of the ratio of 1 + g to1. 


With this notation the demonftration will be as follows : 


Let 7 be put, as before, for any very large number, as, for example, for a 
nonillion, or the ninth power of a million, 3 


Then 
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1+ 


I 








Then will r. 





I , ° 
be to R. - Z in the fame proportion as — xR. = hl 
# I 


I 


i I 

1 1+ : be n 

toro xR. —, that is (by the nature of roots), as Rr. a abibde,* R. Biel. 
I I 

Y he 


that is, by lemma 1 (on account of the near approach of 1 4 &\" and i + g)* 


to an equality with 1); as 1 + &\*#— 1 to 1 + g\* — 1, that is, by lemma 


2, coroll. 2 (on account of the very great magnitude of the number 2), as 


I : k2 k3 kt ks RS I ; 
aie ‘se is bi E- mt: 26 3 ef? ut gigs Se, to — x the feriesg — 
2 5 
t Hie - 4 “+ fs — se + &c. and confequently (multiplying both fides 
; k ke k* ks BS p 
by ~), as the feries k — apt pr cpl abe raninE + ec. to the feries 
Se a ae ge 2 
g eae : ims z+ Se. es 


SC, HiO E IRUrMs 


21. This propofition is accurately true, though, when 7 is of any finite mag~ 
nitude, how great foever, fome of the intermediate propofitions, by means of 
which it is proved, are only very nearly true. For, as thefe intermediate propo- 
fitions are not limited in the degree in which they approach to truth or ac- 
curacy, but may be made to come as near to being accurately true.as we 
pleafe, by increafing the number z, the conclufion derived from them muft be 
accurately true. For, if it were fuppofed to be not accurately true, but only ta 
approach within certain limits of the truth, we might increafe the magnitude 
of # ull the faid conclufion was made to approach nearer to being accurately 
true than the affigned limits; which would be contrary to the fuppofition of its 
having approached only within the faid affigned limits of the truth, and confe- 
quently would prove that the faid fuppofition was falfe. Therefore the faid 
conclufion. does not only approach within certain limits of the truth, but is 
accurately true. 


22. We have now, I hope, fufficiently eftablifhed the truth of Mr. Merca- 
tor’s propofition, to wit, ‘¢ that if g be made to reprefent fucceffively feveral 
different fractions, or quantities lefs than 1, the correfponding values of the 

: , 2 3 ; 4 5 6 3 ‘ 
infinite feries g — <— wh ns fed ort mn —f +- &c. will be proportional 
to the feveral ratios of the correfponding values of 1 + g to 1 refpectively, or 
will be the logarithms of thofe ratios.” It remains that we illuftrate the ufe of 
this feries in the bufinefs of computing logarithms by applying it to a few ex- 
amples. I fhall therefore now proceed to apply it to the computation of the lo- 
garithms of the nine following ratios, to wit, the ratio of 10 tog, that of rx 


to 10, that of 81 to 80, that of 121 to 120, that of 2401 te 2400, that of 
K k 169 
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169 to 168, that of 289 to 288, that of 361 to 360, and that of 529 to §28 ; 
by means of which we fhall be able to difcover the logarithms of the ratios of 
the 2% fit: naturg}- mum bers, tO Wil, 25 8214. 65 Osis Oy Osu Gs tis 12, 235 
14, 15, 16,17, 18, 19, 20, 2%, 92, 29, and 24, to 4, or (according to the 
common abridged and imperfect way of {peaking on this fubject), the logarithms 
of thofe numbers. By thefe computations the great utility and excellency of 
this feries will be moft manifeft. And as in making thefe computations in the 
inftances above-mentioned the numerator of the fraction that is equal to g is 
always 1, and the denominator of itis a whole number, I think it will be con- 
venient to fubftitute — inftead of g in the binomial quantity 1 + g and the 
Be AL- 2 ‘ 4 3 9 ee 

infinite feries gq — < + os o> ai ron = f + &c. whereby the faid bi- 
nomial quantity will be changed into r -+ —, and the faid fertes will be changed 








° . I I I I I I 
ntolthe dertes = ae ees “8 ie Ra ee 
; ee 2m” a7 3,3 4m* aE 5 ms 6m° ais Se rt ga 
: : I ; : I : : 
rithm of the ratio of 1 ++ — to 1 will be the feries — — —~ + ne 
7% 04 / 27% 3m Amt 


+ —— ——— + 8. ad infinitum. 


5m 67% 


23. If we fhould have occafion to exprefs this feries in fuch a manner as to 
point out the generating fractions by the fucceffive multiplication of which its 
fecond and third and other following terms are derived from the firft term 


i : . 
~~ and from each other, it may be done by putting a for the whole firft term —, 


I . I 
and B for the whole fecond term =~» and c for the whole third term imper 


; I 
and p for the whole fourth term —~, and £, F,G, H, 1, K, L, M, and the follow- 
m+ 


ing capital letters of the alphabet, for the whole fifth, fixth, feventh, eighth, ninth,. 
tenth, eleventh, twelfth, and other following terms of the feries ; by which 











fubftitution the fai i@S.: ys = piel PAE ORD TE NER REL Se Rie Eh bia 
ne laid feries m 2m + 3m 4m* 4 5ms 6m® + Fmt 
I I I . ° 5 A 
hey ts uni zonts + &ec will be converted into the feries ~ rhe = 
BPE AVL SR? 2 ESS AGT, Orme 
sak pe eae eel ene ee + oa ies + &§c. But the terms of the 
ferice eset Be EY eR BEE NN Bat ae a Mas 3: 
mm Pe iy 3s 4m*4 a7 Sms 6m° ng amt 88 i gm? 


E . 
——, + We are fo extremely fimple and concife that there feems to be no: 


1a me 


eccafion to change its form. 


EXAMPLES 





Peo k NP Me Bes 


OF Ty HE 


COMPUTATION or truz LOGARITHMS 


OF THE 


RATIOS or SEVERAL NUMBERS 


Denoted by the binomial quantity 1 + -- 


Ve Opik. 


4 I I I I 


. : > I I Tt 
It ries — —~ —, +4 —— — —— Ah ae BAND TPE 
By means of the infinite feries — — — cia ia fe aah ct Gata 
I I 


I I I I I I I 
— — + ee es fe er tH OO 
8m? gm? 10m'® 1rim't 12m'* 13713 147‘ 15 ms 16m! 


I 
af mh 18718 1s Cc, 


INVENTED BY MR. NICHOLAS MERCATOR. 
f 


Bex sAM Pat Eo Ls 


me (ae it be required to find by means of the faid feries the logarithm 
of the ratio of 10 to g (or of g + 1 to 9, or i tee to esi. or 


I 
— to I. 
of 1 + . 
; Eis I u ’ 
Here m is = 9, and — 18> 3 =O.1LI, TIT, Tit, Titstitjrr1, Se. 


We fhall therefore have 


I yo 5 I PE SaVe PIMPS AE TS SPAR ES OE Pes = 6,012,245,6 012.2 0.6 & 

bar (= 3 * ys eR 9 9 ) 23452979; 934559795 

I I I I I __ 0.01 25345,679,01 2,345,079, W.. 4 4 

a foe ee a ee et) = 0,001,3871,742,112,482,553 

And 8 (= mn? x mm mi 9 9 ) 937 274 ? 24.02, 533 

©.001,371,742,112,492,95 y te a. 

And ss (l= & Sh aad At bend 20d Lie (dibal Mia hcesod ) ce 0,00051523415,790,275,872 3 
m* hd nth ma 9 9 

And 


Kk 2 


1s 


tr 


we 
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And —~. «ed ~ re ~- S, —; x = ze OSD EAS TIOIEET) = 0.000,016,935,087,808,4 30; 
And aa ee — x - == x . 4 oR EE = 0.000,001,881,676,423,158 
And —- Gare ae x — aaa a x ; se eee = 0.000,000,209,07 5,158,128 ; 
And — (= —— x = =— x a = Sane) = 0,000,000,023,230,573,125; 
And — = — x ~ = — x % = aime fi Awa. = 0.000,000,002, 581,174,791; 
And - = ~ x a = — x ee = speoveeeee SU TbT) = 0.000,000,000,286,797,199 ; 
pad = ray = ms - <7 a x a = aD = 0-000,000,000,031,866,355 5 
And mE (= <5; x —~ ae. — x ; mot ee cone 0.000,009,000,003, 540,706 ; 
And — (hea — x ~~ = —. x 5 = Se) = 0.000,000,000,000,393,411 ; 
And 7 Gas — = — x % Es ligacrmerparrc = 0.000,000,000,000,043,712 3 
And He GE. =r x -- = —; 7 = eae <= 0.000,000,000,000,004,8 56 ; 
And 5 (= — “- _ 3 x i = 2) <= 0.000,000,000,000,000, 539 
And —> i , “ ee 5 ; = Semen cyte i =. 0.000,000,000,000,000,059 3 
And a (= 5 x A mee s x os = Ferrier = 0.000,000,000,000,000,006 ;. 


And confequently 

















os C= -- x ~ oe OER) ELE = 0.006,172,839,506,172,8395. 
Veron (= — x * = WERE RT SEE) == 0100045 7524753 70;8273617 3, 
And ig e a x = = OO MISERIES = 0.000,038,103,947,568,968 ; 
And et eae — x en aD = 0,000,003, 387,017,561 ,686 5. 
And aso = <5 x - a pba cl =. 0.000, 000,31 3561257375193 & 
And re = a " a CN SST) = 0.000,000,029,867,879,7325 


: And 
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Y SPO I ___ 04000,000,023,2 30,573,125 
And an (= Bae ge tee aT a) me 0-99003000,002,993,821, 0405 
I ey i I __, 0,000,000,002,581,174,79r, __ 
And Sa (Ste iX Pa Seka vgaeroe <= 0.000,000,000,286,797,199 ; 
I pad) 8 I __ 0.000,000,000,286,797,199, __ 
And Beers Ci eu X == =") = 0.000,000,000,028,679,719 3 
I ese. | 0.000,000,000,03 1,866,355 at 
And Pa _ Tatars aah is ERY didi Sa == 0.000,000,000,002 896,941 ; 
= ee 1 OP I __ 0.000,000,000,003,540,706. __ 
And —= ‘E Sete ee ee = 0.000,000,000,000,295,058 ; 
I eae be I __ 0.000,000,000,000,393,411, __ 
And Are (ica orth: ee FEET. GeETNnTE eae, = 0.000,000,000,000,0 30,262 ; 
I ne SAE I ___ 0.000,000,000,000,043,712, __ 
And Hermie x oF me AMIRI SENT a = 0.000,000,000,000,003,122 3 
I ROOT Se: _ I __, 0,009,000,000,000,004,856, __ 9 
And as (= anes rae Pai ticcceat = 0.000,000,000,000,000, 323 $ 
I ba a I __ 0.000,000,000,000,000,539, __ j 
And ee (= —r X= ge pent ramen te | a) = 0.000,000,000,000,000,03 3 $ 
I | I 0.000,000,0900,000,000,0. 
And —> (= —~ xX —= ai oe sb cbaleauoaaiaaeneh = 0.000,000,000,000,000,003 ; 
17m m37 17 17 
: I ate) I __ 9.000,000,000,000,000,006, __ 
And ar (= Seay oq a ereerenns ————) = 0.000,000,000,000,000,000. 
. I Tr I I I I I I 
Therefore the: feries — — —— ——- -—+ —- = 
m 2m* + 33 4m* i 5m 6m m 7m! 8 m* my 
T 1 I I I I I I I 
gm? 1om'° tr t1m't ram)? 13 7'3 ~~ Tami er igm*? ~~ T6mts + 17m? 
aE ° 
— yo + CIs = 


OciTT ULE FIT a Tet Terr, 
$205 pA 8524.7 53 70502 7,017, 
bela Saeco 3030750 175501000, 
sid dsascciae 205007407 On 42: 
Silnie oie Bala pte tals NO BOLO OS 
Seale 3/2 gets «a eguQOsI4 ks 
HR Ce ea he Pree Sd Ib IG Rp ott 


Jee ge ve ge ee gee ages 93255 


etree 


. 
Se eee eye ee gee eye ce gee By 





= 
a 
— 
— 
m= 
=. 
— 
— 
oa 


03006,172,539,506,172,839, 


pee-19 9091095 94,75509,908 

Sh eiseicin's 2145012572710 35 u 
pivarresie gt. 24007,07 1,040, 

Getty eet d oo 5 + 20507 957.1 95 

Gata is ee Hone hy cide 52054050, 

Serpe eta bad shay Petco tok? 0% 

MRT ec hele 5 nisu ise ong 33 3 


35 6 6 92-6 © 98 0 0-92 8s 90-0 © 98 © ony 
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= 0.111,571,775,057,104,874, — 0.006,211,259,9995278,5725 
= 0.105,360,515,657,826,302. Therefore this number 0.105,360,515,657, 


826,302 is the logarithm. of the ratio of 1 + =e to.1, or of Io.to 9. 
Q.E, Iz. 
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N. B. This number is true in all the places of figures except the laft, 
where there ought to be a unit inftead of a 2, the more accurate value of 
this logarithm being 0.105,360,515,657,826,301,227. 


Ex AMOR LB ai. 


25. Let it be required to find by means of the faid feries ~~ areas = a te 




















2m* 33 ‘iy 
I i I . 5 
SUT VRIR PRG + &c the logarithm of the ratio of 11 to 10 (or of 
WL z 
10+ 1 10 I 
——— to —). or of 1 + —to1. 
[Ov-) § tO. 10; OF Or . =) eRe 
. | I 
Here m is = 10, and — is = — = 0.100,000,000,000,000,000. 
1/4 190 
We fhall therefore have 
I I I I I 0.100,090,000,000,000,000 2 
~(=—x —S=—X% — Se _) = 0.010,000,000,000,000,000 5 
ii Vii 72 Ht 10 10 
T ie I I es I ye 0.010,000,000,000,900,0C0 ret X 
And age | ee a re Oe aca nae ) = 0.001,000,000,000,000,000 ; 
Me, 
I I I I T 0.001,000,000,000,000,000 ; 
And —=!(= Xx —- => —= kK SO —_) = 0.000,100,000,000,000,000 5 
m* ms mm m3 10 10 
I I Fi I I 0.000, 100,000,000,000,000 - 
And —- (= -—X —-=—X% = Se _) = 0.000,010,000,000,000,000 5 
m5 m+ m m* 10 10 
I Pore gk ee: I __ 0,000,010,000;000,000,000,  __ 
And (= =X Se XG — ) = 0.000,001,000,;000,000,000 5 
I I I if I 0.000,001,000,000,000,000 ; . patil 
And — (= — X—=>— X¥— = ————_ ) = 0.000,000,100,900,000,000 ; 
m1 m° mm m° 10 10 
I I 1 I I __ 0,000,000, 100,000,000,000 
Hate (reach Pep Gee Decal Send) <td tomy rece IL Sen TN ean a Va alg fe) : 
And 2 ( Cai ay = oF ) 0.000,000,010,000,000,000 ; 
"my Hehe teh tta I ___ 0.000,000,010,000,000,000, __ 
And i (a gt re ee Re en } Sa OAIIG,000,061,000,000,000 5 
I ‘ I. I 4, 1  __ 0,000,000,001,000,000,000, __ ‘ 
And m0 Le Oh alk ee Nai So) = 0.000,000,000, 100,000,000 5 
1 I reeset I ___ 0,000,600,000, 100,000,000, __ 
And me (= Te bees ene X= a eee ——) = 0.000,000,000,010,000,000 ; 
i t I I I __ 0.000,000,000,010,000,000 AP 
And— (= sat eer t aS MEST re Ts = 0.000,000,000,001,000,000 ; 
WH M1 “ 
1 I 0025 ehtie I ___ 0.000,000,000,001,000,000, __ 
" I ea te, Bel T___, 0000,000,000,000,100,000, __ } 1 
And eit Nig s x etna pie x pest oa epee rpe caer = 0:000,;000,;000,000,010,000 5 


2 And 


And 











7 — 
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gl Py I ___ 0,000,000,000,000,010,000 eA, 
= = or x >= = ) = 0.000,000,000,000,00T, 000 5 
I I I . __ 0.000,000,000,000,001,000 

—=--x—= ———_————_. ) = 0.000,000,000,000,000,100 ; 
mn ms 10 10 3 2 f 
PPLE I ____9.000,000,000,000,000,100, __ 2 
Te x oo rest re te } = 0.000,000,000,000,000,010 5 


©.010,000,000,@00,00@,000 




















= XS >) = 0.005,000,000,000,000,000 5 
I y I __ 0,001,000,000,000,000,000, -__ 33,3333 
pe) hieecriahiane.) ye. 2 cme ) ret: OBO NG 99 9S 99d SIIIOIIIG > 

I I __ 9.000,100,000,000,000,000, __ ¢ 
— XX - S — _) = 0.000,025,000,000,000,000 5 
m*: 4 4 

I I __ 0.000,010,000,000,000,000 Z 
— xXx—= ————_—— ) = 0.000,002,000,000,000,000 ; 
memes 5 

T I 0.000,001,000,009,000,000 

rte hy sate’ ii EA = 0.000,000,166,666,666,666 ; 

I I __ 0.000,000,100,000,000,000, __ } 
BEA aL Ie 5 ——)) = 0.000,000,014,285,714,285 ; 

5 —T __ 9.000,000,010,000,000,000, __ 00.0 240 ‘5 
= Xz 7 ) = 0.000,000,001,2 50,000,000 ; 
I I ___ 0,000,000,001,000,000,000;, __ ’ 
—= Xx = 2 —_)) = _ 0,000,000,000, IIE, LII, IIT § 
m? 9 9 2 

I Dy, 5 0-000,000,000,100,000,000, __ 7 
— *% — SS —— -—— _) = 0.000,000,000,010,000,000 5 
Mt, Io 10 

I x I __ 0,000,000,000,010,000,000, __ “ sea 
= X= Oe as Sgr Tee, = 0.000,000,000,000;909,090'3, 

I KA 0.000,000,000,001,000,000 she iat 
sar Eta reste Me ered = 0.000,000,000,000;08 3,333 5 

‘ bi 
I I ©.000,000,000,000,100,000 
Xx — = OO —_) = 9.000,000,000,000,007,692 5 

m*3 13 13 

I I e 00,010,000 

NG) el TOs) oe laa bei ante ab ts bale ) = 0,000,000;000,000,000,714 5 

m>+ 14 14 

I I 0.000,000,000,000,001,000 
— X — = | ) = 0.000,000,000,000,000,066 5 
mi § 15 15 

I I ___ 0,000,000,000,000,000,100, __ : 
Sr eas Pyne Ke ©.000,000,000,000,000,006 ; 
I Z 0.000,000,000,000,000,010 
— X— = er ) = 9.000,000,000,000,000, 000. 
mi? sy 17 


Therefore 


2.56 
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. I I 
Therefore the feries — — mts 
mL 2m 33 
I 1 ee I I I 
1om*© tim!) ~~ yam"? Aa 13m'3 


O.100,000,000,000,000,000, 


++th+++ 


Soro 


999 993335333933 3233393335 
3. s+ 9s » 25000,000,000,000, 
5.0 ges 0 92 14520557 14 2aie 
Seeks PRR Ra IE pik & Hea be oh is a 
Son aipeie.d am altace sy ODEON 
$22 Gigaset eryeOo es 


Sen: sun tuapn seimattnaee ala teen Cros 


100533 593479731:97 55577 


= 0.09 §,310,179,804,324,868. 
804,324,858 is the logarithm of the ratio of 1 + — to-1y+or gf 12s to.10. 


EXAMPLE 


Y It I 
4m* t 55 G Ta ae 8 m8 + 
I I I 
1474 a5 asm ome ec. 


= 0.005 ,000,000,000,060,000, 


3+ + + 92 25,000,000,000,000, 
see gees 9166,666,666,666, 
3° es @ > head ee 35° e 1,2 50,000,000, 


: 3° ee 5° S858) 0) 8 30 10,000,000, 


cy wh cunaeecde aks « ghee ee eras 


Soe gece gece gece geese yr IAy 


pes 6 se ee gee 


TTL. 


oge 2 a Fe sae se oe ’ 


— 0.005,025,167,926,750,719, 
Therefore this number 0,095,310,179, 


Q. E. I. 


26. Let it be required to find, by means of the forefaid feries, the logarithm 


of the ratio of 81 to 80, (or of 80 + 1 to 80, or of 


= to I. 


08 


. I . 
Here m 1s =. 80,. and—. "is 
7 


80 





aoe 





80 
to-—~) or of 1 + 


We fhall, therefore, in this cafe ne 


s a - x = == x 3 — ee) = 0.000,1 56,250,000,000,000 ; 
And +; a =, x— = -. x s a Sa = 0.000,001,9 53,125,000,000 ; 
And SS = oh oiler. = = i ) = 0.000,000,024,414,062,500 5 
And te = x ~ = = x = — hahaa ose fA Nai) = 0,000,000,000, 305,175,781 3 
And = mo = x oa 2 — x ra be wba) A sta = 0.000,000,000,003,814,697 ; 
And = i= =; x - = = Xa= peu aeeel id le = 0.000,000,000,000,047 ,08 3 ; 
And a= = x ~ — Xx o> abi See GA SRD = 0,000,000,000,000,000,596 ; 


And 
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es ieee I __ 0,000,000,000,000,000, 596 

And — (= Si XS = a % 95 = OB.) & 9.000,000,000,000,000,007 § 
Lee i Meet I ___ 0,000,000,000,000,000,007, ___ 

And—3 poh diverse tak edh a= eed Fisica OA AMES. = 0.000,000,000,000,000,000 ; 


0.000, 1 56, 250,000,000,000 





__. 0.000,000,000,000,000, 596 
ns 8 





) = 0.000,000,000,000,000,074 $ 


— ET RT = 0.000,000,000,000,000,050- 


—(= * x -- = ——"————) = 0.000,078,125,000,000,000 ; 
A ae = — x r = are = 0.000,000,651,041,666,666 ; 
And a == x = = ee Se) == 0.000,000,006,103,515,625 ; 
And a S = x st ne escereceree RSET) = 0.000,000,000,061,035,156; 
And (= — x = tial Se = 0.000,000,000,000,63 55782 s 
And = = x te = aD = 0.000,000,000,000,006,811 ; 

7 

I 

9 


9.000,000,000,000,000,007 ) 


nit Soya I I I I I I I 
PT er eLOre: tiie CCR Stee mee beet cheek take eel ely ste tes toe eee eg eee EPe, 
77 2m mr 38 4m4 Sms 6m° wi 7m! 878 i 
is 03012,500,;000,000,000,000, — 03000,078,125,000,000,000, 


pede aaui ca WS 1.041,000,000, —— 11 east thes (Onl OSs nS ,0 251, 
fois? Wiens wees 56 OC, 055,1 505) —— Seeger ee gees ge 6 + 203597825 
a 


Fotos oy ish sige) «dun 4.0, Ke are setelwlge B/G igslidle. os 9 8 $elsce igh Pi 4b5 





== 0.012,500,651,102,708,633, — 0.000,078,131,104,151,481, 
= 0.012,422,519,998,557,152. Therefore this number 0.012,422,519, 


998,5575152 is the logarithm of the ratio of 1 + = to 1, or of 81 to 80. 
Q. E. Te 


EXAMPLE IV, 


. . : I I I 
27. Let it be required to find by means of the fame feries ~ — >> + amt 





tr as = — = 4. &¢ the logarithm of the ratio of 121 to 120 (or of 120 


120 + 1 
+ 1 to 120, or of 


129 





120 I 
ome FOL Of ft == (O'R, 
‘2 120 )s 2 oe 120 


| ae | Here 
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. I 
Here m is = 120, and ae 


Remarks on the Two foregoing Infinite Seriefes 


We fhall therefore have, 


I iT 
And (= ' 


And 


And 


And (= 
fan ee (= 


And — (= 


mm? 


I 
“mm 
And — (ame 
mi ~~ 
I 


PA tr 
Sl ed oS 
m 


x 


I 
er te’ 


And confequently 


And 
And 
And 
And 
And 


And 


LZ 


I] 


—— 
— 


120 


120 120 


120 120 

ee De iT ha aad Say os 
1209 i 120 Hae 
i ARS proses mona a Seen ky 
z pier ae Se dae Le adh 
1200 uy 120 

tt b-pepjebomeomoor shh, = 
T2091; 120 ber 
I pice ee eee ee a 
r20 .° 4 120 es 
I __ 0.000,000,000,000,000,023 ) 
120 120 


i SE EE ae 
2 


DAO OP OS TEL PETERS 
0.000,000,004,822,5 30,964. 
Tee Se Sede 
0.000,000,000,040,187,757 
mamrersen ye HET itt 
0,000,000,000,000,33 4,897 
RMN ATHEIST LIEGE ee 
0,000,009,000,000,002,790 ) 
7 


0.000,000,000,000,000,023 


ns) 


at a 0:000,06 9444) 4444440444 na 


TiN 0-008,3 331333)333»333)333 i 


= 0.00853 335333933 393332333» Xe 


0.000;069 444.444.444.444 5 
0+000,000,5§78,703,703,703 $ 
0.000,000,004,822,5 30,864 ; 


0.0003;000,000,040,1 8757 57 


= 0.000,000,000,000, 334,897 


01000,000,000,000,002,790 


ve 


©.000,000,000,000,000,023 5; 


0.000,000,;000;000,000;,000 3 


©:000,034,722,222,222,202)5 


= 0.000,000,192,901,234,567 $ 


iI 


0.000,000,001,205,632,716 5 


0.000,000,000,008,0375551 5 


0.000,000,000,000,055,916 ; 


0.000,000,000,000,000, 398 $ 


0.000,;000,000,000,000,002. 


Therefore 


Therefore the feries — pai ge 
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I a I I 1 I I 
A Mi ebiemr pit) vv an iron Cems teams Beaute oo ip 


Efe is 


0.008 ,33353331333933323332 — 
feos 92+ 9192,901,234,567, — 
oH Si sbgiys Sei gees ge a O50 375 Oh Be) — 


ribet ES, alg etene Rate Mgs os, Gare te 


5398, Tes 


= 0.008 ,3335520,242,005,849, — 


= 0.008,298,802,814,695,093. 


G0O0,03 457225279 2192222, 
EBs cs de Sh Ps spate Wing a2) 


Reins ast) tus chee ee Oy 


jae «5p 6 


RES SS Scat ee are ee 


0.000,034,723,427,91057 50, 


Bex A MPL ES Vi. 








I I 
——— a 
47+ 5ms 6 m® 


fourth power of 7) to 2400, (or 





to I. 


or of r + a 


. Ee 
Here m is = 2400, and —is = 
Mt 


We fhall therefore have 




















wn) (as EE ee 
m* mm mt 7 2400 
And — Bea tap ars) vlhrwpen ha 
And —- i 4 * = TF my he si > 
And => a Me 
and 4 (=5xt=4x 55 
And confequently. 
oa x= 
And ot (<5 ot = = 





Therefore ae number 0.008,298,802,814, 
695,093 is the logarithm of the ratio of 1 + 


to 1, of of #21 to 120. 


Ohad 
I I 








of 2400 + 1 to 2400 or of SHOOT) See a) 





2400 


0.000,000,173,61 Bre 


2 


0.000,000,000,072,33 7,962 ) 


Lla2 


2400 2400°? 


= 0.000,416,666,666,666,666. 


Sel 0.000,416,666,666,666,666 


2400 


__ 0.000,000,173,611,111,111 


2400 


__ 0.000,000,000,072,3 3 Dooes 


2400 


__ 0.000,000,000,000,030,1 40 


2400 


"2400 


) = 0.090,000;173,611,1 1m, 0Eee 


= 0,000,000, 000,07 2,337,962 
0.000,000,0009,000,030,140 $ 


) == 0.000,000,000,000,000,012 $ 


_.. 9.000,000,000,000,000,012 


——) = 9.000,000;000,000,000,000 5 


0.000,000,086,805,555,555 3 


0.000,000,000,024,112,654 5 


And 
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I I 0.000,000,000,000,030,140 

And a7 (= -5 Xx == TTasiitien ae = 0.000,000,000,000,007553 #3 
7 Z 
t I I ©.000,000,000,000,000,01 2 . 

And —~ (= cas Hy = TTT: -——~ ) <= 0.000,000,000,000,000,002. 
Gm 

Therefore the feries —. Gia b Be on OE ee ee ea tin this 
2m? 373 4m* gs nen 


cafe -= gaueccuenn 666,666,666, — 0.000,000, 086 3905355555555 
i Tle Se Aaa a 1 24512250549 — piles isla 


S| Oe ee 548.3 pees Sey, Lee ae Pieeie ime le > la petals shel ciget chats 
O. STOTT A601 Tene ie 322, —- 0.000,000,086 Satmonode 


= 0.000,416,579,885,216,232. Therefore this number 0.000,4.16,579,885, 
216,232 is the logarithm of the ratio of 1 + 





= to.1, or of 2401 to 2400. 


@eroeie 


EXAMPLE VI. 


29. Let it be required to find, by means of the fame feries — — — 
7 mm 27m* 
T I I 


tts 
sagen ee aang — + ec the logarithm of the ratio of 169 (which is 
3m} m* m?> 


the fquare of 13) to 168 (or of 168 + 1 to 168, or of —~— Sih — : 








168 
to 63)? or of 1 
-- —; to iA 
eR es I oie Dae I oe 
Here m is = 168, and — is = FZ = 0:0059525380,952,380,952. 
We fhall therefore have 


(= —x—= - x= aD = 0.000,03 §,4.30)839,002,267 ; 
And - = -, x - a= =: x ~5 = ee EE ea, 267 = 0.000,000,210,897,851,203 $ 
And a = = x - = — x = ba one) = 10.000,000;001 9255594453 52 5 
And 4 ~ a x — = = x = = a a) = 0,000,000,000,007,472,287 5 
And = (= = x = fe — x a ea crear) LIAL = 0.000,000,000,000,044,477 5 


I I ___ 0.000,000,000,000,044,477 
Sai Haaiee Greer ies hae —“*') = 0.000,000,000,000,000,264 5 


And 
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1 I ___ 0.€00,000,000,000,000, 26 
nd — bat ee on she mea bee as Rubee Leh ose les 
A 3 (ee = aX @= a +) = 0,000,000,000,000,000,001 ; 


And 6. 








I I I 0.000,03 5,430,829,002,25 
sw (= aX >= ea) = 0.000,017,715,419,501,1 33 5 
I I I 0.000,000,210,897,851,20 
And ight (= = x ie eee are = 0.000,000,070,299,283,734 5 
f 0©.000,000,00 
And 4m* (eee re a te ee pease) = 0,000,600,000,31 3,836,088 ; 
mm 4 
I ry I ©.000,000,000,007,472,287. __ , 
And as (et apse a ae er cagi TTNHea TATTLE = 0.000,000,000,001,49454.57 $ 
I I I 0.000,000,000,000,0 
And Fe (= Ca SR oy al ces ag ea RODE ATT CANEET ETERS S477) = 0,000,000,000,000,007,412 5 
I I I ©.000,000,000,000,000, 26 
And ont C= ane oy = SRE TTIGHIaD = 0.000,000,000,000,000,037 
I od bi: I 0000,000,000,080,000,001, 3 
And ont es eo eee ee 91000,0003000,000,000 8 a2 
I I I 
Therefore the feries — —_-— — + — Foo tore hear “js Sain a 4. = eqns ay 


&¢ is = 0.008,952, ea — 0.000,017,715,419,501,133, 
Si tthge s atae sfee 704209520 957949 at secre bo 8 pee FU As00j; 008s 
Ho 5a es oe 92 2 0 95 LAA 4G Ty mH sot sgn ec gv ee gees ge 0 Jaf I2y 
“Bak a a Or ee OS legs tte ee ee OE eo at DOE 
= 0.005 595254515253159,180, — 0.000,017571 5573353445533; 
= 0.005,93457353519,814,547. Therefore a number 0.005,9345735» 
519,814,547, 1s the logarithm of the ratio of 1 + —> to 1, or of 169 to 168. 


Q. E. I. 


EXAMPLE VII. 


30. Let it be required to find by means of the fame feries the logarithm 
of the ratio of 289 (which is the cas of 17,) to 288 (or of 288 + 1 to 288, 


88 
or of to a), or of 1 + = t0 ui 


° : I 
Here m is’ = 288, and —is= ay = 0 003,472; 2.22,222,222,222, &C, 


262 


We fhall therefore have 


I 





x 


























Remarks on the Two foregoing Infinite 


©0.003,472,222,2225222,222 








Sericfes 





—X — => xX = oa ——) = 0,000,012,056,327,160,493 $ 
And —; (es -y x — = 7 r = es ~ 0.000,000,04.1,862,247,085 ; 
And ae (= — 4 — = — 5 = ———a nPETONS = 0.000,000,000,145,355,0243 
And — — —; x — = — = = ee = 0,000,000,000,000,504,7043 
And om ee — x — = —- a = eS) ms 9.000,000,000,000,001,7523 
And — = = — = “3 Xx =a = eras = 0.000,000,000,000,000,006 ; 
And confequently 
— —- — x = = SUED Oe 3272160,493 y = 0.000,006,028,163,580,246 ; 
And o: (= a x = = Sse oe Nes) = 0.000,000,013,954,082,361 ; 
And at (= — x — ee = 0.000,000,000,036,3 38,756 ; 
nd =i (= — s — RPS RET = 0.000,000,000,000,100,940 ; 
And aa ie -- = se a ES = 0.000,000,000,000,000,292 ; 
And 7 fa ri = aD = 0.000,000,000,000,000,000, 
Therefore the feries — — — +- xe _ oe =F = rev Ry tah ae 53 


+- €F¢ is in this cafe = 


ead la 22222 T2722 Os, 
+ 3.. >> 133954,082,361, — 
+4 sees M492 229266 38OO,Q40, — 
Fs 55 V0 28 S9R eye a 





— 0.000,006,028,163,580,246, 
bene n i bg fan sce 
su Siero Teas etal ed fo als 208 Pos 


Fe eB oe ee ge ee OH ea gece greeny 





==0.003,472,236,176,405,523, 


0-000,006,028,199,919,2945 


= 0.003,466,207,976,486,229. ‘Therefore Bas number 0.003,4.66,207,976, 


486,229 1s the logarithm of the ratio of 1 + 





tor, or of 289 to.288. 


Oth. C. 
EXAMPLE 


ig 


) 





360 + 1 360 I 
ss to “8G or of 1 + mae to I. 
Here m is = 360, and confequently -- ioe ae = 0025 re aT pe TT» 
7779777 
We fhall therefore have, 
i hs I = To 0000257777717 1 D941 211 me A 
ee a Le et Abs Feta abs ) = 0.000,007,716,049,382,716 3 
ere ByLeroee _.9,000,007,716,040,352,710, ; 
And — (=a = x — = x Focal Fcwasisier 465 taal —= 0.000,000,021543 3,470,507 $ 
I Pde ce can) I __ 9.000,000,021,433,470,507,. __ ; 
And — (= =X > =a*X ete aa caatades dorian = 0.000,000,000,059,537,418 ; 
I ars e fpwekt I ___ 0.000,000,000,059,534,418, __ f 
And — (= —7 X— => x noes ORY Fey, = 0.000,000,000,000,165,381 ; 
I mee Oe eg a: I __ 9.090,000,000,000,165,381, __ , 4 
And ny fe =X 5 x su eo treraatig Fuse Gite = 0,000,000;000,000,000,4 59 $ 
©.000,000,000,000,000 
And = (= ~z x ~- = _ x se = ae ye pe 04 595 = 0.000,000,000,000,000,001 
And confequently 
I I I. 0,009,907,7936,040,382.716, __ J 
ket = m=) = 0,000,003,858,024,691,358 5 
I Peak Tt} I ___ 0,000,000,0215433,470,507, ; 
And aa (= Sop resi Serer aera earns? == 0.000,000,0075144,4.90,169 5 
I pea Prot a haw 0,000,000,000,059,537:418,) __ d 
And ies. G Fag ti Ctr ie ea ) = 0.000,000,000,014,884,3 543 
And Bs Se ee eae ard tb = 0.000,000,000,000,033,076 ; 
gm mM Ls LS 
I I I ___ 0,000,000,000,000,000,459, __ ‘ach. 
And a (Se Wir Ree ere 5 ikee 0,000,000,060,000,000,076 3 
And ~ a= — x = ae ie a = 0.000,000,000,000,000,000. 
7 
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EXAMPLE VIII, 


31. Let it be required to find by means of the fame feries the logarithm of the 
ratio of 361 (which is the fquare of 19,) to 360 (or of 360 + 1 to 360, or of 









































Therefore 
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: IT I I I I 
refi he feries — — io, UE IE Tee ABLE Een iS Pte 
Therefore the feries — — —> + Aan on ~ 


+ €fc isin 
this cafe = 


0.002,777977797779777977 J» = 02000,0035858,024,691,358, 
oa 


Bs ridged 9410 131445400, 0 005 =" | ooh gehis is pan Ta P8 493 54> 
MES ssc ats al yes e Salem gre 28,0 FOgte ear a MRR nen Read geet or se 9s 78, 
== 0.002,777,784,922, 301,022, —- 0.000 aaa: 8,039,575,7005 


2 0:002,,773,926,882,725,234. ‘Therefore ae number 0.002,773,926,882, 
725,234, is the logarithm of the ratio of 1 + 





to 1, or of 361 to 360. 


Q.E.I, 
EXAMPLE IX. 


32. Let it be required to find by the fame feries the logarithm of the ratio of | 
529 (which is the fquare of 23,) to 528 (or of 528 + 1 to 528, or pete 











528 
528 I 
to 228 ), or of r + 328 to I. 
: ; F 
Here m is = 528, and confequently — Is = a = 0.001,893,9395 


46259393393, ce 


We fhall therefore, in this cafe, have 











- CS —_ x = feel — x ii = SESE AO 0088) = 0.000,003,587,006,427,916 $ 
And — (= = x o et os x a ae CSRS ONEE LS) = 0.000,000,006,793,572,780 3 
And — — — x — = —- ae a meee Ceee I RSTRIE) = 0.000,000,000,012,866,615 ; 
And _ t= — apoes pen: —— 7 gnwaee tes SERS EDEL a Se ee eay —= 0.000,000,000,000,024,368 ; 
m mn im 528 528 Zi 4 ete 
And =; (Gees > x o wz — x re = roc ees) = 0.000,009,00900,000,000,046 ; 
And = = —; x ~ = —; x 8 = ee eee) == 0.000,000,000,000,000,000 $ 
And pagers 
se ( =e es —= eee aise Dy ESN) 000,001,793,503s21 35957 3 
And (= i x . = SEO ENE STRTS) = 0.000,000,002,264,524,260 ; 


And 
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I I __ 0,000,000,000,01 2,866,61 
ne iar tah aan Setar ame ee = 0.000,000,000,003,216,653 ; 
I I I __ 9.000,000,000,000,024,368 
cm (= —> X Fits: iat MTEC = 0.000,000,000,000,004,87 3 ; 
I I I ©.000,000,000,000,000,046 
z a pag ie ie AMET ak Oe. == 0.000,000,000,000,000,007+ 
1 T I t 
Therefore the feries - jae ae eee Ease — + &cis = 
0,001,893, 9392393193913933 "> 0.00010017793) 50372133957» 
+ 3° ©9890) Aes he fesse ress naes BBO 653 
= at ce etek ee ge ee 4,873, — eee ee ee 75 
= Foo HO aIGMO GILG E. Fab — SB ogaaon 107, cog OTE 


= 0,001,892,148,152,037,909. ‘Therefore this number 0.001,892,148,152, 
037,909, is the logarithm of the ratio of 1 + ae to 1, or of 529 to 528. 
QB, Ie 


Jn application of the foregoing nine logarithms of fmall ratios to the inveftigation of 
the logarithms of the ratios of the firft 23 natural numbers, (2, 3, 4, 5, Fe. to 
24 inclufively,) to 1. 

33. Having thus found, with no great labour, the logarithms of the nine fmall 


ratios of 10 to 9g, of 11 to 10, of 81 to 80, of 121 to 120, of 2401 to 2400, of 169 
to 168, of 289 to 288, of 361 to 360, and of 529 to 528, by means of the feries 








cB I I I D I I T F 
fs ea og + mer ta mat Ss, we may, by 


mn PLUS m3 m+ m?> 

combining thefe few logarithms with each other by addition, fubtraction, multipli- 
cation, and divifion, eafily difcover the logarithms of the greater ratios of 2 to 1, 3 
i601, 4to1, sto rsGtor,7 tor, 8to1,9 tol; 1Otd I, 11 tol, 12 to tp 13 tos, 
4, tO. 15.150 1,16tO1,17 to 1, 18 tol, 19.t0.1,'20,t0 1; 21 to. 1322 to 1; 23) fo 
1, and 24 to 1, or (as, forthe fake of brevity, they are more frequently called) the 
logarithms of the numbers 2, 3,4, 5,6, 7, 85 95 10, 11, 12,13, 14,15, 16,17, 18, 
19)°20,.215522) 22,5 atid 34.) This may be done in the manner following. 


34. The ratio of 11 to g is equal to the fum of the ratios of 11 to ro and 10 to 9. 
Therefore the logarithm of the ratio of 11 to g is equal to the fum of the logarithms 
of the two latter ratios, that is, (as appears by Examples firft and fecond,) to the 
fum of 0.105,360,515,657,826,302, and 0,095,310,179,804,324,958, or to 
0.200,670,695,462,151,160. 

The ratio of 121 (which is the fquare of 11) to 81 (which isthe fquare of 9) 1s 
double of the ratio of 11 tog. Therefore the logarithm of the ratio of 121 to 81 
is double of the logarithm of 11 to g, and confequently is equal to 2 X 0.200, 


670,69 5,462,151,160, oF t0 0.401,341,390,924,302,320. 
M m ‘he 
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The ratio of 121 to 80 is equal to the fu of the ratios of 121 to 81, and of 81 
to 80. Therefore the logarithm of the ratio of 121 to 80 is equal to the fum of 
the logarithms of the ratios sof 121 to 8 1,andof81to8o0. But the logarithm of the 
-yatio of 121 to 81 has juft been fhewn to be = o. 401,341,390,924,302,3203 and 
the logarithm of the ratio of 81 to 89 has been fhewn in Example third to be = 
0.012,422,519,998,557,1§2. Therefore the logarithm of the ratio of 121 to 
So is 

fs 0,401,945 ,390,92.4,302,920 1 
+ oO. Che ce tiem 94 MTS iat Pataca 

The ratio of 120 to 80 is equal to the excefs of the ratio of 121 to 80 above the 
ratioof 121to 120. ‘Therefore the logarithm of the ratio of 120 to 80 is equal 
to the excefs of the logarithm of the ratio of 121 to 80 above the logarithm of the 
ratio of 121 to 120. But the logarithm of the ratio of 121 to 80 has juft now 
been fhewn to be 0.413,763,910,922,859,4.723 and the logarithm of the ratio of 
121 to 120 is fhewn in Example 4 to be 0.008,298,802,814,695,093. There- 
fore the logarithm of the ratio of 120 to 80 is equal to the excefs of 0.413,763, 
910,922,859,472 above 0.008,298,802,814,695,093, or to 0.405,465,108,108, 
1645379- 

The ratio of 3 to 2 isthe fame with the ratio of 120 to 80. Therefore the 
logarithm of the ratio of 3 to 2 is = 0.405,465,108,108,164,379. 

The ratio of 9 (which is the {quare of three) to 4 (which is the fquare of 2) is 
double of the ratio of 3 to 2. Therefore the logarithm of the ratio of g to 4 is 
double of the logarithm of the ratio of 3 to 2, and confequently is equal to2 x 
0.40 5,465,108, 108 »164,379, or to 0.810,930,216,216,328,758. 

The ratio of 81 (which is the fquare of 9) to 16 (which is the fguare of 4) 
is double of the ratio of 9 to 4. Therefore the logarithm of the ratio of 81 to 16 
is double of the logarithm of the ratio of 9 to 4, and confequently is equal to 2 x 
0.810,930,216,216,328,758, or to 1.621,860,432,432,657,516. 

The ratio of 80 to 16 is equal to the excefs of the ratio of 81 to 16 above the 
ratio of 81 to 80. ‘Therefore the logarithm of the ratio of 80 to 16 is equal to the 
excefs of the logarithm of the ratio of 81 ta 16 above the logarithm of 81 to 80, 
that is, to the excefs of 1.621,860,432,432,657,516 above 0.012,422,519,998, 
5575152, OF to 1.609,437,912,454,100,304. 

The ratio of 5 to 1 1s equal to the ratio of 80to16. Therefore the logarithm of 
the ratio of 5 to 11s equal to the logarithm of the ratio of 80 to 16, and confe- 
quently is 1.609,437,912,434,100,364 3 or (in the ufual abridged but inaccu- 
rate phrafe), the logarithm of the number §¢ is 1.609,437,912,434,100,364. 


eo 


35. The ratio of 10 to 2 isthe fame with the ratio of 5 to 1. Therefore the 
logarithm of the ratio of 10 to 21s 1.609,43 7391254345100,364. 

“The ratio of 10 to 4 is equal to the fum of the ratios of 10 to 9 and of 9 to 4. 
Therefore the logarithm of the ratio of 10 to 4 is equal to the fum of the logarithms 
of the ratios of 10 to 9 and of 9 to 4, that is, to the fum of the logarithm 0.105, 

360, 
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360,515,657,826,302, and the logarithm 0.810,930,216, 216,328,758, er to 
©.916,290,7315874,15 5,060. 

The ratio of 4.to 21s equal to the excefs of the ratio of 10 to 2 above the ratio Ae 
1oto4. ‘Therefore the logarithm of the ratio of 4 to 2 is equal to the excefs of | 
the logarithm of the ratio of 10 to 2 above the logarithm of the ratio of 1o to 4. 
But we have juft now feen that the logarithm of the ratio of 10 to 2 is 1.609,4375 
912,434,100,364, and the logarithm of the ratio of 10-to 4 1s 0.916;290;731,8745 
155,060. ‘Therefore the logarithm of the ratio of 4 to 2 will be equal to the ex- 
cefs of 1.609,437,9125434,100,364 above 0.916,290,731,874,155,060, that is, - 
to 0.6935147518055 5939455304. ) ee: 

The ratio of 2 to 1 1s equal to the ratio of 4to 2. Therefore the logarithm of 
the ratio of 2 to 1 is equal to the logarithm of the ratio of 4 to 2, and confequently 
is = 0.6935147,180,559,945,304, or (in the common abridged, but inaccurate, 
language upon this fubject), the logarithm of the number 2 is = 0.69 khiveres 


5 593945304- QE. 1. 


36. The ratio of 4 to 1 is double of the ratio of 2 tor. Therefore the loga- 
rithm of the ratio of 4 to 1 is double of the logarithm of the ratio of 2 to 1; and 
confequently is equal to 2 XK 0.693,147,180,55959455304, OF to 1.386,294,361, 
119,890,608 ; or, in other words, the logarithm of the number 4 is = 1.386, 
2.94,361,119,890,608. Q; Eats 


37. The ratio of 8 to 1 is triple of the ratio of 2to1. Therefore the logarithm 
of the ratio of 8 to 1 is triple of the logarithm of the ratio of 2 to 1; and confe- 


quently is equal to 3 X 0.693,147,18055595945,3045 OF tO 2.079,441,541;679, | 
835,912 3 or, in other words, the logarithm of 8 is = 2.079,441,541,679, 


835.912- Q.E. 1. 


38- The ratio of 9 to 1 is equal to the fum of the ratios of g to 4 and of 4to 1. 
Therefore the logarithm of the ratio of 9 to 4 is equal to the ee of the logarithms 
of the ratios of 9 to 4 and of 4to1. But it has been fhewn that the logarithm of 
the ratio of 9 to 41 is = 0.810;930,216,216,328,758, and the logarithm of the 
ratio of 4to 1 is = 1-386,294,361,119,890,608. ‘Therefore the logarithm of 
the ratio of 9 to 1 is 

= 0.9 10,9 30,216,226, 395,758; |. 

+ 1.386, en ear ERE G EN hes 2-19 75224557733 3652191308 § 


or the logarithm of the number 9g is 2.197,224,577,336,219,366. Q, E. I, 


39. The ratio of 3 to 1 is equal to half the ratioofgto 1. Therefore the 
logarithm of the ratio of 3 to 1 is equal to half the logarithm of the ratio of 9 to 
1, and confequently is = ~ A 49577139612 199508 , Or 1.098,612,288,668,109,683; 


or the logarithm of the number 3 is = 1.098,612,288,668,109,683. Q.E.} 
M m2 40. The 
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40. The ratio of 6 to 1 is equal to the fum of the ratios of 6 to 3 and of 3 tor, 
and confequently to the fum of the ratios of 2 to 1 (which is equal to the ratio of 
6 to 3,) and of 3 to 1. Therefore the logarithm of the ratio of 6 to 1 is equal to 
the fum of the logarithms of the ratios of 2 to1 andof 3 to 1, that is, to the fum 
of o. 6.94514.75180955959455304s and 1.098,612,288,668,109,683, or to 1.791, 
759,469,228,054,987 3 or (according to the common way of fpeaking) the loga- 
rithm of 6 is = 1.791,759,469,228,054,987. Oeeats 


41. The ratio of 10 to 1 is equal to the fum of the ratios of 10 to 9 and of g to 
1. Therefore the logarithm of the ratio of 10 tor is equal to the fum of the loga~ 
rithms of the ratios of 10 tog and of 9 to 1. But it has been fhewn that the 
logarithm of the ratio of 10 to 9 18 0.105,360,515,657,826,302, and that the 
logarithm of the ratio of 9 to 1 is 2.197,224,577,336,219,366. Therefore the 
logarithm of the ratio of 10 to 1 is equal tothe {um of 0.105,360,515,657,826,302 
and 2.197,224,5775330,219,366, or to 2.302,585,092,994,045,668, or (in the 
ufual way of {peaking on this fubject) the logarithm of 10 is 2.302,585,092,994, 
Bitte Qs EL. 

+B Phis mbes is true to feventeen places of figures, or in all the figures 
but ai two laft, the more accurate value of the logarithm of 10 being 2.302,585, 


©923994,045, 684,017. 


42. The ratio of 11 to 1 is equal to the fum of the ratios of 11 to 10, and of 
roto 1. Therefore the logarithm ofthe ratio of 11 to 1 is equal to the fum of the 
logarithms of the ratios of 11 to 10 and of 10 to 1, that is, to the fum of 0.095,310, 
179380453245858; and 2. 302585,092,994,045,668, Or tO 2.397,895,272, 
798,370,526; OF 2.397,895,272,798,370,526 is the logarithm of the num- 
ber f1. Ne: 


43. The ratio of 24 to 1 is equal to the fum of the ratios of 24 to 8, and of 8 
to 1, that is, to the {um of the ratios of 3 to 1 (whichis equal to the ratio of 24 
to 8) andof 8to1. Therefore the logati ithm of the ratio of 24 to 1 is equal to 
the fum of the logarithms of the raties of 3 to 1 and of 8 to 1, that is, to the fum 
of 1.098,612,288,668,109,683 and 2.079,441,541,679,835,912, or to 3.178, 
©5358 3053479455595. 

The ratio of 2400 to 100 is. equal to the ratio of 24 tor. Therefore the 
logarithm of the ratio of 2400 to 100 1s equal tothe logarithm of the ratio of 24 to 
1, OF t0 3.178,053,830,347,9455595- 

The ratio ‘of 100 to 1 is double of the ratio of ro tox. Therefore the logarithm 
of the ratio of 100 to 1 is double of the logarithm of the ratio of 10 to 1, and con- 
fequently is equal to 2 X 2.302,585,092599 4,045,668, or to 4.605,170,185, 
988,091,336. 

The ratio of 2400 to 1 is equal to the {um of the ratios of 2400 to.100 and of 
tooto 1. Therefore the logarithm of the ratio of 2400 to 1 is equal to the fum 
of the logarithms of the ratios of 2400 to 100 and of 100 to 1, that is, to the fum 

of 
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of 3.178,053,830,347,945,595 and 4.605,170,185,988,091,336, or to 7.783, 
224,016,336,036,931. 

The ratio of 2401 to 1 is equal to the fum of the ratios of 2 2401 to 2400 and of 
2400to 1. Therefore the logarithm of the ratio of 2401 to 1 is equal to the fum 
of the logarithms of the ratios of 2401 to 2400 and te 2400torI. Butit has been 
fhewn in Example 5th, that the logarithm of the ratio of 2401 to 2400 is 0.000, 
416,579,885,216,232; and we have juft now feen that the logarithm of the ratio 
of 2400 to 1 is 7.783,224,016,336,036,931. Therefore the logarithm of the 
ratio of 2401 to 1 is equal to 0.000,4.16,579,885,216,232 + 7-783,224,016, 
336, 036,931 = 7-783,640,596,221,253,163. 

The ratio of 7 to 1 is one fourth part of the ratio of 2401 to 1. Thereforethe 
logarithm of the ratio of 7 to 1 is one fourth part of the logarithm of the ratio of 


-783,640, ~ 221 123,163 __ 
ea ao 9452910,149,055;, 


313,290 or, (according to the ufual way ofineuine on this fubjeét,) the loga- 
rithm of 7 is 1.945,910,149,05 5,313,290. Gla als 


2401 tor, and confequently is = 


44. The ratio of 14 to 1 is equal to the fum of the ratios of 14 to 7 and of 7 to 
1, or (becaufe the ratio of 14 to 7 is equal to the ratio of 2 to 1) to the fum of the 
ratios of 2 to randof 7 to 1. Therefore the logarithm of the ratio of 14 to 1 is 
equal to the fum of the logarithms of the ratios of 2 to 1 and of 7to 1; thatis, to 
the fum of 0.693,147,180,559,945,304 and 1.945,910,149,055,313,290, or to 
2.639,057,329,015,258,5943 OF 2.639,057,329,015,258,594 1s the logarithm 
of 14. OPELT. 


45. The ratio of 21 to 1 is equal to the fum of the ratios of 21 to 7 and of 7 to 
1, or (becaufe the ratio of 21 to 7 is equal to the ratio of 3 to1) to the fum of the 
ratios of 3to 1 and of 7 tor. ‘Therefore the logarithm of thesratio Of ait I 1s 
equal to the fum of the logarithms of the ratios of 3 to 1 and of 7 to 1; that is, 
to the fum of 1.098,612,288,668,109,683 and 1. 9455 glo, 149,05 6,313,2 90, or 
tO 3.044,522,437,723,422,9733 or, in other words, the logarithm of 21 is 


3:044552254375723)422597 3+ QE. I. 


46. The ratio of 16 to 1 is equal to four times the ratio of 2 tor. Therefore 
the logarithm of the ratio of 16 to 1 will be equal to four times the logarithm of 
the ratio of 2 to1; that is, to four times 0.693,147,180,559,945,304, or to 
2.2L O0s7 2252301701, 216. Therefore 2. 772 3500192552720,7015;210 (15) the 
logarithm of 16. QE. t 


47. The ratio of 18 to 1 is equal to the fum of the ratios of 18 to 9 and of 9 to 
1, or (becaufe the ratio of 18 to g is equal to the ratio of 2 to 1,) to the fum of 
the ratios of 2 to 1andof g‘to 1. Therefore the logarithm ofthe ratio of 18 to 1 
is equal to the fum of the logarithms of the ratios of 2 to rand of g tor; thatis, 


to the fum of 0.693,147,180,559,945,304 and 2.197,224,57753395 219,366, or 
to 
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= 2. 290937%37572899> 164,670; or the logarithm of 18 is 2. 8901371,757:896, 
164,670. Q.E. 1. 


48. The ratio of 12 to 1 is equal tothe fum of the ratios of 12 to 6 and of 6 to 
1, or (becaufe the ratio of 12 to 6 is equal to the ratio of 2 to 1,) to the fum of 
the ratios of 2to 1 andof6to1. Therefore the logarithm of the ratio of 12 to 1 
is equal to the fum of the logarithms of the ratios of 2 to 1 and of 6to1; that is, 
to the fum of 0.693,147,180,559,945,304 and 1. 7915759:469,228, 054,987, or 
to 2.484,906,649,788,000,294; or the logarithm of 12 is 2.484,906,649, 
788,000,294. ©. Es 1. 


49. The ratio of 24 to 1 1s equal to the fum of the ratios of 24 to 12 and of 12 
to 1, or (becaufe the ratio of 24 to 12 is equal to the ratio of 2 to 1,) to the fum 
of the ratios of 2to1and of 12to1. Therefore the logarithm of the ratio of 24 
to 1 is equal tothe fum of the logarithms of the ratios of 2 to and of 12 to 1 : 
that is, to the fum of 0.693,147,180,559,945,304 and 2.484,906,649,788,000, 
294, or to 3.178,053,830,347,945,598; or the logarithm of 24 is 3.178,053, 
8 30,347394.55598. ort it 


50. The ratioof 15 to 1 is equal tothe fum of the ratios of 15 to 5 and of 5 to 
1, or (becaufe the ratio of 15 to § is equal to the ratio of 3 to 1,) to the fum of 
the ratios of 3to 1 and of § tor. ‘Therefore the logarithm of the ratio of 15 to 
1 is equal to the fum of the logarithms of the ratios of 3 to 1 and of 5 to1; that 
is, to the fum of 1.098,612,288,668,109,683 and 1. 609,43 739125434,100,364, 
or to 2.708,050,201,102,210,047; or, in other words, the logarithm of 15 is 
2.708,050,201,102,210,047. G. (r,t. 


51. The ratio of 20 to 1 is equal to the fum of the ratios of 2oto 10 and of 10 
to 1, or (becaufe the ratio of 20 to 10 is equal to the ratio of 2 to 1,) to the fum 
of the ratios of 2 to 1 andoficto 1. Therefore the logarithm of the ratio of 20 
to 1 is equal to the fum of the logarithms of the ratios of 2 to r and of 10 to 1; 
that is to the fum cf 0.693,147,180,559,945,304 and 2. 302,585,092,994,045, 
668, or to 2.995,7325273255399029723 or the logarithm of 20. is 2.99557325 
2732553299939 72+ Q: E. Ie 


52. The ratio of 22 to 1 is equal to the fum of the ratios of 22 to 11 and of 11 
to 1, or (becaufe the ratio of 22 to 11 is equal to the ratio of 2 to r,) to the fum 
of the ratios of 2to 1 and of 11 tor. Therefore the logarithm of the ratio of 22 
to 1 is equal to the fum of the logarithms of the ratios of 2 to 1 and of .11 to 1 
that is, to the fum of 0.693,147,180, 559,945,304 and. 2 397589 5527257989370; 
526, or tO 3.091,042,453,358,315,8303, or the oe of 22 is 3,091,042, 
4532359531 538300. Q,E. I. 
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. To find the logarithm of the ratio of 1 3 to 1 we muft proceed as follows. 
The ratio of 168 to 1 is equal to the fum of the ratios of 168 to 21 and of 21 
to 1, or (becaufe the ratio of 168 to 21 is equal to the ratio of 8 to 1,) to the fum 


of ee ratios of 8 to 1 and of 21 to 1. Therefore the logarithm of the ratio of 


168 to 1 is equal to the fum of the logarithms of the ratios of 8 to 1 and of 21 
to 1; that is, to the Hae of 2.079, 441254, 20795835» 912 and 3.044,522,437,723, 
422,973, Or to 5.123,963,979,403,258,8 

Further, the ratio vs 169 to 1 1s equal to i fum of the ratios of 169 to 168 and 
of 168 to 1. Therefore the logarithm of the ratio of 169 to 1 is equal to the fum 
of the logarithms of the ratios of 169 to 168 and of 168 to 1. But the logarithm 
of the ratio of 168 to 1 has juft now been fhewn to be = 5.123, 963,9795403,258, 
885. and the logarithm of the ratio of 169 to 168 has been found in Example 6th 
to be = 0.005,934,735; 519,8145547- Therefore the logarithm of the ratio of 
169 to 1 will be equal to the fum of 0.005,934,735:519,814547 and 5.123,963, 
9792403,258,885, or to 5.129,898,714,923,073,432- But the ratio of 13 tor 
is equal to half the ratio of 169 to 1, becaufe 169 is the f{quare of 13. Therefore 
the logarithm of the ratio of 13 to 1 ‘will be equal to half the logarithm of the ratio. 
of 169 to 1, and confequently will be equal to half of 5.129,898,714,923,073, 
432, OF to 2.564,949,357,401,536,716 3 or, in other words, the logarithm of the 
number 13 will be 2.564,949, 3.5 79461,536,716. Q. E. Ie. 


54. To find the logarithm of the ratio of 17 to 1 we mutt proceed as follows. 

The ratio of 288 to 1 is equal to the fum of the ratios of 288 to 18 and of 18 to: 
1, or (becaufe the ratio of 288 to 18 is equal to the ratio of 16 to 1, 288 being equal 
to 16 x 18,) to the fum of the ratios of 16 tor andof18to 1. Therefore the 


logarithm of the ratio of 288 to 1 is equal to the fum of the logarithms of the ratios. 


of 16 to 1 and of 18 to 1 ; that is, to the fum of 2.772,588,722,239,781,216 and 
2.890,37157572896,164,670, orto 5. 662,960,480,13 5,945,586. 


Further, the ratio of 289 to 1 is equal to the fum of the ratios of 289 to 288 and. 
of 288to1. Therefore the logarithm of the ratio of 289 to 1 is equal to the fum of 


the logarithms of the ratios of 289 to 288 and of 288 tor. But the logarithm of 
the ratio of 289 to 288 has been found, in Example 7th, to be o. 003,466, 207,976, 
486,229; andthe logarithm of the ratio of 288 to x has been juft now fhewn to be 
5-662,9605480,135,945,886. Therefore the logarithm of the ratio of 289 to 1 
will be = 0.003,466,207,976,486,229 + §.662,960,480,13 5,945,886 = 5.666,, 
426,688,112,432,115. Therefore the logarithm of the ratio of 47 (which ts the 
5-666, 4: 666,426,688, 0,688,112,432,115 

2.833521 3,344,. 


056,216,057; or the logarithm of the periiea E7 will be 2.833,213,344,056, 
246,057. Q. E.1. 


{quare-root of 289) to 1 Wl: be: <3 2——— 


55- To find the logarithm of the ratio of 19 to 1 we mutt proceed as follows. 
The ratio of 360 to 1 is equal to the fum of the ratios of 360 to 20 and of 20 to. 
1, or (becaufe the ratio of 360 to 20 is equal to the ratio of 18 to 1,) to the fum ‘of 
. the 
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the ratios of 18 to 1 andof zoto1. Therefore the logarithm of the ratio of 360 
to 1 is equal to the fum of the logarithms of the ratios ‘of 18 to 1 and of 20to 1 5 
that is, to the fum of 2. 890137197572 896,164,670 and 2.995,73252735553:9905 
972, OF to 5.886,104,031,450,155,642, 

Further, the ratio of 361 to 1 1s equal to the fum of the ratios of 361 to 360 and 
of 360to1. Therefore the logarithm of the ratio of 361 to 1 is equal to the fum 
of the le ioes of the ratios of 361 to 360 and of 360 to 1. But the logarithm 
of the ratio of 361 to 360 has been found in Example 8th to be 0.002,773,926, 
882,725,234 3 and the logarithm of the ratio of 360 to 1 has been juft now fhewn 
to be 5.886,104,031,450, 515.5,642. Therefore the logarithm of the ratio of 361 
to 1 will be = 0.002,773,926,882,725,234 + 5.886,104,0315450,155,642 = 
5.888,877,958,332,980,876; and Confeqitently the logarithm of the ratio of 19 


(which is the {quare-root of 361) to 1 will be = 5.888,877,95855208 880,876 — 5 944, 
438,979,166,440,438; or, in other words, the logarithm af the number rg will 
be 2.944 4,38597 91 66,440,438. QE. 1. 


56. It remains that we find the logarithm of the ratio of 23 to 1. Now this 
may be done as follows. 

The ratio of 528 to x is equal to the fum of the ratios of 528 to 22 and of 22 
to 1, or (becaute the ratio of 528 to 22 is equal to the ratio of 24 to 1, 528 being 
= 22 x 24) tothe furh of the ratios of 24 to 1 and of 22 to 1. Therefore the 
logarithm of the ratio of 528 to 1 is equal to the fum of the logarithms of the 
ratios of 24.to rand of 22 to 1, that is, to the fum of 3.178,053,830,347,945, 
598 and 3.091,042,4.535358)315,030, Or to 6.269,096,283,706,261,428. 

Further, the ratio of 529 to 1 is equal to the fum of the ratios of 529 to 528 
and of 628 to 1. ‘Therefore the logarithm of the ratio of 529 to 1 is equal to the 
{um of the logarithms of the ratios of 529 to 528 and of 528 to1.. But the loga- 
rithm of the ratio of 529 to 528 has been found in Example oth to be = 0.001, 
892,148, 152037909 5 and we have juft now feen that the logarithm of the ratio 
of 528 to 1 is = 6.269,096,283,706,261,428. It follows thereforé that the 
logarithm of the ratio of 529 to 1 will be = 0.001,892,148,152,037,909 + 
6. 269,096, 283,706,261,428 = 6.270,988,431,858,299,337 3 and confequently 
the logarithm “of the ratio of 2 3 (which is the fquare-root of 529) to 1 will be 
equal to half the logarithm 6.270,988,431,858,299,337, OF to 3.135,494,215, 
929,149,068; or, in other words, the logarithm of the number 23 1s = 3.135, 
4.94,215,929,149,068. QE. I. 


57. It appears therefore Hy the logarithms of the ratios of the firft 23 natural 
numbers,’ 2, %90' a ti, °65°7, 9,00, 1O,.1'Ty 1 2,uma seek O, Lar LOM uoeo mans 
22, 23, and 24, to 1, or (according to the common way of fpeaking on this 
fubject) the logarithms of thofe numbers are as follows ; to wit, 

Log. 2. = 0.693,147,180,559,945,304; 
Log. 3. = 1.098,612,288,668,109,683 ; 
Log. 


ge 
ie) 
i) 


OrEe 


ele 
oO 
ie} 


Log. 


S 


S 
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4. = 1.386,294,361,119,890,608 
$< i =e 1:009,4375912,434,100,364's 
6.. = 1.791,759,469,228,054,985 ; 
7+ = 1-945,910;149,055531332905 
Tris 2.0] OMA iy hAl 70,09 55012 5 
Qi mee Pel G2 2Ael 7 763 20 STs 
LOs vas 22302459 5,002,094,045,004 5 
Tile =! 2540750 055272570 Os 47 OL520 5 
12. = 2.484,906,649,788,000,294 5 
13+ = 2.564,9493357:461,5365716 5 
E4vi => $2.6:29,05'7, 920301 55,259,594 3 
15. = 2.708,050,201,102,210,047 5 
LO) 20992), 68057225290 .%0 0.2003 
Jen may 2-08 3529-95 344,050,210,0 59) 5 
18.. =. 2.8903371,7573996, 162670 § 
Ig. = 2.944,438,979,166,440,438 5 
CORE TEEN SEG IED Le pete Weal 
212 = 3-04455 2254379723 ,4225973 5 
22. = 3.091,042,453,358,315,830 5 
23+ = 31352494521 5,929,149,068 5 
24. = 3.178,053,830,3475945598 
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Thefe logarithms (if no miftakes have been made in my computing them) are 
exact to the fixteenth place of decimal figures, or in all but the two laft places of 
figures. The firft nine of them have been computed to a few more places of 
figures, by the learned Mr. Leonard Euler, and are inferted in his Introduétio in 
Analyfin Infinitorum, in two volumes quarto, publifhed at Laufanne, in the year 
1748. They areas follows, 


Log. 
Log. 
Log. 
Log. 
Log. 
Log. 
Log. 


go AK RY bd 


a tisiiceliat! 


0-6935147,180,5 5939455309541 7523251 5 


1.098,612,288,668,109,691,395,245,2$ 


1.386,294,361,119,890,618,834,464,2 ; 
1.609,437591254345100,374,600,75953 $ 


I.791,759;469,228,055,000,812,477,3.3. 


1.945,910,149,055,313,305,105,463,9 5 


2.0795441,541,679,835,928,251,696,4 > 


Noa 


Log. 
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Log. 9. = 2-197,224,5775336,219,382,790,490)5 5 
Log. 10. = 2.302,585,092,994,045,684,017,991,4. 
See Euler’s Introdutiio in Analyfin Infinitorum, tom. 1. page gt. 


A recapitulation of the foregoing deductions of the logarithms of the ratios of 2 
to1, 3 to1, 4 t01, 510 1, and the other following numbers, up to 24, to 1, 
from the logarithms of the nine fmaller ratios before computed, expreffed in a 
more concife manner . | 


58. The foregoing deductions of the logarithms of the ratios of 2 to 1, 3 to 1, 
4 to 1, andthe other following numbers, up to 24, to 1, from the logarithms of 
the nine f{maller ratios of 10 to 9, 11 to 10, 81 to 80, 121 to 120, 2401 to 
2400, 169 to 168, 289 to 288, 361 to 360, and 529 to 528 (which were com- 
puted by means of the infinite feries — — ~~ 4. ae — - Whee : 
éfc.) may be expreffed more concifely as follows : 

Let the logarithm of any ratio be denoted by the capital letter L. prefixed to a 
fraction of which the antecedent of the ratio is the numerator, and the confequent 
of it is the deneminator ; fothat, for example, the logarithm of the ratio of 10 to 


9 thall be denoted by L. > 
Then we fhall have in the rift place, 


Tea 


ie" 


L. — = 0.105,360,515,657,826,302 ; 





2dly, —- = 0:095,310,179,804, 324,858 5 





athly, == 0.008 ,298,802,814,695,003 ; 





L 

gdly, L. 3 > = 0.012,422,519,998,557,152 5 
L 
L, 


sthly, = 0,000,416, 579,88 5,216,232 5 


6thly, L. se = 0.0055934573525198140547 5 
ythly, L. 2 0.003 ,466,207,976,486,229 5 
Sthly, L. Bet = 0.0024773,926,88:2,72 552345 
And gthly, L. 379. = 0.001,892,14851 52,037,909 


Thefe logarithms were all computed by means of the feries — —— + — 
= P m 2m 


I I 


Boas 


3 ms 
I . : ee 
= —-—; + &, inthe above nine examples. And from thefe original 
4 m* 6m 
logarithms 


= 
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logarithms all the others were derived, by reafonings which may be more briefly 
expreffed in the following manner: 


Faerie. ro) 0.09 5,310,179,804,324,858] __ 
BO. Li. 7h = L.-+L.—-= 44 0,105,360,515,657,826,302 { == 0+200,670,695,462,151,160. 


L. = a | aac mee 6 by een = 2 X 0.200,670,695,462,151,160 = 0.401,341,390,924,302,320. 


hi! ie — 7. 22? re 4% Sp". My ras eee See aeelee aoe =e 0.413,763,910,922,859,472. 


80 "er gaye 9+012,4.22,5195998, 557,152 
Faire eds 121 i Ng) 0.413,763,910,922,859,472¢ __ 
Lbs LSS is; Oa) ae ae via — pa ect nat bosaimoscan, <a 0.405,465,108,108,164,379. 
. 120 
L. is = L.— = 0.405,465,108,108,164,379.- 
wary 
L.? ig oe Se Ls = 2X 0.405,465,108,108,164,379 = 0.810,930,216,216,328,758. 
es Ds aa 6 = 1.02180 32,6 6 
Lj 8 = LA =2xL 7 == 2 3% 0.810,030,216,216.329,759 =: 1.627,860,432 7492.05 7 cae. 
4 
$0) eer 81 ot a al 1.621,860,432,432,657,5160 __ 4 b 
Tee 16 ISe== 1 ib 76 — 1 Go es 0.012,422,519,998,557,152 = 1,609,4375912,434,100,364. 
8 


| Lisa Ll. = = 1.609,437591254345100,364 or, in the ufual way of expreffing it, the 


logarithm of the number 5 1s = 1.609,437,9123434,100,364. QE.t. 


LL. is L.—- = 1.609,437,912,434,100,364. 


I 


10. 10 0.105,360,¢16,664,826,3029 __ 
L.— Sent + L. 7 mrf iy} SHEE asic rip bev kart a = 0.9%6,290,731,874,155,060% 


ie ies st 10 10° Ut 1.609,43759125434,100,364 0 __ 
L. Cie L, peer (ome L. TV ire a ee rcoat = 0.693,1475180559,945304+ 


L.— iste it 4 = 0.693,147,180,5§ 59,945,304; or the logarithm. of the number 2 is = 0.693, 
1475180,559,9455304- Qe 8..ie 


L.+ is=2 x L.= —= 2 KX 0.693,147,180, 5599455304 = 1.386,294,361,119,890,608; or 


the logarithm of the number 4 1s 1.386,294,361,119,890,608, Qs E.G 
Nnz | 
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te . 
L.—is =3 x L = == 3 X 0.693,147,180,559,945304 = 2.079,441,541,679,835,912 3 or 


the logarithm of the number 8 is 2.079,441,541,679,835,912. Q: E. I. 
ath ee 9 hood 0.810,930,216,216,328,758] 
L.2 is = L, “ + 1. ae cael ke 2 Rae sires Lit = 2+1975224,5775336,219,366; orthe 
logarithm of the number 9 is = 2.197,22457733 36,219,366. Q. E. Ie 


3: I 2+197522455775330,210,366 —_ 
L.+ is = — X L, 2 se = 1.098,612,288,668,109,683; or the loga- 





rithm of the number 3 is 1.098,612,288,668, 109,68 3. Sane 
6. 6 ey 0.6935147,180,559,945,304 __ 
L.tis=lL.$4L4=L.24+L4= {, ibe Pare eet tye men trhrer ade ey 
054,987; or the logarithm of the number 6 is = 1.791,759,469,228,054,987. Off. a. 
: 60,51 5,657,826,302 
L Pisa L241. = {, ssstonsteptitees) — a.3on,s8siopzspi045 6685 orth 
logarithm of the number ro is = 2.302,585,092,994;045,668. Q. EI. 


The more exact value of this Jogarithm 1s 2.302,585,092,994,045,084,01 7. 


1 IT 0.09 5,3 10,179,804,324,868 : 
L,— is L.— +L. - EL EMR Re == 2.997,00552725799,3 70.5203 oF the 
logarithm of the eee LDS = 2.307 805,27 21790,070.520= Q: EI. 
24 ly 624 Be as B iss - 1.098,612,288,668,109,683] __ ‘ fs 
L, Sis=L.¢ +L 5-=L-+L-= + TAGE SOR NS = 3+178,053,83953473945,595- 


LL. is L.= == 35190,06 3 S304 7 oun or. 


aay eo Ai. ~ = 2 X 2.302,585,092,094,045,668 == 4.605,170,185,988,091,336. 





2400. 2400 pice lh 100 __ $ _ 3+178,053,830,3475945,595 C _ 
L.—— : ryowrod BA IOI L.— ty L—= 44.605, 170,185,988,091,336 = 7.783,224,016,3 36,036,93 16 
BAIL s A 2401 2400: 50° 2m uiea ta gelanae ares 4 
L.—— is = L. pe Do a y8a.se4so16ianb,oc6ic3 thi ae 72703 040) 590,20. 2585103. 
- : . 783,640, 596, 253,16 1 
Rp Rees ne aS 1.945,910,149;055)313,2903; or the logarithm 


I 4 
of the number 7 is = 1.94.5,910,149,05 5,313,290. Q: EI. 
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7 ©,693,147,180, ° ! 
Lisa Le pL PS Lie pba ree tSS04} — 2.639,057,320,61 52 58,5043 
or the Jocanton of the cele. 14.18 = 2.639,057,329,615,258,594- Q:E.1. 


21 Ls 1.098,612, 288,668, 109,68 
1s Sis=L.— oto 18 : ad We ~ +L. ~ Sana PAee ea at —_ 320449522543 7572354223973 > 


or the eeenrnrs of He Hee! BLAS “3 9,04455725437 7291420507 3 Oy, Beit 

Lis 4 x L. 2 = )4 x 0.693,147;180,559,945.304 = 2. 7724588, 7225239,781,216; or 
the logarithm of 16 is 2. 772,688,722; 239,781,216. @; Bare 

g. § ma 0.693,147)180, 649, Ris , 

L.~is=L.— +L? jee =L.= +L. a = }42. camer G oe 2.890,37157575,996,164,670 ; 

or the logarithm of 18 i is/2., $004 eran wr80 164,670. QE, F, 
i) BZ 0-693,147,180,559,945, 
Pa SST, 2 ate Epa Takes me pp ee ra Sh SIE 2 484,006,649 578 Boot aee 


or the Seatithed of oni is 2, AB one. ta Wane aM Q. 5.1. 


2pm ae 5a, IRN "2 Ee 0.693,147,180. SApot5304 tg 
L. eae Lo + ae io L.— 4s L.= sea: fae 484,906, 649,788 000,294 -178,05 3,8 30,347,945,598 5 
or the logarithm of 24 1s 3.178,053,830,3473945,598. Quiet 
ies I a 5 1.098,61 2,288,668, 109,683 | __ 
Ee “is = Stet i 2. =a he 241.2 = = A a Nee a aitcees j= 2.708,050,201,102,210,047 $ 
or the Hoedahen of 1g is'2. 708, ea 10,047. Qi Eee 


a see be ehbed! $i. wate 0.693,147,180,559,945,304) __ 
L. = ee ees oe L,= aa L.= ‘Je lL ce Ni ecas utara hoes = 2-99 59732927355 5319902972 5 
or the logarithm of 20 is 2.995,732527 35535990972 Q.E. I. 


22's) wus? eke ee BE bE 0.693,147,180,559,945,304 | __ 
L, —is=L.—+L.—=L.—+L.— — (+ 2-397,895,2723798)370526 = 3-091,042,453,358,315,8305 


or the logarithm of 22 is 3.091,042,453,358,315,830. ‘ OV BU 
168 | 168 8 ates 2.079)441,447,070,630,912 | _ 
L.—is=L. oes <=L.—+L= me ovo | = 5.123,963,979,408)2 58.80 


os 169 | 7 168 __ f 0.005, 9349735519,814,547 | 
Ls cae Fi oe i$ 84125,003; Ser 53) } = 5-129,898,714,923,0735432- 


278 Remarks on the Two foregoing Infinite Seriefes 
L.2 Piper beara oe a = 519 PU Mas eta NS = 2.564,949,3575461,536,716; or the logarithm of 

13 1S 2.564594953572401,530,716. Q.E.T, 
288 


283 °772,698,722,239,791,216 
1. is Le LE SLC tL | atthe ser her see cengye 5 = 5-0522960,480,13 5,945,896. 


pia wea) 1205 200/10" brisk i, bes is 
L.—is =L.—+L.— + 5.662,960,480,135,945,886 f — 5.666,426,688,1 12,432,115. 


oan 8 .666,426,688,112,432, : 
La ie ee LL. = o: = 2.833,213,344,056,216,057 ; or the logarithm of 
L7 its ganios bya 210,057. Q@y EB. Ts 


ae = Mey PIRES SP OMe } 2.890,371,757,996,164,670 2 
ae. ale. +L.= — = Lim +L. = 7 4.4.995,6323273,563,999,972 § 5188091 04,051,450,1 55,642. 


26 6 6a" 0.002,"773,926,882,725,2 
Ws -—is= = 128 fale ; eBhetelien ua treeec = 5.888,877,958,332,880,876. 
J 6 888,8 8,332,880,8 os E 
L.~ fee By a Sa} = be ee wi 2.944,438,979,166,440,438 ; or the logarithm of 
19 iS 2.944,438,979,166,440,438. 


Q,) 5. /E. 
ae 4d a 4 178,05 3830,34759455598 

Dy 5 is— L. = + L.— —L—+ L.= —= rit 091,042445343 68,315,830 § = 6.269,096,283,706,261,428. 
2 2 528 0.001 1 148,152,037,909 2 __ 

L.? + is ina ee 3 et L.2= -{.2 269,096, 283,706, eet = 6.270,988,431,858,299,337- 

L. = ee eT ee 6.270; SLE 858,299.337 


= 3-1355494,215,929,149,668 ; or the logarithm of 


the fiith bet 241s Age Ag staT 5 NG t4G OUR: Dias 


a a a ———— 
Concerning the logarithmick feries invented by Dr. Wallis. 


I fhall now proceed to confider the feries a -+- — a + Leds ++ x aE on + a5 a 


4 
8c, which was invented by Dr. Wallis, and wiih, if a be fuppofed to * lefs 
than 1, is equal tothe logarithm of the ratio of 1 to 1 — a. 


60. The propofition of which I here mean to eftablifh the truth, is this. 

If there be two different quantities, a and g, that are, both of them, lefs than 
i and of which, confequently, the feveral powers a, a3, a*, a5, a®, &fc, and 8’, 
Bd hats BFS) Be > &Fe are decrea afing quantities, the ne peta ious A + 


Se hate Sa G4 Grands ¢ S45 wArea eyes - + > 


(which, it is evident, will be decreafing progreffions,) will be ett el or loga- 
rithms, of the ratios of 1 to 1 — A “and of 1 to I — B; ; or the fefies a + 
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2 3 4 5 6 ps 3 32 53 
RoE RE ae arate 0 Ab €#e, will be to the feries 8 4- — + 2 ae = 8 
is, eohatiy 5 6 z 3 4 

a 4 = + &¢ in the fame proportion as the ratio of 1 to 1 — a is to the ratio 
of 1toI— B. 

Or, if we change the notation a little, and fubftitute the fmall letters & andg 
inftead of the capital letters a and s refpectively (which will be more agreeable 
to the notation now moft in ufe in treating of thefe kinds of feriefes), the propo- 
fition which we are to demonftrate will be as follows. 

If there be two different quantities & and g, that are both of them lefs than r, 
and of which, confequently, the feveral powers k*, k°, k*, k*, k°, Ge, and 9’, 
eR PORT hs Bile be decreafing ut 3 two infinite hg ore k + 

ke k3 i: 

arith wets bia themes Scandg + £4£4 £4t : Lat + 8, 
eovtoie it is evident, eAlp be decreafing prostefions) will be cee y lopa- 
rithms, of the ratios of 1 to 1 — & andof1 to 1 — q, or the feries k + = +5 a 


~B StS + F + Ge will be to the feries g +15 + + Pete tis 
++ €c in the fame proportion as the ratio of 1 to 1 — k ‘é the ratio of 1 to 
I— 4. 

In order to demontftrate this propofition it will be neceflary to premife the fol- 
lowing propofition, as a Lemma. 


LEMMA Iii. 


61. If * be any quantity lefs than 1, and # be any whole number whatfoever, 
the quantity 1 — x, or of {1 — x, thatis, the #® root of the refidual quan- 


tity 1 — x, will be “equal to the following infinite feries of decreafing terms, 
to wit, 




















| en Se gal a x x 

2 v3 2 @ 
-— x ee x x? 
—Extig mtg! wtagtae 


=— 
sa? and B == 





ad 5 at Mere or (ifwe puta = 1,andB = —,andc = =a KS 


I 2 fe oT 


x Paice h. Gritty tenis (4) for in eee following co- 


efficients 








—x- 


2h 
A 
Pe) 
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. ° . . . ° . . t 
efficients of the powers of x in this feries, refpectively), to the infinite feries 1 — — 























ahs Aes x Zoe oan 

sf bie ee n xcxw— 3 sip whee XE — 
32 

Sn —1 Ue ame! aa As DBE) LAE Heatly Vp at. gu—t 

62 te, n ange a 82 x a x 10%” 


x Kx? — €%¢ ad infinitum ; in which feries all the terms after the firft term 1 
are marked with the fign —, or are to be fubtracted from the faid firft term, and 
the feveral co-efficients of , x7, x°, x*, x, x°, x’, WP My hee is One are derived, 
or generated, from the firft term 1 by the continual, or fucceffive, multiplication 

: I a2—1I 242#—1 3na—1 4a—1t Gx—1 62—1 Fu—t Bat 
of the fractions—, ——, rn PEM REV EG eT Si REPAY od 


9%", €%c, which are therefore called their generating fractions. 


JOz 





62. The law by which all thefe generating fractions after the firft fraction oa 
° : ° . I ° 
are formed, or derived, from the faid firft fraction = and from each other, is as 
. — I. 
follows. The numerator 7 —1 of the fecond fraction — is formed from 1, 


the numerator of the firft fraction —, by the addition of # — 2, or by the addi- 
tion of 2 and the fubtraction of 2; for1 +#2—2is=x2—1. Andthe nume- 


rators of all the following fractions after the fecond fraction ~ : : 





, to wit, the nu- 
merators 2#—1, 3% — 1, 4% — 1, 5M —1, 6"%—1, 74 — 1, 8u—1, 
gu — 1, Se, are formed from the numerator 2 — 1 of the faid fecond fraction, 
and from each other by the continual addition of m to every preceding numerator. 


And the denominators of the fecond fraétion, = — , and the third frattion, “—, 
. . : : Bn 

and all the following fractions, to wit, the denominators 2”, 3”, 4”, 5n, 6n, 

+n, 8, gn, Sc, are formed from 2, the denominator of the firft fraction, aes 


and from each other by the continual addition of # to the preceding deno- 
minator. 








63. This is another branch of the above-mentioned celebrated theorem of Sir 
Ifaac Newton for finding the roots of a binomial quantity. For it extends to the 
roots of a refidual quantity, as 1 — », or of the difference of 1 and x, as well as to 
the roots of a binomial quantity, properly fo called, as 1 -+ x, or the fum of 1,and x, 
And the foregoing manner of expreffing this theorem in this cafe of the n™ root 
of 1 — x is, as | apprehend, the moft intelligible and convenient way of expreffing 


it that can be chofen. This feries is derived from the feries1 — = a wx +4 
I 
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Stet ISP at 4p M3 wt [Zot et 4 AES x — Ge or 1 — 
~xix*tx2 xe 2 xt xt xe 42 x 2 
Mt — 2 m—3 r w—t m—2 m— 3 m— As - m 
°F amar ev — — x — kK — x* ae 
pa eho raya ; -txe+ 
* TS x Ba x St x Tt x A x HS, (whichis =T — 2") 


by fubfticuting ~ in its terms inftead of m. 


64. Coroll. 1. It follows from the foregoing Lemma, that 1 — 1 — w—, oF the 


excefs of 1 above the z® root of the refidual quantity 1 — «, is equal to the infi- 
¥ ’ q 





: : I i | 2n— tI 3nu—1 4 4u2—tI . 
nite feries — A x Bien ————— CX 2 DX ——_' § Xe 
= + = + vs 40 yes + i Ex? 





62 g2 
e e . . . r Ss I . 
ad infinitum; in which a is, as before, = 1; and B is = — A, OF the co-efficient 


2i— TI 


— 62— -= 8u—1 _ 
a. cua Laster Kena lye 1a? p 2° Ky? 4 Be, 





° Am T ° e 
Olwss sanid a) ise B, or the co-efficient of x7; and D is = c, orthe 


2n 
co-eflicient of «3; and the following capital letters, Ez, F, G, H, 1, K, €, are 
equal to, or ftand for, the co-efficients of x*, x5, x®, x7, x*, x°, and the other 
following powers of x, and in which all the terms are marked with the fign +, or 


added to each other. 





65. Coroll. 2. If z be a very large number, as, for example, the ninth power 
of a million, or 1 with 54 cyphers annexed to it, or 1,000,000,000,000,000, 
000,000,000,000,000,000,000 ,000,000,000,000,000,000, (which Mr. Locke, 
in his Effay on Human Underftanding, calls a monillion,) the quantity 1 — 


Tt : 
1 — «2, or the excefs of 1 above the root of the refidual quantity 1 — x, will 


eh Mas a x3 oe #5 we 
be very nearly equal to the feries — + —— + rr chara Foca ki comet &&e 


; A I : xe x3 x4 x5 # 
ad infinitum, or to oa eS the feries * +- ES + cha + ma) + et + 7 te ad 
infinitum. And the number z may be taken of fo great a magnitude that the ratio of 
2 3 4 5 6 ‘ 
-— x the feries ¥ + — tee a oe -+- eA + + &ce ad infinitum to1 — 


I 
1 — x)z fhall approach as near toa ratio of equality as we pleafe. 

For, when 7 is equal to anonillion, or any fuch very great number, it is evi- 
dent that 7 — 1, and 27—1 and 3”2—1 and4#—1and 5” —.1, &, will 
be very nearly equal to m, 2, 3, 4", 5”, (Jc, on account of the immenfe 
magnitudes of the numbers 2, 27, 3,44, 5”, &c, in comparifon of the unit 


4 5 . I Li) i 
which is fubtracted from them. Therefore the feries —- aw + — —= Bx? 
i * Oo 
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22—1 38-1 4 ) AMOR us 8 | 
bate a oy +--+ 4 Ex ee + &e (whichis = 5 = 
tara will in this cafe be very nearly = —ax + — Bx oe — cx +4 He 


4 — ‘5 — Op gs e ee — BX —— — 4 
ted Ran eB Les ~ Ax pict toatys 


gad ira Get xr Ket Sx xix +exixt 
2 


1 aarearn a hc Xi Xa bt xtxo xt xt 


3 5 “3 n 
Vb eile mergtedtratiraeotirn hckey eo pon os +o ea 
Mita Gs a +ivtge SW OH eR Se tg ghana Leads x2 

6 
‘daa rine ie ta) Ge = > x theferiess +24 = 4 


I 


a4 ats ifr &e, Seeae r— 1 — xn will in shee cafe be very nearly 


sites to — xX the feries x += Sap 2a a —-+-+- — a eae “ += +--+ Se ad infinitum 


And it is evident that, if any ye eiadaere: be affigned that differs very little 
from a ratio of CORRE n may be taken of fo great a magnitude that the PE opor- 


tionof 1 — ae to — x the feries x 4. — ~f-o+= += +> as fe 
fhall se i ftill nee to a ratio of equality than fick eed oe 
Q.E.D. 
66. This lemma being premifed, the main propofition may be ftated.and de- 
monftrated in the manner following. 


THEOREM Ii, 


If kand g are any two fmall quantities lefs than 1, whereof we will fuppofe.é to 
be the greater ; the ratio of 1to1 —& ae be i the faye Bt I se ‘ — gin the 


fame proportion as the infinite feries & +3 eo eciee thee wok a+ > abe &e to 
the infinite feries g + / £4. £ + + fy £ qa Hatt ee 


DEMONSTRATION. 


Let 2 be put, as before, for any very aie number, as, for example, for 4. 
nonillion, or the ninth power ofa million. 


3 Then, 
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wnt 
Then, by the 2d Coroilary of the foregoing Lemma, we fhall haver —~ 1 — Any 
a > 3 6 
very nearly, = — x the feries k + a += + = + + ae + & a inji- 
I : 
nitum, and 1 — 1 — qin» very nearly, = ~. x the feries g + = + £ + a 
+ & - + €c ad infinitum. And, by increafing the magnitude of , each of 


thefe ratios may be made to come as near to a ratio of equality as we pleafe. 
r dé 


Therefore the proportion of 1 = 1 — Ala to 1 — § — g\x is, in this cafe of the 


very great magnitude of 7, very nearly the fame as that of — x the feries 
2 : 


k® ki 6 a , : . ‘ 
k+—-— + fe ne & + Boone: &c ad infinitum to— x the feries q + £ 
2 2 4 § 6 2 2 
3 + 5 6 ° 
ot a + - + a +. — +- &c ad infinitum, and confequently, as that of 
=: ° , 3 6 ° e 
n times — x the feries & + =+= + - 4. = + = + &c ad infinitum to n 
2 e 2 5 /o e - 
times ~ %* the feries g + + + a 7 +. a +5 + &c ad infinitum, or as 
2) 5 6 . 
that of theferies & + = “ - + ~ + < + = + ce ad infinitum to the 


° q” qi q* q q° ‘ I ; 
feries g + oie Nora sip giin sahara upeiy sal &S¢ ad infinitum ; that is, the propor- 


tion of the excefs of 1 above the #* root of the refidual quantity r — & to the excefs 
of 1 above the #*# root of the refidual quantity 1 — q, is, in this cafe of the very great . 


: apt ae 
magnitude of #, very nearly the fame as that of the fenes k + — ais py 
Bs 6 A f : 2 3 4 5 

+ —-+ = 4+- &c ad infinitum to the feriesg + a ane +4 7 ar a +b 
&S¢ ad infinitum. 

Now the ratio of 1 to1 — & is to the ratio of 1 to 1 — g in the fame 
proportion as any given part of the former ratio is to the like part of 
the latter ratio, and confequently, as the x*, or nonillionth, part. of the 


former ratio is to the #6, or nonillionth, part of the latter ratio. But 
Dg 

the ratio of 1 to the-t* root of 1 — & or to 1 — &) @ is the w® part of the ratio 

of rtd 1 — &; and the ratio of 1 to the #* root of 1 —q is the #'® part 

of the ratio of 1 to 1 —g. Therefore the ratio of 1 to 1 — & is to the 

ratio of 1 to 1 — gin the fame proportion as the very fmall ratio of 1 to the 

. I 


nth root of 1 — k, orto 1 — &\n” isto the very fmall ratio of 1 to the ut root 
I ) I 
of 1 —qa» or tor —@a- 
But it has been fhewn above, in Lemma 1, article 11, that when three quanti- 
ties are very nearly equal, to éach other, the ratio of the greateft of the three 
to-the:leaft will be to the ratio of the middle quantity to the leaft in very nearly 


O02 the 
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the fame proportion as the excefs of the greateft quantity above the leaft is to 
the excefs of the middle quantity above the leaft; and hence it follows, divi- 
dendo, that the ratio of the greateft of the three to the leaft will be to the excefs of 
the faid ratio above the ratio of the middle quantity to the leaft, or to the ratio of 
the greateft quantity to the middle quantity, in the fame proportion as the excefs 
of the greateft quantity above the leaft is ta the difference whereby the faid excefs 
exceeds the excels of the middle quantity above the leaft, or to the excels of the 
greateft quantity above the middle quantity : or, ‘in other words, if L, M, and n 
are three quantities that are very nearly equal to each other, whereof 1 is the 
greateft and wis the leaft ; it appears from Lemma 1, article 11, that the ratio of 
z to N will be to the ratio of m to N very nearly in the fame proportion as the diffe- 
rence L — N isto the difference m—w; andconfequently, dividendo, the ratio of 
L to N will be to the excefs of the ratio of L to w above the ratio of m to N, that is, 
to the ratio of L to M, very nearly in the fame proportion as the difference 1 — w 
is to the excefs of the difference L — wn above the difference m — N, that is, to 
the difference 1 —™M. ‘Therefore in thefe three quantities, to wit, 1 and the 
mv», ornonillionth, root of 1 — g, and the z'*, or nonillionth, root of 1 —&, 
I ‘ { 
ori, 1—g)”, and 1 — &#, (in which the exceffes of the firft quantity 1 above 
the two latter quantities are fo extremely {mall, that they will not appear before 
the 548 place of decimal fractions), we may conclude, that the ratio of the 
I 


greateft, to wit, 1, to the leaft, to wit, 1 — 4)”, will be to the ratio of 1, the 


I 
greateft, to 1 — g*, the middle quantity, very nearly in the fame proportion 
I 
as 1— 1 — &)*, the difference between the greateft and the leaft, isto 1 — 
2 : 
1 — gq” , the difference between the greateft and the middle quantity. 
: oar) g qui y . 
But it has been before fhewn, that the ratio a 1to 1 —& is to the ratio of 
ts 
1 to 1 —g in the fame proportion as the very {mall ratio of 1 to1 — 4” 
is to the very fmall ratio of 1 to1 — A 
Therefore the ratio of 1 to 1—& will be to the ratio of 1 to 1 — g very 
oO 


nearly in the fame proportion as the excefs of 1 above 1 —&” to the excefs, 
I 


of 1 above 1 — q\". 
But it has been fhewn that, in this Hie of the very eet magnitude of xz, 
Eo 


the excefs of 1 above 1 — &” is tothe excefs of 1 oe I— =7 > very nearly: in. 
2 








4 
infinitum to the feries ¢ ee Re z= + rt + — ik + — iN &s¢ a infinitum. 
Therefore 


aaee" eA 
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Therefore the ratio of 1 tot —& el be to the ratio of 1 to I — 4; in the 
fame proportion as the ny k i —-+ — z a + — + bie. &c ad in- 
Jinitum to the feries 9 + - ey + ae i = + f + &c 7 infinitum. 


QE. D. 
The foregoing demonftration expreffed in fewer words, 


67. The foregoing demonftration may be expreffed in fewer words, as 


follows : 
Let z be put as before, for any very large number ; as, for example, for a nonil- 


lion, or the ninth power of a million. 
Then it will follow from Lemma 3, coroll.2,thatr —1 — 4 will be very nearly 
I : : : RY B3 ht hs Bo : 
equal to — X the infinite feries k + Ne apes + a — ae + + 


bf 


= + &c,andthat 1 —1— g!” will, in like manner, be, ie, nearly, equal to 
fe x the infinite feries g + ae + r + r oe fae f + £4 &c. Therefore 


5 
x 
Lo pe will beto 1 — 1 — g\*, very nearly, in the fame aug Sie 
: 2 5 6 
as — x the infinite feries& + a We 7, + “ a = += + &c to — 
4 
x the infinite feries ¢ + - 1s yreun ds Co + yl &c, that is, in the fame 
k k ks oi 
proportion as the #* part a a infinite felis aa ty - ear 4 = - 
+ &c to the u® part of the infinite feries g + r + £ + 7 +. cs ue a: of. 
> 
pd oy ene in the fame proportion as the whole feries & + a of “- 
os a ei &c ad infinitum, to the whole feries g + 4+ + £ 


ue ie + a + el + &c ad infinitum. 
Now the ratio of 1 to1 — & is to the ratio of 1 to 1 — g in the fame proportion 
as the zt part of the former ratio is to the #‘* part of the as ratio, and confe- 


quently, in the fame proportion as the ratio of 1 to 1 — az is to the ratio of 1 to. 
anit 
— 7 ne ? 
I I : 
But, becaufe 1— &)2 and 1 — q\n approach extremely near to an equality 


I 
with 1, it follows from Lemma 1, that the ratio of 1 to 1 — &\z_ will be to the ae 
of, 


286 Remarks on the Two foregoing Infinite Seriefes 


I r 
of 1 — g\# to 1 — &\n in very nearly the fame proportion as the excefs of 1 above 
z x 


I I 
t — &}a is to the excefs of 1 — q\n above 1 — &\n , or (putting R. forthe 
I — | 
S, 
I [—_ The r I 
atio of 1to1 —&la, and eR. for the ratio of 1 — g\n to1 — 2) that Rr? 
r ny aa 7) @) that R 
Bs 
I ; I — git i I 
t will be tor. : very nearly inthe fame proportion as r — 1 —&\a - 
I—- k\* 1—h\x 
I T 


isto 1 —gin — 1 — An. And therefore it follows, dividendo, that the firft of 
thefe four quantities will be to the excefs of the firft above the fecond in very nearly 
the fame proportion as the third quantity to the excefs of the third above the fourth, 


I 


I I “1 9" , 
that is, that R. z will be tor. rR. : very nearly in the fame 
r—kye 1— ke 1—k\t 





T I 
T— gn — 1 — &\n ,or(becaufe 


x 1—g\" I ar AS 1 I 
R. 1 oe Re 1315 == Re r,andi—= rt — n —|i — gin —I—k'n 
nt 


I — f\# rT 0p \2 1— q| 


Ir I 
proportion as 1 — 1 —&\n, is to 1r— 1 — kj — 








z 
—=1—1i-—q7,) that Rr. 7, 
1— i)" 

T I 
will be to rR.” 3 very nearly in the fame proportionas1 — 1 — kz to r — 
1—q\* 7 
Z 
1 — ql Therefore the ratio of 1 to. 1 — & willbe to the ratioof 1to1 — g very 


I I 

nearly in the fame proportionast —1—&n istoI —1—@qn. 

But it has been fhewn that, in this cafe of the-very, great, magnitude of #, the 

j I bie 
proportion of r— 1 —&\n tor — 1 — q\n is very nearly the fame as ‘that of 
: he k3 k* ks Vad A , : 
the feries & + oe = + 3 bre or a &c ad infiuitum.to the feries g + 
% 3 4 5 6 
= ot aut ae Ee = +. &c ad infinitum. 
Therefore 
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Therefore the ratio of: to 1 —& will be the ratio of 1 to r —g in the fame 


. : 2. k3 ka ks ¢ j 
proportron as the fertes & + ae + — + — + — + ae + &c ad infi- 
pide: 2 g saan bees atts cl ere Lia a a 
nitum is to the feries g + re a = oF an en atarattas &c ad infinitum. 


Q.E. 1's 


The fame demonftration expreffed with fiill greater brevity. 


68. And, if ftill greater brevity of expreffion be defired, the foregoing demon- 
{tration may be exprefled in a {till concifer manner, as follows. 

Let 2 be put, as before, for any very large number, as, for example, for a 
nonillion, or the ninth power of a million. 














. I I : : ; 
Then will r. be to R. inthe fame proportion as — x R. ——= to 
1—k I—g a I1—&k 
E I seek, aihtd a 
— X R. -, that is, (by the nature of roots,) as R. 1 toR, 1 that 1s 
1~ 4 7h Tg 


I I 
by Lemma 1, (on account of the near approach of 1 —&\)n and 1 —q)a to an e- 
I I 


quality with 1,) ast —1—& « to 1 —1 —g) =, that is,by Lemma3}, coroll. 2, 


(on account of the very great magnitude of the number z,) as ~ x the infinite 
- he k3 kt RS Ro : : . 2 
feries k + — + ey Maree i + = &c to - x the infinite feries g + an 


re - + an os — Xe =. + &c, and ca cea aug both 
2 5 
fides by #) as the infinite feries k + as a = oe = J. — ae, = -+ &c to 


2 3 6 
the infinite feries ¢ + — + a 4+ 7 oe o + — + &c. Q. Ee D.. 


5 ¢ Hio £1 U M, 


69. This propofition is accurately true, though, when z is of any finite magni- 
tude, how great foever, fome of the intermediate propofitions by means of which 
it is proved, are only very nearly true. For, as thefe intermediate propofitions are 
not limited in the degree in which they approach to truth or accuracy, but may 
be made to come as near to being accurately true as we pleafe, by increafing the 
number #, the conclufion derived from them muft be accurately true. For, if it 
were fuppofed to be not accurately true, but only to approach within certain limits 
of the truth, we might increafe the magnitude of w till the faid conclufion was 
made to approach nearer to being accurately true than within the affigned limits ; 
which would be contrary to the fuppofition.of its having approached-only as near 

1 as 
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as the faid affigned limits to the truth, and confequently would prove that the faid 
fuppofition was falfe. Therefore the faid conclufion does not only approach with- 
in certain limits of the truth, but 1s accurately true. 


40. We have now, I hope, fufficiently eftablifhed the truth of Dr. Wallis’s 
_propofition, to wit, ‘‘ that, if g be made to reprefent fucceffively feveral different 
fractions, or quantities lefs than 1, the feveral values of the infinite feries g + 
— BIG Dae ati Ma - + &c will be proportional to the feveral 
ratios of 1 to the correfponding values of 1 — g refpectively, or will be the loga- 
rithms of thofe ratios.” It remains that we illuftrate the ufe of this feries in the 
bufinefs of computing logarithms by applying it toafew examples. I fhall there- 
fore now proceed to apply it to the computation of the logarithms of the nine fol- 
lowing ratios, to wit, the ratio of ro to g, the ratio of 11 to 10, the ratio of 81 to 
80, the ratio of 121 to1z0, the ratio of 2401 to 2400, the ratio of 169 to 168, 
the ratio of 289 to 288, the ratio of 361 to 360, and the ratio of 529 to 528; 
which are the ratios of which we computed the logarithms above in the nine ex- 
% 6 

amples of the ufe of the former feries g — i + ee + acm -— <- +- 
&c, that was invented by Mr. Mercator. See above, art. 24, 25, 26, 27, 28, 
29, 30, 31, and 32. By the help of thefe nine logarithms we fhall be able to find 
the Joganthms ofthe ratios of 210 1,3 104, 4 towr.\e tom,.610 1,°7) 10.1.0 50.15 
OtOd, IOtO 1, 1110 1/12 tos, 15 LOM, IA Go, 1h LOM. 200 nm 700 Hpk oito 
I, 1g tO1, 20to1, 21to1, 22 to 1,23to 1, and 24 to1, and the logarithms of 
all greater ratios that are compofed of thefe ratios, by mere addition and fub- 
traction ; which will make the utility of this feries fufficiently manifeft. And, as 
in computing the logarithms of the faid nine ratios, the numerator of the fra€tion 
that is equal to g is always 1, and the denominator of it is awhole number, I think 


. . . . I. < . . 
it will be moft convenient to fubftitute — inftead of g in the refidual quantity 





. A “ Z 3 4 5 6 
I—g and the infinite feries g + an ate mF ae ra aN} ee aE — + &c, 


whereby the faid refidual quantity will be changed into 1 — —,andthefaid feries 
wt ‘ 


I 


will be changed into the feries ~- TES Seam DED 6 1 Gerais LBL pare —; + 


2m 33 4m* Sms 








I 





&c, or the logarithm of the ratio of 1 to 1 — — will be the feries — +- — - 
E 7 mW 272 





SEAT nen th ete une ap Are ad infinitum, 


3m 4m* gms 6* 


71. If we fhould have occafion to exprefs this feries in fuch a manner as to point 
out the generating fractions by the fucceffive multiplication of which its fecond 


A 5 I : 
and other following terms are derived from the firft term —and from each other, 
It 
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it may be done by putting the ei letter a for the whole firft term =, and 8 
for the whole fecond term ———, and c for the whole third term “rr yand p for 


TI ® 
the whole fourth term reece ipa Ey F, G, H, I, K, L, M, and the following capi- 


tal letters of the alphabet, for the whole fifth, fixth, feventh, eighth, ninth, tenth, 


eleventh, twelfth, and other following terms of the feries ; by which fubftitution 








f Bhs I I I 1 t I t 

the faid Series — + —— + ven as "eal 1 Peaoe a ae aL 7a Fong 

ee + ae + &c will be converted into the feries — potas = a arene a 
6 I 

a aoa a fi a = i + —— + ~— + ee But rel terms of 


the. feries) ee et Pa e+ + at + 


2mi* 3 m3 4m* 5 ce 7 mt 
= 


ry ——- + &c are fo extremely fimple and concife that there feems to 


be no occafion to change its form. 





Pp EXAMPLES 








«MBO oo ZAR VM ae OS aa 
OF THE 
COMPUTATION or rut LOGARITHMS 


OF THE 


RATIOS or 1 troSEVERAL NUMBERS 


3 hia é ioe pas 5 : tr ! 
Denoted by the refidual quantity 1 ae by means of the infinite feries iT 








I z x I I I I I 
2m +r 3m + 4m* + 5s +r 6m® a ami T 8 8 a gm? ah 
I I I I I I I I 
head ih ay 11m™ ay 12m" + 13m%3 7 14** i 15 ma'5 oF 16m*° FE lyme + 
ea Oe ue &c, 


I = 


INVENTED BY DR. WALLIS. 


EXAMPLE TI, 


2m” 


aa ET it be ets to find a means of the aforefaid feries — as aoe 





cas a + — ve a or = +- &c ad infinitum, the eee of the 





ratio of 9 0.9 (oro io 40 10) — 4)°or of to 
10 
i 


an =~ 


7 10 


); or oF tors 


ng 
Here m is = 10, and —is = o7 = 2+100,000,000,000,000,000. 


We 


Remarks 


We fhall therefore have, 





I be I T T 
nm as A x m ‘lal 72 * 19 
Tt I 7 I I 
SE! ee pee eed) eh oc Sy 
And m3 (= m* x ue wn” 10 
I Ty Zk, IT: 5! 
And (= aX F=RX Ge 
I I rT I I 
Rd oe Cg ha Te 
I Moe I I 7% 
Ad —— (shee Mie ee te 
And m® ms x ut ms x 10. 
I I E Tt I 
And 7 (= 7% | =mxX a 
1 I I I I 
And (=X Gta* as 
A A I nae I x I aes I I 
a. me? me mm m8 x 10 
I I T I te 
240d a ies een mag are 
I I eryer ys I 
And Sect aie Wim ays 
I t I I I 
—— = -— memes eee —— x eal 
And mi* mrs _ me m** 10 
I T IT I I 
And = (= 5a X So Ga X Fe 
I TI I TI I 
And a (= m*3 x re — 3 “ To 
re I TI pA I 
And =(= oa X GF =a * Fo 
T I I I I 
And ss Romie Orta setae 
TI TI I T E 
(And <n hespuettarrematnie 
And confequently — 
; I pats : x : fe 
2m m* i ae 
I I T 
And =< bast Wy Slay wa 
3% ms 3 
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—. 


__ 0.000,000,010,000,000,000 
ee re eS oe 


0.000,000,000,010,000,000 
en 


—= 


— 


0.010,000,000,000,000,000 ) 


0:001,000,000,0006,000,000 


__ 0,100,000,000,000,000,000 


__ 0:009,000,000, 100,009,000 


ae cheep cee ag 


__ 0.000,000,000,000, 100,000 


__ 94000,000,000,000,001,000 


__ 9.009,000,000,000,000,100 


~~. 


a 


ak 
Aeige rs, 


) 


0.001,000,000,000,000,000 
10 H 


i 10,000,000,000,000,000 


0.010,000,000,000,000,000 cebu} 
——_—— == ) = 0,00] ,800,000,000,000,000 


0-000,100,;000,000,000,000 


0.000, 100,000,000,000,000 
10 





) 


©.000,01 ha si Skeskasaares 
: 10 


0.000;010,000,000,000,000 


0.000,001,000,000;000,000 


0.000,001,000,000,000,000 
10 


) 
) 
) 
) 
) 
) 


0-000,000,100,000,000,000 


0,000,000, 100,000,000,000 
os ee TERT POT ER 0s000,000,010,000,600,000 


me ©.000,000,001,000,000,000 


02000,000,001,000,000,000 
Tarif rete Lael O.900,000,000,100,000,000° 


= 0.000,000,;000,910,000,000 





oe 0.000,000,000,00I1 000,000. 


= 0.000,000,000,000,100,000. 


i 0.000,;000,000,000,010,000. 


0©.000,000,000,000,010,000 


10 ) 
) 
) 


0,000,000,000,000,001,000 ; 


= 0.000,000,000,000,000,010; 


0.00 5,000,000,000,000,000 3 


— 


) = 0:000;333233353333331333 3 
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Poe I __ 0.000,100,000,000,690,000, __ . 
And rr arts 7 = ae PEN WaT t: = 0,900,025,000,000,000,000 ; 
1 AOreO 1 __ 0.000,010,000,000,000,000, __ J 
And Ee? (= mates Puteri ers ry ) = 0.000,002,000,000,000,000 ; 
I 7 T 0©.000,501,000,000,000,000, __ 
And , .(=—x—-= ——* ~———— ) = 0,000,000,166,666,666,666 ; 
6 m 6 6 
Thine ae I ___ 0.000,000,100,000,000,000, __ i 
And - (= ix Paine TPteeh Sine = 0.000,000,014,28 5,714,295 5 
I t I 0.000,000,010,000,000,000 , 
And si (= 3 Xo = aEPn A GETSGE MAE Tua = 0.000,000,001,250,000,000 ; 
I I I 0.000,000,001,000,000,000 
And—; (= -> * — = ——_) = 9.000, 000,000, 111,111,111; 
Qu 7% 9 9 
oe ge I __ 0.000,000,000,100,000,000 ae f 
ty Econ (= a9 x Toi SeeeeaT aa Lae ) = 0.000,000,000,010,000,000 ; 
i aE I __ 0,000,000,000,010,000,000, __ : 
And mere ieee aie <r ee agers ernigace caerer ry = 0.000,000,000,000,909,090 ; 
i eke I __ 0.000,000,000,001,000,000, __ ’ 
And —, (= Ga X p= I) & 0,000,000,000,000,08 3,333 5 
I I I ___ 0.000,000,000,000,100,005, __ . t 
And rape gs Se mane bss un mise y Tey tT A = 0.000,000,000,000,007,692 ; 


I I I 0.000,000,000,000,010,000 
masees f jn oe et SL eaniogee oe i etedkenin st) te MOOG. COOL OO LOOD ° 
And 14m ( mi " 14, 14 ) 5) 2 3 5) 97143 














r I ©-000,000,000,000,001,000 
sean | CS -—-— OOOO) = 0.000,000,000,000,00 i 
And ama ( oO 5 is ) ? ? ? 3000,066 ; 
pie a I __ 0.000,000,000,000,000,100,. __ ; 
And lan exaitu ag ae Sain Bae ) = 0.000,000,000,000,000,006 ;, 
t 1 ©.000,000,000,000,000,010, __ 
— (= -— _—_- 2. OOOO) — 0.000,000,000,000,000,000.. 
And sya ( mit 17 27 ) 9000;000,000,000,000 
: Cte Bap uer | Pee I I I 3a 
Therefore the feries — + —, + pane thal aes aati. Gare mi Bai 
7 7 I I I I I I 1 
i gm? uv 107m'° t 1im** + 127% + 137053 a 14° rr 15 m*s: om 16m*° a 


&cis= 
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©3100,000,000,000,000,000, 
3 « 53000,000,000,000,000, 
3¢* © 9333533 3933323335333> 
3+ «* 9¢ 25;000,000,000,000, 
$s ¢ «9 » 23000,000,000,000, 
je we 9+ e+ 5100,666,666,666, 
Jee e gee ye 14,285,714,285, 
Jo 2 eee 90'« 15250,;000,000, 
RPSL S Sahel ee Rue ege Bet 
pallaias pitseie shee FO,000 000% 
Fees 90 229000 92 0 e 909,090, 
Fr sislgs + ogee 980 0 56 9353335 
Se argent e wviatc Grid .ta77 5007 
Sh ubsrde olriod eve an aie saleels LAs 


380 0 98 6 2 98 0 eo y8 oe geo 98 6, 


5 eae et ee 


32 8 0 98 mage © 6 90 © © ge © e196 2 


= 0.105,360,515,657,826, ABT 


Therefore this number 0.105,360,515,657,826,296 is the logarithm of the ratig 


; I 
of 1 to 1 — —— or of Io tog. Ge Bik. 
19 ; 


N. B. This value of the logarithm of the ratio of 10 to 9 is lefs than its true 


value by about 5 1n the 18th place of decimal fractions, or 0.000,000,000,000, 
000,005. For, if we add 0.000,000,000,000,000,005 to 0.105,360,515,6575 
826,296, their fum will be o. 105,360,515,657,826,301, which agrees with the 
true logarithm of this ratio.in all its figures, the more accurate value of this loga- 


rithm being 0.105,360,515,657,826, 301,227. 
EPSiAiM © ter lire 


: ' POWER ha ae 
i go Lett ita be sian to find by means of the fame infinite feries — + 





2m? i ae meth 





I I 
of r1 to 11 — I, or of — to ») or of 1 to 1 — —. 
II Il 


. Ee T x 
Here m is = 41, and — 18 = —— = 0.090,909,090,90930903;9095 XG. 


We fhall therefore have 


mg PART ew ATES + og + €&e the logarithm of the ratio of 11 to 10 (or 


293 


a} = (= seb 2 x | eee eee 4) =. 0.009,264,4625800,91 713.95 = 
mm m m LK +i 
I I I I __ 0.008,264,462,809,9175355\ — Good RELA Sood! Z 
And = (=— x | pr 1S APRS ete co rR RT TRE ——) = 9744;314) 9 577 3 


And: 
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And 2. (eee en ee eek x 1907 519140890, 9010577 


m* 723 tt ms 11 11 


= 0.000,068, 301,345,536, 5073 





And — (= —X-== —- Xxi= i ee = 0.000,006,209,213,230,591$ 
And —(= —— x “ =< x ~. = a = 0.000,000,56454.73,930,053$ 
And — ez = x ~ = “ om — =z Is OLSEN = 0,000,000,051,315,811,8233 
And (= ~, x * = =, x ~ a SRS ESE ES LL = 0.000,000,004,665,07 3, 8023 
And — = 5 Maes =—, x ~ = ee = _0.000,000,000,424,097,618 ; 
And <3 a — x ~- ao — x ~ = SiS peat CLG e 0-000,000,000,038,554,328 ; 
And ee ~, x a = —: x — =a CROCE COLLIN S852 = 0.000,000,000,003,504,938 ; 
And ae = — Xx -- oe =, x ve pee SOOO OCHS) = 0-000,009,000,000,318,630; 
And =a (= -s x -- = = x ~ vine visi ese eee = 0.000,000,000,000,028,966 $ 
And <5 re — x - ren — — a Se cea ae) == 0.000,000,000,000,002,633 ; 
And = = —, x - = —, x — =a SrPOOs GOH OAR Rae Hy = 0.000,000,000,000,000,239 ; 
And (= — x _ = — x — = EE) = 0.000,000,000,000,000,021 $ 
And +. (= = x — = — x - ras Se = 0.000,000,000,000,000,001 ; 


And confequently 


1 DE I __ 0.008,264,462,809,917,355 
(= 2, x Em Scctateabetonars.sss, 





—; m= : = 0.004,132,231,404,958,6775 

And) ied = os ek sere a i asa AVES = 0,000,250,438,266,967, 102 ; 
3m 7) Zr 3 < 

And a es ; x a cas wR EE) = 0.000,01 7,075 5336530451265 

And = (= 2: x = SSSR TE OSD) = 0.000,001,241,842,646,118 3 .. 


And 











is 
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And on ea =; x a i iar cabochon = 0.009,000,094,078,988,342 ; 
And (= =~ i = SONS) = 0:060,090,007, 330,830,260; 
And — = ~ x = sa ee ey = 0.000,000,000758 3,134,225 ; 
And ar = — x a _ aD = 0.000,000,000,047,121,957 $ 
And — (= —> x = a Beeb sealy == 0.000,000,000,003,855,4323 
And — oa — x = — I) = 0.000,000,000,000; 318,630 5 _ 
And — x — x — = ee = 0.000,000,000,000,026,5.52 ; 
Ail em ee hone sacl ase Lida = 0.000,000,000,000,002,228 ; 
13m"3 mis 13 13 ? > 5) ) “9: 3 
And ae (pa= —; x se = aD == 0.000,000;000,000,000,188 ; 
And at (= —: x re ie Sian aera, = 0.000,000,000,000,000,01.5 ; 
And a (= a5 = = eee) = '0.000,000,000,060,000,001 3 
Therefore the feries — + —- ++ a + re oi I og er = 43 <7 me 
BES Gg Mere ty tree Pass aso Llosa chat ghee ga geen i ai 


03090,909,090,909;,090,909, 


> 


b] 


ee 


. 
3° 


0.0955310,179,804,324,552. 


a tgs o kyl Az,040,1 


3+ + 4513252315404,958,077, 
aya tes Bh OA 20 


6,967,192, 
Ps yes Lice hg Nae Me wad Re 7 a 


18, 


Bele ep Yernrotas 94,078,988 ,342, 
Bear ay fies ABTs ABTS 30,205. 
po oo 98 ee ge ee ohiad vh8 452255 
529 8 920 © yn ow ge 47512159575 


a obsriie Sethe}. whyO 555492 


EeULstiel vii 9? wisi cfd a} LOS aS 


bist sass hOB mats £72. 9PO wena 


\e 


shatetha abaiys Alley 2. 8's 


Q 
NV ICETEN CL AP OE Ue er tenets ee 


et ge ¢ © gp ie 6 ge 8 & gee 8 ges 


58 gt eh ge ee ge ee ge ee ge LSy 


I, 
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_ Therefore this number 0.095,310,179,804,324,852, is the logarithm of the 
ratio of rto 1 — —, or of #11 £0 10,4 Q. E. I. 


This number agrees with the wale of the fame logarithm found above in’ 
article 25 by Mercator’s feries —— — — + aEy i waa 1. Sey sit oe | 
+ €&c. in all the figures but the laft, that Paice being 0.095,310,179,804, | 
324,858. | 








EK ‘AMP Lf.) 11Te 


“4. Let it be required to find by means of the fame feries the logarithm of the | 


8 4 yes } | 
ratio of 81 to 80, or of 81 to 81 — 1 (or of —— to ——), or Of 1 to 4 | 
I 
gah 
Here vw 43° Gi, and — scare —= = 0,012, 345,679,012,345,679. 


We fhall therefore have 
Lies ae I ME I I __ 0.012,345,679,01 2,345,079 
= CS os yo aera a) 





rs =, = 7 = 0.000,152,415,790,275,872 $ 
And = i — x -- aan — x “ on BAT SEED naan 0.000,001,881,676,423,158 ; 
And ~. = — x ~ == x = = Se eee) = 0.000,000,023,230,573,1253 
And — (om ; x— aa — 4 = = Cee eS) = 0.000,000,000,286,797,199 ; 
And —; = =~ x — = — x = ree tees ees) =a 0.000,000,000,003,540,706 ; 
And — (os — x -- am — x = = pei ae AT = 0.000,000,000,000,043,712 3 
And — biz — oe ~ a “ x - = eee = 0.000,000,000,000,000, 539 $ 
And — =; x a = — x = = ee ee) == 0.000,000,000,000,000,006 ; 
And confequently 
—(= ~ Xx oa = em hE Ee = 0.000,076,207,89 5,137,936 
And ia (= + x 5 = ae = 0,000,000,627,225,474,386 ; 


And 
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fee 3 IL. 0,900,000,023,230, 673,125. ss : ; 
And ac ear gee “Sie Aaa, = 0.000,000,005,807 643,281 ; 
I J 1 ©.000,000,000,286 1 
d (= & =] = OL) = 0.000,000;000,057,3595439 3 
om m iS 5 
1 I I ___ ©s000,060,000,00 0,706 ; 
And a3 (= =X —= =) = 0.000,000,000,000,590,117 ; 
I 1 0.000j060,000,000,043,712, = j f 
And ail (= 4 X ra = Soacecoemea nore = 0.000,000,000,000,006,244 ; 
»000,00) ; : : ' 
And = (mes =; x “~ on ibaa tc = 0,000,000,000,000,000,067 ; 
And ae (= = x >= = crop == 0.000,000j000,000,000,000. 
1e§ as . nt, wey OE 
Therefore the feries — + = + = a tea toe ac =i a + rer nee AIP 
ic 


0;012534.5,679,01253455679, 
3e «© 30765207399 551 375930, 
$e oe 900 6 02752255474,386, 
Sd aipsinclpee eggs Chaar ee» 
Se a0 9006 3000 92 57935924398 
Se oo 9000 30059800 9590,1175 
a ici eetticciantaumiegte 
Seemk sb eed avege apes rps 


of Societe get ce 


32 0 © 90 ee 9¢ 6 @ ¥e TP meat, 2 Os 


= 0.012,422,519,998,557,149. 
Therefore this number 0.012,422,519,998,557,149 is the logarithm of the 


ratio of 1to 1 —=, or of 81 to 80. QgE, 7: 


This number agrees with the value of the fame logarithm found above in 
article 26, by Mercator’s feries, in all but the two laft figures, that value being 


0.012,422,519,998,5 57,1525 
EXAMPLE IV. 


75. Let it be required to find by means of the fame feries the louse 





. T2r 12i— 
of the ratio of 121 to 120, (or of 121 to 121 —= 1, or of — to —) or of 
1tor——. 
121° 
. I ° Tt 
re mw — — ———— «CO be 
He is 121, and — is ane 0.008, 264,462,8091917,355 


Q4q 


297 


298 
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We fhall therefore have, 


And = (== x == 
Pad Coe We be 
Pd 0 ee 
And — (= - x —= 
And + (= 4, Fee 


Aad (— — ox. 


m® 


I 


And —(=—4x-— 


m? 


And confequently 


2m 


And = 
And = eS 
Rade 
Ande (= 
And) == — 
And zi (= 


Therefore 


re + &is = 
8m? 


1 I I 
sa fA Crap ty ose 





I I 0.008, 264,462,809,917,355 
a —= >) 5 ° 

mato pes ) == 0.000,068,301,345,535,507 $ 

I I ___ 0.000,068,301,345,536,507 
Fe OS eae ee eo 0200055095 504,493 9305053 5 
Sti I ___ 0,000,000, 564, 147399 30,053) __ “ 
Sy SS SSP p= 000 0065004 66 5,979,802 

I I ___ 0.000,000,004,665,073,802, ___ 

sera CaS Pega TT ==) = 0.000,000,000,038,554 ; 
1223.08 I ____ 0.000,000,000,038,554,328, 

Bs pape Te ETH 1990500 0,0005 000,41 By ZO 
“heh! x I ____0,000,000,000,000, 318,630 . 6 
=——3 Xi LD) = 0-000,000,000,000,002,633 5 
pas I __ 9,000,000,000,000,002,633, __ 
=>x z= Oe }) = 0.000,000,000,000,000,021 ; 
Bie sis I ___ 0.000,000,000,000,000,021, ___ 

a ee ) == 0.000,000,000,000,000,000 $ 


I I I 
pees amp ea ih i 


m 


the feries — — + 


x 


xX 


x 
a 
| 


¥9P 8 


___ 0.000,068,301,345,536,607, 
= OTN SS SPT) == 0.000,03451 50,672,768,253 5 


0.000,000, 5644731935053 
3 

0.000,000,004,665,07 ee 
4 


= 0.000,000,188,157,976,684 s 


= 0.000,000,001,166,268,450 ; 


0.000,000,000,038, 554,328 


=) = 0.000,000,000,007, 710,865 3 


5 


©.000,000,000,000, 3 18,630 


: ) == 0.000,000,000,000,053,105 ; 


Q.000,000,000,000,002,63 3 


: ) == 0.000,000,000,000,000,376 ; 


0.000,000,000,000,000,021 





}) == 0.000,000,0003;000,000,002. 








I 1 I 
gaetn eey ho PTs een TE ON + 
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0;008,264,462,809,91 793559 
50 «© 9° 341 50,072,768,2 53, 
sae ees EoOses 75070;004, 2 
weasetts sae s EO, 200,450, 
Foe 8 504s gesie sees {LO,0055 
Cacia h CIM DETREI ECR ee BS 
St PORES tet CAPR. Y OF 


t++teet 


° 
Se ee ge ee G0 oe ge ee ge 0 8 gee De 


= 0.008,298,802,814,695,090. 
Therefore this number 0,008,298,802,814,695,090, is the logarithm of the 
Q { 
ratio of r to 1 — coe! of 121 to 120. COUN okay 
This number agrees with the value of the fame logarithm found above in 


article 27, by Mercatot’s feries, in all but the laft figure, that value being 0.008, 
298,802,814,695,093. 


EXAMPLE V. 


76. Let it be required to find by means of the fame feries the logarithm 
2401 2401 — I 


























= 


of the ratio of 2401 to 2400, (or of 2401 to 2401 — 1, or of sake 
4 400, ( + 4 2401 2401 ») 
I — e 
or of 1 to mes 
° I e I 
Here m is = 2401, and — is = ray. ay 0.000,416,493,127,863,390, &e. 
We fhall therefore have 
BS: Eve 8 I __ 0.000,4.16,493,127,863, £37390 cies 
me c= Fae PA pelionel Fy Pas 440%." jek yd One = 0.000,009,173,466,525,557 3 
Jd pabey Sf MAE Eh | © § 0,000,000, 173,460, 525,567. 
And | (= 4X >= Pee ee | ==>) = 0.000,000,000,072,247,615 3 
riba 08 a eek: I __ 0.000,000,000,072,247,615. __ . 
NC mz) Cm ne) Kits sina is }) = 0.000,000,000,000,030,090 ; 
t) er adaee ee I —___ 0.000,000,000,000,030,090, ___ ; ; 
And a — Tae Cee eae Rar te Saad ) = 0.000,000,000,000,000,012 ; 
I py LEE be ed 5 I __ ©.000,000,000,000,000,012, _ r 
And confequently 


I 


2m” 


Qq2 


(=x a pte Ad 587) — 9,000,000,086,733,262,778 


And 
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1 I 0.000,000,000,072,247,61 6 
And — (= - Xx elise sc a aad Deas ) SN 
3 
0.000,000,000,000,030,090 
Wn te 


0.000,000,000,000,000,0f 2. 
= _) = 0.000,000,000,000,090,002.6 


000,000,000,024,082,538 s 
') = 0.000,000,000,000,007,522 5 


» § 
3 
And — (==> x-—= 
ets 
And (=a X5= 


5ms ms 5 
I ~ - 
Therefore the feries — — + a yore partes -- —- =a +. €¢ is in this cafe = 


0.00054.1.6,4.9,3,12.7396 3,390, 

5. Velde oye DOL SROs 7 7 os 
L clgcks wis paces pag ita ok 
si hetitere gare Spe 
capleck divee) nitactiet Miyelede: 850d > 


= 0,000,416, Fe eae. 
Therefore this number 0.000,416,579,885,216,230 Is the logarithm of the 





° J 
ratio of 1 to1 — oh of 2401 to 2400. Obst: 


This number agrees with the value of the fame logarithm found above in 


article 28, by, Mercator’s feries, in all the figures except the laft, that value of it 
being 0.000,416,579,885,216,232. 


EXAMPLE VI. 


77. Letit be required to find by the fame feries the logarithm of the ratio of 
169 (which is the fquare of 13) to 168, (or of the ratio of 169 to. 169 — 1, or of 





169 ~o— I 
aT =») oF of 1 to 1 5° 


Here m is = 169, and — is = er =. 0,005,917,159,763,313,609, &e. 
We fhall therefore have 


Be (= TX say = BEBE ED) = 0.00003 $301,779 56643577 5 
And = (a a x — = -; x a = OSS STENT) = 0.000,000,207,176,211,033'5 
And =; (ers = Xx — = = x ts a see ey == 0.000,000,001,225,894,739 $ 
And = iz = x — = = x oy = ae) = 0.000,000,000,007,253,815 ; 


And 


And + 


a 


m 
in 


And -. 


And = 
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(= uy v, pe acre Ss) y, I ___ 0.000,000,000,007,253,815 

ms wm ms phere a 169. ) a 
(= 25: x Hayate x L_ ___ 0.000,000,000,000,042,921. __ 
oan ae a 169° 169 te 
(= ' x Wiest x I __ 0.000,000,000,000,000,253, __ 
ramet m mi 16g) a 169 ) 


And confequently 


And — (= — x 


‘Ande —-—x 
ri) 


I 
3 
And ihe (= eh XL me SS OC OCS TSO 


I 
5 

12 PALE I ___ 9.000,000,000,000,042,921 

de a ge oy oe eo) 


0.000,03 LSE TLISNETD ia 


I 
oe GS ian 2 


__ 0.000,000,207,176,21 1033) 
3 


4 
_. 9.000,000,000,007,253,815 


5 


6 


0.000,000,000,000,042,921 ; 


0,000;000,000,000,000,2 53 ; 


= 0.000,000,000,000,000,001 3 


= 0.000,017,506, 389,832,288 ; 
0.000,000,069,058,737,011 ; 
}: = 0.090,000,000, 306,473,684 5 
). = 0.000,000,000,001 450,763 5. 


= 0.000,000,000,000,007,153 $ 


I He I 0.000,000,000,000,000, 2 

And ee fa ad x a —s SI LeLicaaca Sessa, — 0.000,000,000,000,000,036 ; 
I I I 0.000,000,000,000,000,007 

And re (== Sarnath ack 25 aeRO = 0.000,000,000,000,000,000. 
78 m : 

. I I I I I I I I oe 
= ——— =a = ees pees pikes sn FD ¢ 
Therefore the feries — + — + a + tad + ons 7 eae Gat Y Sal =e 


is 


03005391751 59,76 3,313,609, 
300652 177500,389,832,288, 
HP jee ge 0 6 91 69,058,737,01 1, 
jee gaetge ees QOG.4 73.004, 
dn S085/ a nak 0 lnh oS TSARORT Otte 
Steeaetsielse tages ayer To! ots 
Sa 5, =. spiotedpibadadlgatan\igar wha'ggt QRS 


+4444 


Ok a ee er a Ce | 


= 0.005,93457359519,8145544- 


Therefore this number 0.005,9345735519:814)544, is the logarithm of the 
ratio. of r tor —=—=, or of 169 to 168. 


169 


Q. E. le 


This number agrees with the value of the fame logarithm found above in article 
29, by Mercator’s feries, in all the figures except the laft, that value of it being 


9.005,934973525193814,5475 


EXAMPLE 


jor 
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EXAM P:LE VII. 


75. Let it be required to find by means of the fame feries the logarithm of the 
ratio of 289 (which is the {quare of 17) to 288, (or of the ratio of 289 to 289 — 1, 
289 289 


or of = iS a) OF oka ite Ta 
289 28 289 


Picte ms 13% 289; and = is = a = 0.003,460,207,612,456,747, Ee. 


We fhall therefore have 


And 
And 
And 
And 


And 





EOE atl as I ___ 0.003,460,207,612,456,747 if 
“oid Volpe, Guodian eal Oa Ts RS Te = 0.000,011,973,036,721,303; 
ek he St ios We I ___ 0.900,011,973,036,721,303, __ 
ms — m* een oe x 28047, 289 se 9-000,000;0413429,192,807 5 
© tr aed x I I __ 0,000,000,041,429,192,807, 
Fe oa arr a se Nad wer ce i One cig a ee = 0.000,000,000,143, 353,608 ; 
Menon sh a I __ 0.000,000,000,143,253,008, 
| air tt etapa Gere aS ) == 0.000,000,000,000,496,033; 
L Wee aot I Te I ___ 0,000,000,000,000,496,033,  __ 
ee x 45 289 i 0-000,000,000,000,001,716 ; 
He i abe are | Y, 1% hoe et I ng haa edicetend Ms cla 7 abe .6o 
ml a mm mm x 2305) | 289 Th haem och teow! rae eee ocr 


And confequently 


I ne I ___ 0.000,011,973,036,721,303, 
eh eK Sager eee > 986,518,360,651 $ 
Tithe sch AS cet divi 
Bate 3 
ge are ye I °0.000,000,000, 143,353,608 
And —, (= 4; x 4 = “Sieccoceoit sae 
4m 4 4 
I me I __ 0.000,000,000,000,496,033, __ : 
And ae Gan ney es ea Gindak Sai! = 0.000,000,000,000,099,206 ; 


And — (= -, x 0.000,000,01 3,8093736,935$ 


) = 0.000,000,000,03 5,838,402 5 


0.000,090,090,000,001,716 ) 


I 1 
And 4 (= — X— =———"— = 0,000,000,000,000,000, 286 ; 


6m® m 
I T I 0.000,000,000,000,000,00 
And — (= —- x += Ter = 0.000,000,000,000,000,000. 
vint mt 7 A 
1 a OR I I So ° * 
refor ries — ee ¢ is In 
herefore the feries — + — 5 met omer enk ere + = + -; a + 


this cafe = 
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&2 
oO 
So 


03003,460,207,612,456,747, 
3+ es 92 « §,990,518,360,651, 
sev ogetets seb 3 000s 730597 5 ¢ 
By we pe eh shel? 5 UUTA Os 
Senso mer aise Wola wie seks 20g 


3° 2 0980 8 98 oe 2 owe oo ge 3 
3° 


jigees 


SEMEL ITSP COR IAN? y 
==1'0;003,400,207;, REA ATES 
Therefore this number sigs arlene: is the logarithm of the 


. I 
ratio of Ito 1 — -—-, or of 289 to 288. GiBe rs 


289 


This number agrees with the value of the fame logarithm found above in article 
30, by Mercator’s feries, in all the figures except the laft, that value being 0.003, 
4.66,207,976,486,229. 


EXAMPLE VIIt. 


79- Let it be required to find by means of the fame feries the logarithm of the 
ratio of 361 (which is the fquare of 19) to 360, (or of 361 to 361 — 1, or of 





361 pg a6t=! “J orofrtot— 
Flere; aus. —.361, and — Ce ir = 0.002,770,083,102,493,074- 
We fhall therefore have 
Fe (= EK gg = ey = 0.000,0075673,360,3941717 5 
Aad = ee ~ x = == X= SRE SORELY) = = 0.000,000,021,255,845,968 ; 
And = (= = x — = = x fal = cee ee = 0.000,000,000,058,880,459 3 
And -; C= ~s x = eae = x Te ee Soe on eee) = 0.000,000,000,000,163,103 ; 
And = e = x -~ a — x ae = ee = 0.000,000,000,000,000,451 3 
And = (= x — = = x ae = ae = 0.000,000,000,000,000,001 3. 


And. 
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And confequently 





peed (far Sed grasa a a Lis TA = 0.000,003,836,680,197,358 ; 
And oe Cc — x es a EEN 10; Peotcerea ese ai yates 
And a (as x s ane oS) = 0.000,000,000,014,720,1145 
And = (= ma x - = aD = 0.000,000,000,000,032,620; 
And = ee = x ~ = eee) = 0.000,000;000,000,000,07 5 ; 
art = {= =. x + mes a ae = 0.000,000,000,000,000,000. 
Therefore the feries — “+ — + a3 + fant fa +7; a + ia isos 


03002,770,083,102,493,074, 
moo en 5se 390 309000519749 505 
ses 2 92 2+ ges 75005,20 159095 
He 5.26 gs oo ye 0s ye 14,720,114, 
He Sen nies Gin s hiyete gee ees 
be te pe ee ge es ys ee nn cw ge 7 55 
= 0.002 ,7735020,002, 7255230. 


Therefore this number 0.002,773,926,882,725,230, is the logarithm of the 
. af 
ratio Ol<F (0 (1° ior or of 361 to 360. o. 3. ub 


This number, 0,002,773,926,882,725,230, agrees with the value of the lo- 
garithm of the fame ratio found above in article 31, by Mercator’s feries, in all 
the figures except the laft, that value being 0.002,773,926,882,725,234. 


EXAMPLE IxX-e 


80. Laftly, let it be required to find by means of the fame feries the logarithm of 
the ratio of 529 (which is the fquare of 23) to 528, (or of 529 to 529 — 1, or of 
I 


Be to 2 omiof 2 to 1 — ; 
529 529 $29 





Here m is = 529, and — is = = 5 = 0.001,890,359,168,241,965. 
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’ We fhall therefore have 


Be Bone BS Ene Ei x eoanso62409555 —. 0,000,0035579:4574784,06 
And +, (= ~s x = = =: x mA = aD = 0.000,000,006,755,51 18,686 ; 
And — (= — x = = - x ts = 22001000 006.755,418,6865 = 0.000,000,000,01 2,769,600 ; 
And —  Conr ~; x “ — = % me = See = 0.000,000,000,000,024,1 39 ; 
And 5 = — x = cee — ea = a eee) = 0.000,000,000,000,000,045 ; 
And > — —; x a ae! — x me = eee ee) = 0.000,000,000,000,000,000; 
And confequently 
—(=4x55 See ey = 0.000,001,786,728,892,478 ; 
And ae hese = x = — es poe 0.000,000,002,2 51,706,228 ; 
And es (= — x == eee) a 0.000,000,000;0035192,409 5 
And os (= — x—= sae 20 eerie eR = 0.000,000,000,000,004,827 ; 
Sm m 5 5 
And ae = ae x — oe ees = 0.000,000,000,000,000,007. 


. I I I I r 
Therefore the feries— +—+-—+-4+- 
3 2% 3m 47m gms 


72 = + €c is, in this cafe, = 
03001,890,359,168,241,965, 
“Ho gets 25s». 15786,728589254738, 
“Ete selectge » «ye 215215 FyyOUs220., 
Hse ee ge ee ye ee ge» 35192,400, 
“Fetes vib ap ae gee cise shige 44027 5 
Ceo ek ek, Soro nie 
= 0.001,892,148,152,037,905- 
Therefore this number 0,001,892,148,152,037,905, is the logarithm of the ratio 


of 1 to 1 — ay oF of 529 to 528. . Q.jBule 


This value of the logarithm of the ratio of 529 to 528, agrees with the value of 
it found above in article 32, by Mercator’s feries, in all the figures except the laft, 
that value being 0.001,892,148,152,037,909. 

Rr 81. As 
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81. As the value of thefe nine logarithms obtained in the preceding examples,. 

rt ee I 1 I 1 I . 

by paces of the feries as = ae em = eer rat ers + &c, invented by 
Dr. Wallis, agree fo nearly with the values of them obtained above, by means of 


. T I I I I I ° 
the feries Saledbee: + €%c, invented by Mercator,. 


2m* 373 a 4m 5m’ ~~ 68 
there is no reafon to apprehend that any miftakes have been made in computing 
them; but we may juftly be confident that they are exaétin all the places of 
figures to which they agree.with each other. And thus thefe two feriefes ferve 
as checks upon each other, or as means of difcovering any miftakes that may 
have been made in computing logarithms by either of them, and of confirming, 
or proving the truth of, the calculations by which they have been obtained, when 
thofe calculations have been made without an error. And this is, indeed, the 
principal benefit that can be derived from the poffeffion of both thefe feriefes, 
rather than of only one of them, fince each of them feems juft as fit as the other 
for the purpofe of computing logarithms. 


Of the Identity of the Logarithms of any given Ratios obtained by the Series 
Be 6 


— — + eile -: + 7 _— = + &c ad infinitum, which was invented 
7 3 , 
by Mr. Mercator, with the Logarithms of the fame Ratios obtained by the Series 


2 5 6 : . A . . 
k+ ad “+ wall wis Hh + aN 4 — 4+ &c ad infinitum, which was invented. 
2 ‘ 


é 4 5 
by Dr. Wallis. 


82. We have feen in the foregoing examples of the computation of logarithms, 

by the two foregoing feriefes, that the logarithm of the fame ratio is always the 
oo ky eh aes 

fame number, whether it be computed by Mr. Mercator’s feries k — > + rom 
: , FN eel 5 ne ks ke 

k* ees i + €c, or by Dr. Wallis’s feries kos “Tie zen ahve: abit ia 

Fe bats : ath 

7c. Thus, for example, the logarithm of the ratio of.10 to g, obtained in ar- 
: . k® 3 k* ks Ke I 

ticle 24, by means of the feries k — = + arity -- ne: + &c, or— — 

—=+57- = + =, a ++ Fe, is = 0.105,360,515,657,826,302; and: 

the logarithm of the fame ratio of 10 to 9, obtained in article 72, by means of the 


‘ 2 h4 } }6 
feriesk + 24+ 54545454 8405455 + : Erg erk emes a 


2m* 3703 
i ES 6515 0.105,360,515,057,826,296 ; which agrees with the former loga- 


rithm of it, obtained in article 24, in all but the three laft figures. The logarithms,. 
therefore, of two different ratios obtained by means of Dr. Wallis’s feries, are not_ 
only proportional to the logarithms of the fame two ratios obtained by means of 
Mr. Mercator’s feries, (as they neceffarily muft be, becaufe both pairs of loga- 


rithms are proportional to, or meafures of, the fame two ratios,) but they are equal 
3 to 
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: he AS kt RS zs 

to them; fo that the two feriefes & + ae : + 4 ae a +> + €fc, and k — 
a OT, as fs Ps 4 ; 

bei af cr wi reas Fc, exhibit the logarithms of the ratios of 1 to 1 — 


k, a of 1 + kto1r, in ely and the fame fyftem, or, in other words, the feries 
k += ay - Sue a or cc why Bie &Fc, ad infinitum, is to the feries k — — ae yeh 


> 
4 ie 
ih ie belts oe MD o spare in the fame proportion as the ratio of 1 tor — 
Ris to the ie of 1 + &to 1. Now * that this fhould be fo,” is by no means 
felf-evident; but it may be demonftrated in the manner following. 


THEOREM iil. 


83. If & be any quantity lefs than 1, the feriesk + = Belts ea rhihaa ah fey +\= 
+ 8c ad infinitum, will be. the feries k — _ zr Be as + LP = of 
&3¢ ad infinitum, in the fame proportion as the ratio of 1 to 1 — & to the ratio of 


1+ ktor. 
DEMONSTRATION. 


Let g be any quantity lefs ae. Rs ane Pasha a@ fortiori, lefs than 1. 


Then will the feries k + —— Le + = 4+ —— + ee + &e ad inf- 


nitum be to the feries g + on +4 = as o : we tt cae 
in the fame proportion as the ratio of 1 to 1 — & is to a ratio of r tor — g. 


This is demonftrated in theorem 2, article.66. 


Let g be extremely fmall, as, for example, equal to == .» or the quotient 
i jeje) 


of the divifion of 1 by a nonillion, or by the ninth power of a million, that is, to 
©.000000,000000,000000,000000,000000,000000,000000,000000,000001, or 
an unit in aoe 54th place of decimal fractions, then will the whole feries g + 


a De a < a apes ag a a: + &ce ad eee be Nak nearly equal to its 


2 5 
Ee term Rei fe in this Se the feries + — + — + os a = a 
=. €f¢ will be to the fingle term ¢ very nearly in the Gitte Maa as te ratio 


of 1 to 1—& to the ratio of 1 to1 — gq. 


| l Pais —f pipe Mates EC 
Further, by theorem 1, article 18, the feries ¢ -+- : 4h : - 
h3 oF 2) R& 
= &¢ ad infinitum is to the feries & — — + = et 4 sPiag + &e ad 


R r uf infinitum, 


— 
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infinitum, in the fame proportion as the ratio of 1. + gto1 tothe ratio of 1 + 


I 
by 
I 000,000\9 


Q.0Q0099,000000,000000,000000,,000000,000000,000000,000000 ,00000 I, ‘OF 





to 1. And when g is exrremely {mall, as, for example, equal to Or 


an unit in the sath place of decimal fraétions, the whole feries:g — —_ = 
- = oe = — = + &c ad infinitum is very nearly equal to its firft term ¢. 
‘Vherefore in o cafe the fingle term g will. be to the feries k — ssi i = a 
Lae ce salons ae re &S¢ ad infinitum very nearly in the fame. proportion as the 


4. 5 
ratio of 1 + ¢ mn 4 to the ratio of 1 + & tor. 


Laftly, it follows, from lemma 1, article r1, that when qg is extremely {mall,. 
the ratio of 1 + gto is very nearly equal to the ratio of 1 to 1 — gq. 


Therefore, when g is extremely {mall, the fingle term ¢g will be to the feries. 





2 e273 h4 ks Bf J Z ‘ 
k— + 7 Ser ae Te + ec ad infinitum very nearly in the 


fame proportion as the ratio of 1 to 1 — g to the ratio of 1 + & to.1.. 
But it has Peo. before aia that when q is extremely fmall, the feries & + 
ie TS aiey sh late uti — + > + Ge ad infinitum will be to the fingle term 
q very nearly in the fatty aati as the ratio of 1 to 1 — & is to the ratio of 
1toIl — 4g 
It follows therefore, ex eguo, that, when g. is extremely {mall, the feries & + 











3 5 6 . BY . . 
ia ue 4. ; ta + ie +: &%e ad: infinitum will be to. the feries k — 
. 
5 . 
os — — = + = — —— +- &e ad infinitum very nearly in the fame pro- 
2 


portion as the ratio of 1 to 1 — £isto the ratioof 1+ kto1. 

And by taking.g fufficiently fmall, we may prove that the proportion. of the: 
faid two feriefes to each other comes as near as we pleafe to, an. equality with the 
proportion of the faid two ratios to each other. Therefore the proportion of the: 
{aid two feriefes to each other muft be accurately equal to the proportion of the 


2 hs ks fs 
{aid two ratios to each other; or the feries & + — + — + apap = +> 
Fy . k k3 he: Bs BS 
++ &e ad infinitum muft be to the feries k — — + ce ae al me 
Sc ad infinitum in exactly the fame proportion as the ratio of 1 to,1 — & is'to: 
the ratio of 1 + & tol. oo8. De 


Of the Difference between Napier’s Logarithms and Briggs’s Logarithms. 


84. The logarithms found by computing either of thefe feriefes are thofe which 
Lord Napier ( ‘the learned Scotch nobleman who invented logarithms) firft made 
ufe 


Pert? 
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ufe of ; and, therefore, are often called Napier’s logarithms. They are alfo often 
called natural logarithms ; becaufe in mott of the methods of computing loga~ 
rithms they occur more readily, as meafures of ratios, than any other numbers. 


‘They are alfo often called hyperdolick logarithms ; becaufe they exprefs the mag- 


nitudes of the afymptotick areas of an hy perbola, when: the fquare, or pa rallelo- 
gram, of the hyperbola is called 1 ; as it ufually is when mathematicians apply 
numbers to the menfuration of its areas. But if any other area, either greater or 
lefs than the {quare, or parallelogram of the hyperbola, fhould be denoted by 1, 

(which is entirely a matter of choice) thefe logarithms would no longer exprefs 
the magnitudes of the faid afymptotick areas : and therefore the name of hyper bo- 


dick feems to have been given them without fuficient reafon. Ifthe afymptotick 


area of an hyperbola that correfponds to the ratio of 10 to r, or that is bounded 
by two ordinates, of which the greater is equal to ten times the leffer, fhould be 
called 1, the numeral expreffions of the magnitudes of the afymptotick areas of 
fuch hyperbola would be the logarithms of Briggs’s fyftem, or thofe which are 
now incommon ufe. But it is evident, that the logarithms of the fame ratios in all 
fyftems muft be proportional to each other, becaule they are meafures of, or pro- 
portional to, the fame quantities, to wit, the fame ratios. Thus, for example, the 
logarithm of the ratio of 10 to 1 in any fyftem of logarithms whatfoever, muft 
be to the logarithm of the ratio of 2 to 1 in the fame fyftem in the fame pro- 
portion as the logarithm of the former ratio found above in article 41 to the 
logarithm of the latter ratio found above in article 35, that is, as 2.302,585,0925 
994,045,668 to 0.693,147,180,559,945,3043 becaufe in both fyftems the loga- 
rithms of the faid ratios are proportional to the ratios themfelves. And, permu- 
tando, the logarithm of any one ratio: in one fyftem of logarithms, mutt be to 
the logarithm of the fame ratio in any other fyftem in the fame proportion as 
the logarithm of any other ratio in the former fyftem to the logarithm of the 
faid other ratio in the latter fyftem ; and confequently the logarithms of any one 
fyftem may be derived from thofe of any other fyftem by increafing or diminifh- 
ing them ailin the fame proportion. In Briggs’s fyftem of logarithms the lo- 
garithm of the ratio of 10 to 1 1s an unit, or 13 and confequently that of the 
ratio of 100 to 1 (which is-double of the ratio of 10 to 1) is 2, and that of the 
ratio of 1000 to 1 (which is triple of the ratio of 10 to1) is 3, and fo on of the 
other powers of to. The logarithms of this fyftem will therefore be lefs than 
the logarithms of the fame ratios in Napier’s fyftem in the Beno woe of 1 (the 
logarithm of the ratio of 19 to 1, in Briggs’s fyftem,) to 2.302, 585,092 9945 
045,668, which is the logarithm of the ratio of 10 to § in Napier’ s. fyftem. 
Therefore, in order to derive Briggs’s logarithms from Napier’s, we muft dimi- 
nith the latter in the proportion of 1 to 2. 302,585,092,994,045,068, or divide 
them by ESHeoGe Bsc9 #291104 539083 or (which comes to the fame thing) mul- 


tiply them by the fraction ER OF its equal, the decimal frac- 


oc sansa 045306 
thon 0.434,294,4.81,903,251,830. 


Bu eae 
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85. The divifion of 1 by the long number 2.302,585,092,994,045,668,, in 
order to obtain the decimal fra@tion 0.434,294,481,903,251,830, 1s a trouble- 
fome and tedious operation, but a very important one in the bufinefs of com- 
puting logarithms: I fhall therefore, for the reader’s more complete fatisfaction, 
{et it down at full length; and, in order to avoid miftakes in the calculation. in 
the multiplications of the long divifor 2.302,585,092,994,045,668 by the feve- 
ral figures in the quotient, I fhall raife the feveral products of the multiplication 
of this divifor into the numbers 2, 3, 4, 5, 6, 7, 8, and 9, (which are all the 
figures that can occur in the quotient) by addition inftead of multiplication, ‘be- 
fore I begin to perform the operation of divifion; and then, when I come to 
the operation of divifion, I fhall make ufe of thefe produéts that have been 
thus previoufly found by the fimple operations of adding one number to another, 
in which it is not likely we fhould make any miftake. Thefe additions are as 
follows : 

2.302,585,092,994,045,668, 
2.302, 585,092,994,045,068, 
4.005,170;185,988,091,336, 
2.302,585,092,994,045,068, 
6.997575 5227959825137 ,004, 
2.302, 585,092,994,045,068, 
0:2 10,3405 371,976,182,672; 
2.302,585,092,994,045,068, 
11.512,926,464,970,228,3405 
2.302,585,092,994,045,068, 
13-815,510,557,904,274,008, 
2.302558 5,092,994,045,068, 
16.118,095,050,958,319,676, 
2.302558 5,092,994,045,668, 
18.420,080,743 595253053344 
_2.302,585,092,994,045,068, 
20.723)205,836,940,411,012. 

It appears therefore that 

2 X 2.302,586,092,994,045,668 is = 4.605,170,185,988,091,336 3 
And that 3 X 2,302,585,092,994,045,668 is = 6.907,755,278,982,137,0043 
And that 4 X.2.302,585,092,994,045,668 is =  9.210,340,371,976,182,672 $ 
And that 5 X 2.302,585,092,994,045,668 18 = 11.512,925,464,970,228,340 3 
And that 6 x 2.302,585,092,994,04.5,668 is = 13.815,510,557,964,274,008 ; 
And that 7 X 2.302,585,092,994,045,668 1s = 16.118,095,640,958,319,676 $ 
And that 8 x 2.302,585,092,994,045,668 is = 18.420,680,743,952,365,3443 
And that 9 X 2.302,585,092,994,045,068 is = 20.723,265,836,946,411,012. 

Having thus found the products of the multiplication of the long number 
2.63025585,092,994,045,068 into the feveral numbers 2, 3, 4, 5, 6, 7, 8, 

and 
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and 9, in a manner that is hardl 
the grand operation of dividin 
follows : 


y liable to error, we may venture to proceed to 
g 1 by the faid long number; which is as 


2.302,535,092,994,045,668.) (0-4345294,481,903,251,830. 
1.000,000,000,000,000,000,000,000,000, 
9210340371976182672 
- 7896596280238173280 
69077 55278982137004. 
- 98884100125603602760 
9210340371976182672 
- 6780696405841800880 
46051701859880913 36 
21755262198537095440 
20723265836946411012 
«1031996361 5906844280 
9210340371976182672 
-11096232439300616080 
9210340371976182672 
«18858920073 304334080 
184206807439 52365344 
+ + 4382399293519687360 
2302585092994045668 
207981420052560416920 
20723265836946411012 
~ +» 748761683 1000590800 
CVA CCP AR es. 
- 5798615 520184537960 
4605170185988091336 
11934453341964466240 
11512925464970228340 
«- 4215278769942 379000 
2.302 585092994045668 
1912693676948 3333320 
18420680743952365344. 
e+ 7062560255309679760 : 
69077552789821 37004 
+ 1548049763275427 560 
We may conclude therefore that 0.434,294,481,903,251,830 is the decimal 
fraction by which Napier’s logarithm of any ratio muft be multiplied, in order to 
produce Briggs’s logarithm of the fame ratio.. 


000,000,000, 





N..B.. 
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N. B. This number is fomewhat greater than the truth; the more accurate, 


value of the decimal fraction that is equal to —_——-_———--—_.,,, &c, being” 


; 2-302,585,092,994,045,008” 
0.434,294,481,903,251,827,6051,128. 


Of the Computation of Briggs’s Logarithms, by Means of the Two foregoing Infinite 
Sericfes of Mr. Mercator and Dr. Wallis. 


86. Whenever it is required to derive the logarithm of any given ratio in 
Briggs’s fyftem from the logarithm of the fame ratio in Napier’s fyftem, the 
moft direct way of obtaining it will be, either to divide the latter logarithm 
(which is fuppofed to be already known) by the long number 2,302,585,092, 
994,045,068, or to multiply it into the decimal fraction 0.434,294,481,903, 
251,830; and of thefe operations I conceive the latter, to wit, the multiplica- 
tion by the decimal fraction 0.434,294,481,902,251,830, to be rather the lefs 
laborious. But if we are defirous of computing a whole table of Briggs’s loga- 
rithms, or a very great number of them, the labour of performing éither of thefe 
operations for every different logarithm we wanted to compute would be found 
almoft intolerable. In fuch a cafe, therefore, it would be advifeable to perform 
one of thefe operations only with refpe& to the few original logarithms of 


. . . > . I 
{mall ratios, which are computed by means of either Mercator’s feries — — 
1s 


I I ef 18 





I . © . . I 
Rees Libs EWA ae 0 4 2S, ¢ ad infinitum, or Dr. llis’s es 
Pah asia ame Eee + Ge ad inf , or Dr. Wallis’s feries — + 
I I I I I ° 5 . 
eat BES Nee Wee pes ES¢ ad infinitum, and from h . 
2m gms ° 4int 575 6m® iz if i d which the loga- 


rithms of greater ratios are afterwards derived by the eafy operations of addi- 
tion and fubtraction, or by multiplication or divifion by the fmall numbers 
2, 3, or 4. Thus, for example, if we wanted to compute the logarithms of 
the ratios of 2'to 1, 3 t0. 1, 4. to- T1575 test syO tOmIy ee to. 1,79 10111; Onto 7, 
AA MOT i12, 16.7, 13 OMe HOsi ya CORO LmOe 1. ut 7 (O1l, Clon io 
to 1, 20to 1, 21 toi, 22 to I, 23 to 1, and 24 to 1, according to Briges’s 
fyftem, it would be moft convenient to perform this operation of multiplica- 
tion by the decimal fraction 0.434,294,481,903,251,830, only with refpect to 
the logarithms of the {mall original ratios of 10 to g, of 11 to 10, of 81 to 80, 
of 121 to 120, of 2401 to 2400, of 169 to 168, of 289 to 288, of 361 to 
360, and of 529 to 528; after which we might derive the logarithms of the 
oreater ratios of 2 to1, 3 to I, 4to1, 5 to1, 6to1, 7 tor, 8 tor, gtor, 
IE tO 1,)12 tO 1, '13f0 1,074 ¢0l age fOst,o Roto, 17 ito 2, 1G tO, anoste 
I, 20tO1, 21 tol, 22to1, 23 to 1, and 24 to 1, from the faid leffer loga- 
rithms by addition or fubtraction, or by multiplication and divifion of them by 
the {mall numbers 2, 3, and 4, in the manner above fet forth. And even in 
multiplying thofe fmall original logarithms into the faid long decimal fraction, it 
will be of importance to feek out the eafieft way of proceeding, in order to 
leffen the labour of fo tedious an-operation. Now there are two ways of mul- 


tiplying 
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tiplying one of thefe original Nae reprefented by Mercator’s feries ~ ~ 


: : ; : —~ + &e, or Dr. Wallis’s feries — ee 


“2m? = 3 m3 rf 4m* Sms m 2m 
4 a + oe + oe + ——— ~ —~ + eee into the decimal aa ak 434,294, 
481,903,251,830. For we may either compute the value of the faid feries to 
the intended degree of exactnefs, and then multiply the value fo found into the 
faid decimal fraction, or we may multiply each of the terms of the faid feries 
into the faid decimal fraction at the time we are computing them. By proceed- 


ing in the former method, the logarithm fought will be = 0.434,294,481,903, 
I I I ie I 

+ 3m3 gmt x sms 6 m® + Se, or o, 
I I I 
ieee iG 


2m” 373 4i* 5m 














261,820 X the feries — — 
37593 2m 











4.345294,481,903,251,830 x the feries — + 


+ &c; or if, for the fake of brevity, we denote the faid long multiplier 

































































on 
oO. Ate ae 903 251; 830 by the capital letter m, the logarithm fought will 
T I I I I 
= th ies — — — et ert meer bre ig gar 
be = Mm x the fertes seer ae rs + we — + &c, or m x 
I I 
the feries — + — * ia Ader a cyreny — = + 2 according as Mer- 
cator’s or Doctor Wallis’s feries is made ufe of ; and by proceeding in the latter 
method, the ee Whe: fought will be = to the feries — ——~ +4 he 
tt 2m 3m 4m 
M M M M M 
+. reas ae + &e, orto the ferie a + ce oo Gas ie 
+. €%¢; of which feriefes it is ee Ho the former, to wit, < —_ = + 
21 
M M M M . I r 
3m fe 4m* gm a m® ot Se, a ut 2m 3m 
I I M M 
Same aie in — => Hi €%c, and the fous to wit, — + mae eg ap “1. mt 
M I I 
——— ¢, is => M the feries — eae 
+ gms eye as $ Sets Ps ferics ph 2m" iv 373 Ry a a - 


as a + &c. But the latter method of Paste (by which the logarithm 





° . : M M M M M M 
fought is derived from the feries — ——> + —>- —- —> + —- — -> 
mt 2m 3003 4m gms 67° 
M M M 











&c, or the feries — inser nh ei ere —- + oe + ec) is much 
the more conv Brien of the two for the purpofes of calculation. In order, 
therefore, to find Briggs’s logarithms of the ratios of the feveral numbers 2, 
Td, 530s Teou aioe 2a ee es GMOs foi ty 1 On 29) 215. 22,02 3 enamel 
24,to 1, It w ould be advifeable to compute the logarithms of the fev ‘eral leffer 
ratios of 10 tog, 11 to 10, 81 to 80, 121 to 120, 2401 to 2400, 169 to 168, 
289 to 288, 361 to 360, and 529 to ae by means of one of a two feriefes 











M M M M M ape Ey 4 M 
m 2 mi* 373 4+ 5m —a 3 O 20 + 3 m3 


shetes at we + &c. This I fhall now i tt to do i means of 


4m* Sms 





. M M M M 
* Mises ( Maeeg tee Gok SAG EAB a a 
the latter of thefe two feriefes, to wit, the feries sone = ern a7 ae 


—; = Fo ad infinitum. 
; S$ f EXAMPLES 








HPAP. Sips evil h GO Eo)! Gc 
OF THE 
COMPUTATION or BRIGGS’s LOGARITHMS. 
OF THE 


RATIOS or 1 ro SEVERAL FRACTIONAL NUMBERS, 


or NUMBERS LESS THAN 1, 


Denoted by the refidual quantity 1 — =, 





ee : M ™M M M M 
erie — feeders eed ws ———. L, 
by means of the infinite feries cart ace zs ae eae pr 
M : . . : I I y 
planet et : 2rh: i = pie Ee 
za + &c, which xs derived from the feries — + Se eb a 


et + wer + <> + ec, (invented by. Dr. Wallis,) 


by multiplying the feveral terms into the decimal fraction. m, or 0.434,294»; 
481,903,251,830. 


SS EE rE I EO RRR rear 


EXAMPLE i. 


87, ET it be required to find by means of the faid feries the logarithm of 





the ratio of 10 tog, (or of 10 to 10 — 1, or of = to--—,) or of. 
I 
I to TI sara eS 
IO 
Here m is = 10, and confequently ~ is = — = eee ME tae 
1% q 19. 
= 0.043,429,448,190,325,183. 


We 


ee 


Remarks on the Two foregoing Infinite Seriefes, &c. B15 
We fhall therefore have 


BEy*x 2 =x SOAS oA EDA NE 19073752083) = 040045342,944,819,032,518 § 
And (= ~~ x =. aa < x ~- rc Dea aee net SR, = 0.000,434,294,481,903,251 $ 
And — poses =~ x = + x = == —— 0-000,043,429,448,190,325 3 
And (= 5x s=Rx oH OOP OA SAPP IIS) = 0,000,00453425944 8193032 5 
And = (= a. x -~x ~' — CROC SA EIS) “= 0.000,000,434,294,481,903 § 
ye) ~. = ~. x . = =; x — = See 8) = 0.000,000)043,429,448,190 ; 
And =; 5 — x - = = < —. oH cA SE T= 0.000,000,004,,3423944,819 § 
And = — ~ x “- = = Xx — = o909,000;00434 2042) = 0,000,000,000,4345294,481 5 
And (= = x — ~ x 2 =< ite ace ase = 0,000,000,000,043,429,448 ; 

M 3 


Ane aes ee ee Las kd i nse at 
mt m Pa ae oe 


FEO) 30 10 = 0.000,000;000;904., 34.2944 5 








And = (= i x — = “5 x ~~ = ———ee) = 0.000;000,000,000,4345294. 3 
And = = ak -- = = 4 = s a aD) == 0.000,000,000,000,043,429 $ 
And =; see -- x —. — = ne ~~ ae a a eae = 0:000,000;000,000,004., 342 $ 
And — Gee “a x — = = x -- = a ee) = 0.000,000,000,000,000,434 3 


WW 
M M I M I ©.CO0,000,000,000,000 2 
fae Winer Ger err eet Pore 29 ores OE ener 12). =5.9,000,000,000,000,000,043 3 





ms i ms 10 
M M I M I 0O.000,000,000,000,000 O43 ; 
And — —-~™" yt 4 xX = = OO) = 21000, 000,000,000,000,004 5 
mit m9 1 m*° 10 ; 10 ) ; 4 ‘i zi ‘ 20048 


And confequently 











M M I __ 0,004,342,944,819,032,518 ms : 
ea ae)? Popein a oe) = 0300241 7154.725409,516,259 5 
M M I 0.000,4:34,2945491,903,2§1, _. 
A gs a x aa munieta Sie4 a 9039231 )= 0:000,144,764,827,301,083 $ 
di) wae ye 0.000,04.3,4.2994.4851.90,3 25. su .° ; 
And —](= 7% 7 = oe oo 440719373) SS 9,000,010,857,362,0473581 5 


S{2 And 
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M 


ee ee 
Tim" 


And 
And 
And 
And 
And 
And 
And 
And 
And 
And 
And 
And 
And 


Therefore the feries 


M 
M 
6 m® 


M 





770! 


M ( oe 
S28 


M 





gm? 
M 
ro mie 


M 





Ayes 
M 
12m'** 
M 
137'3 
M 
14m'+ 
M —= 
15mis (= 
M 
16m? 


M 





17m*7 


M M 
1 12m** a 137313 


Remarks on the Two foregoing Infinite Serie/es 


RET S 
x 
x 


x 


x 


cere 


Jv El< jn Sl- Sl dle ol. 


7 


M 
T igme Troe F Teme Tpoatt 


— 
SS 


++tttt++++etet 


0.000,000,868,588,963,806 ; 


0.000,004,342,944,819,03 _ 
5 
__ 0.000,000,434,294,481 2993) 
Saeed ee 


0.000,000,072,382,41 3,650 $ 


C2000 POON I Sata?) By 
7 
0-000,000,004,34.2,944,91 2» 


= 3 


0.000,090,006,204,206,884 ; 


—_— 
— 


0.000,000,000, 542,868,102; 


0.000,000,000,434,294,48 sy) 
9 

— 9-000,000,000,043,429,448 448 

4 10 


0.000,000,000,048,254,942 


II 


oe) a 


0.000,000, ODOM So 
II ar 


0.000,000,000,004,342,944 ; 


0.000,000,000,000, 394,81 3 3 


0.000,000,000,000,4 34,2 
Mid ed Rota Br eras Ay = 0.000,000,000,000,036,191 ; 








I2 
ab ©-009,000;000; 000, daisies 1 = 9.000,000,000, 000,003 340 . 
rs JID x 
0.000,000,000,000,00 2 
= et) = 0.000,000,000,000,000,310 
4 
0.000,000,000,000,000 
= pane abg pee = 0.000,000,000,000,000,028 ; 
0.000,000,000,000,000,0 
= wae) = 0.000,000,000,000,000,002 5 
0.000,000,000,000,000,00 
me SRSA ene? = 0.000,000,000,000,000,000. 
M M M M M M 
a 2m? ts 3m3 <a x gms Nok sah aa = 5 Sia* + gin? - 
M M 
Seis —= 
eae + 


03043,429,448,190,325,183, 
y- © 25171,472,409,5105259, 
3s -'e 914457045027, 301,002, 
Jay nips AOSD Sy sQ0 TOA Tb OL, 
3es © 32 6 © 300055898,903,806, 
5a's lw bse ye 2e tO 2a4 Les 5O, 
so.) < 90.5 epee D,ZOAZOOL GOA, 
je a's igure egtiors 9 FAD OD OyO2y 
5o bie Bes ye clea AO S2E ASO Aa. 
po ew see aga vee e 453425044, 
Bhi 50 |¥'e'y0'e's ee 1 304,01 25 
Nels 92 Soo S0V RO LG 
bes plats aioe oie ine © + 30 0 sean 
wipe’ igs 46 ye valsele vg EO, 


p22 oe pe ee 


jee 
Be 4 pele DAs eees tin tog anta ey 


e 
a ee eT 2 


0-04557572490,560,675,118, 
Therefore 


1Om®? 


+. 


the ratio of 11 to 10, (or of 11 to r1 —1, or of — to ey) Grote 1 tone ~. 
Here m is = 11, and —~ ines =, and confequently = ig! (zat MX ~ a “ 
as Sh hel Vite EES = 0.039,481,31045 36,650,257. 
We fhall therefore have 

=; (= = x — =P aa x — = EPL Oana == 0.003,589,210,594,241,750 5 
And ~ fas = x ~ eat ~ x — = BRIO EE ESN 107000, 320,291,879,20,3,400 ; 
And =. = -- x= = x ~ at ee = 0.000,029,662,897,473,072 5 
And — (fee “: x = = = x = = pea ee) = 0.000,002,696,627,043,006 ; 
And ~~ = = x 5 = a x ~ = esse ea AE = 0.000,000,24.5,147,913,000 ; 
And — oa = x -. =< —- x — = eS) = 0,000,000,022,286,173,909 $ 
And ~ = = x - = ~ x = = Be ee = 0,000,000,002,026,01 5,809 ; 
And = =-;*x ~~ =<, x — ee pease Seay = 0.000,000,000,184,183,255 $ 
And =;(= — x ~ = ~~ x ~~ = ee) = 0.000,000,000,016,743,932 $ 
And = = ~, x = = S x ~ = S20 OOOO NTAI) = 0.000,000,000,001,522,175 5 
An (= oa v, =. _ ~ x -. = eee eee Ses ~28) = 0.000,000,000,000,1 38,379 ; 


of Mr. Mercator and Dr. Wallis. 


Therefore this number 0.045,757,490,560,675,118 is Briggs’s logarithm of the 
ratio of Ito 1 — —, or of 10 to g. O. Bats 


This value of the logarithm of the ratio of 10 to g is exact in all the figures, ex- 
cept the two laft, which ought to be 25 inftead of 18; the more exact value of this 
logarithm being 0.045,757,490,500,675,125,410, as will appear by fubtracting 
Briggs” S logarithm of 9, as computed by Mr. Abraham Sharp, to wit, 0.954,242, 


509,4393324,874,590, Fc, from Briggs’s logarithm of 10, to wit, 1.000,000,000, 
©00,000,000,000. 


ASLAM IMG Py Ee eel Le 


88. Let it be required to find by means of the fame feries Briggs’s logarithm of 





And 





Remarks on the Two forexoing Infinite Seriefes 








O. ooo. 900, < 000 9000,012,579 


©.000,000,000,000,001,143, __ . 
——— =) = 0.000,000,000,000,000,103 ; 


_ 9.000,000,000,000,138 


II 


TE 


11 


Ii 


___ 9C00,000,000,000,000, 103. 


0.003, Bek Debiet bd caanl tS) fs = 


.000,326,291,87 2,203,795 
0.000,3 AtGED alas G2 Soe pes SA TUL ic 


___ 0.000,029,662,897, 473,072 
0,.000,002,696,627,043,006 
©.000,0005245,1475913,000 
SASL RSSDEL SAE ATA Task ay j 


0.000,000,002,026,01 5,809 


+000,000,000;016,743,932 
0.000,000,000,001, 522, 2175) 
___ 0.000,000,000,000, I 38,379) 
0.000,000,000,000,0 12, 579) 
____ 0.000,000,000,000,001, 2743 


____ 0+000,000,000,000,000, 103 





318 
M M I M I 
Piri ee (ee ees et es 
A m3 Wie x ut mi» Ir 
M M I M I 
And 2 (— ee 1 __ 0.0 
Xa 3 x ut m3 “es 1I 
M M I M I 
And alk a) a ut Ge 
M I M I 
nd = — HS Spe nee Ss 
A aa mis x ut mis x Ie 
And confequent! 
™ eA I 
272 77 2 
M M I 
And — (= —x-= 
3mm mm 3 3 
M M I 
And prey (= —_ x — 
4m mm 4 4. 
M M I 
And (=—x-= 
5ms ms 5 ig 
M M I 
nd coed ee 
A 6m° ( m x 6 6 
M M I 
And —= (= —=x-= 
7m m 7 7 
M M I 
n = —_— — 
And 88 ( m x 8 3 
M M I 
gm rif; 9 9 
M M I 
An 1om’? (= mio x 10 7. 10 
M M I 
And = 2 (=a X= 
M M I 
An aah mi? x PP por 12 
M I 
An =) (es Xe 
13m m 13 13 
M M I 
And 14m*+ (= m4 x 14 “Er. 14 
M M I 
And 1sm's m5 x 15 ih 15 
Therefore the ferie —, 
2m We 
mi M M 
zom*? © lim? a 127% ar eet ae ear 


* 


+ — 


0.000,000,000,184,183,255 


O72) — 


a) 


i ia 


= 


——— 
—— 


— 


— 


————) = 


319) — 


= 0-.000,000,000,000,012,579; 


—) = 0.000,000,000,000,001,143 ; 


) = 0.000,000,000,000,000,009 ; 


0.001,794,605,297,120,875 ; 


0.000,007,415,724, 368,268 ; 
0.000,0005539,325,408,601 ; 

0.000,000,040,857,985,500; 
0.000,000,003,183,739,129 ; 


0.000,000,000,253,251,976 ; 


) = 0.000,000,000,020,464,806 ; 


0+000,000,000,001 674,392 ; 
0.000,000,000,000,1 38,379 ; 
0.000,000,009,000,011,531 ; 
0.000,000,000,000,000,967 5 
0.000,000,000,000,000,08 1 ; 


0.000,000,000,000,000,006, 


M M 
io ales = 6° Lites ar, fyi it ay gm? 5 
eat + Seis = 





of Mr. Mercator and Dr. Wallis. 


03039,4815316,5 36,659,257, 
$0 19794,005,2975120,875, 
3+ +» 108,763595754015265, 
$e che ge 0 941557 245 300,200," 
Sua tpc mes 01445 d.00,0085 
Jeet gov v'9s 4OvOh PyGO5 500, 
Sema sen th 34720529; 
Pare THOR be HEAT SL Le 
Sat hinieh emia OA OU. 
- 1,674,393; 


of ae ae tc Et ae 


3° Side sinuanigedetal Sos 7T On 
5 a eC) ’ ye T1453, 
3° 8 8 39% & © ye eo 98 Ce s5007, 
paranens BA A SOK Cas » 81, 

6 


SF gah ey © 4:6 9° gee 9 


— 


0.041,392, PE er 


Therefore this number 0.041,392,685,1 58,225,034, is Biiogs's logarithm of the 


° E: 
yatio'of 1 to 1 — ores) OF of 11 to 10; Q E.Ie 
I 


This value of the logarithm of the ratio of 11 to’1o is exact in all the 
figures except the two laft, its more exact value. being 0.041,392,085,158,225, 
040,750. 


I1IT.- 


EXAM Poi E 


89.. Let it be required to find by means of the fame feries Briggs’s logarithm of 
ot —",) or of 1 tor — 


—_— 





the ratio:of: 81 to 80, (or of 81 to 81 — 1,. or of = to 


81 Sr" 
at ; : : I 
Eleret# cis :== Sir and —— is = —, and confequently — is (= M X — = ™M 
, 81 iM Mt 
nat M O% 1294548149052 51,830 
We fhall therefore have, 
M M I M I ___ 0,005,361,660,270,410,516 We 
= i ey Oh 2b Xi a eee = Sat AL oad, = 0.000;066,193,336,67157 34 5: 
; M M: I M I 0,000,066, 192,336,671, 
And = (Bes aX Sa X gS ope B34) == 0,.000,000,8175201,687,305 $ 
A M I M I 0:000,000,8147,201,687,30¢ 4 
And — (S=a* > Hn*5 = ee ee) == 0.000;000,010;088,909,7 19 5. 
M I M I 0,000,000,010,088,900,71 te \ = 
And =, 6 ker x aad oe x ee =e) == 0.000,000,000;1245554)440 5: 
M M I M I 0.000,000,000,1 24,554,440, __ A 


3 And 


Remarks on the Two foregoing Infinite Seriefes 


I 
— 


____ 0,000,000,000,001,537,709, ___ 
es —= 0.000,000,000,000,015,984. 5 








m? m m m 81 81 
M J. eae ijn) M I 0.000,000,000,000,018,984 

And | (=a4x*>=4x 2) = 2..000,000,000,000,00052 34 5 
M o> RM Lins mM I ___ 0.000,000,000,000,000, 234 

And — (= mt Xe Go . = 2.000,000,000,000,000,002 5 


And confequently 


“(= 


And Lee —s 
3m 
And — yo 
4 
And af = 
57° 
M 
And — (= 
And —- (= 
amt 

M — 
And Bni za 
And — = 

gm 
Therefore 


ratioof 1to I —. 


I 


81? 


6.60 ,066, )3, 6,6 > 
OTB) — 0,000,033,096,668,3 35,867 ; 





I 
mi 2 2 
M I __ 0.000,000,817,261,687,30¢ 
ops hs PIS Cae, = 0.000,000,272,400,562,435 ; 
M I __ 0,090,000,010,088,909,719, __ 
sy os yar ae Rise SERN Ba aie = 0.000,000,002, 522,227,429; 
M I __ 0 000,000,000,124,554,440. __ : 
atu 7 = ail asa OnE, = 0.000,000,000,024,910,888 ; 
M I ___ 0,000,000,000,001,537,709, __ 
3X p= aa = 0.000,000,000,000, 256,284 ; 
Ls x ahs 0,000, Pay eeeese Ut) zl vier. aS : 
S Sgeerrer meyer ie 00,000,000,009,002,712; 
M "I ___ 04000,000,000,000,000,234,. —__ 
ae x y= se = 0.000,000,000,000,000,029 ; 
M 2 HABEAS 0.000,000,000,000,000,00 2 ove 
= x = SEAT UL © = 0.000,000,000,900,000,000. 
3 M M M M M M M M 
] —_— —— ~-—_—_— — —_—— — —-~- —— 
the feries mm a 2m oa 3703 ye 4m* 2 575 oa 6m° ae qm 7 87n* ah Se 


03005,361,660,270,410,516, 

3.410 90°999000,06029'35 50075 

Silas 500 6 52725400, 562,435, 
wAigeiisees tious 2 ey eu 2 Os 
SUPA: eee ty FOUR OO 
bh soa be astieeiy2blsteds 
Udi ps ie she Sten geene 28 tues 


ogee pee we ge ee geen ge ADy 


++++++4+ 


We we we we Ve Ve 


Tis e968 ogee enge sei 5eme © 96 4105 


= 0.005,395,031,886,706,100. 


Therefore this number 0.005,395,031,886,706,160 is Briggs’s logarithm of the 


or of 81 to 80. QUE. I 


This value of the logarithm of the ratio of 81 to 80 is exact inall but the laft place 
of figures, in'which there ought to be a 3 inftead of acypher; the more exact value 
ofthis logarithm being the excefs of Briggs’s logarithm of the ratio of 80 to 1, 


above 


of the ratio of 121 to 120, (or of 121 to 121 — J, or of to oe) or of 1 
I 
it ee 
Here m is = 121, and —- 16 ——, and confequently = is: (ai MS 
= == Mie — = — = Sho 294A T9032 5 EB) = 0.003,589,210,594,241,750. 
We fhall therefore have 
~ om ~ x — roa = x — ra ESTERASE = 0.000,029,662,897,473,072 3 
Oe x (= = x ~ as — x a5 a ITI SST = 0.000,000,245,147,913,0003 
eae x (= = Xx — = ~ x —~ = a I) = 9.000,000,002,026,01 5,800 ; 
And = -- x = = ~, x — (Se See eee) = 0.000,000,000,016,743,932 ; 
And =. i = ee -- =a - Xx ~~ — CC esas = 0.000,000,000,000,138,379 ; 
And = pgs : x — = = x — = tee) = 9.000,000,000,000,001,143 ; 
And — (= — x = = = x == =e Sudopstenee! 9 3) = o, 900,000,000,000,000, 009 3. 
And confequently 
a Ge — x ~= — pees 89744731072). = 0.000,014,831,448,7 36,536 ; 
And = a =, ve = SREB) = 0.000,000,081,71 559715000 § 
And 4 = ms x - os 0.000, ae ,026, 101 58095 ey 000,000,000; 506,503,952 : 
pes ) a =. x j me a) = 0,000,000,000,003,348,786 ; 


of Mr. Mercator and Dr. Wallis; 
above Briggs’s logarithm of the ratio of 80 to 1, that is, (according to Mr, 
Abraham Sharp’s computation of thofe logarithms, ) to the excefs of 1.908, 


48 5,018,878,649,749,180, above I. 90330893980199119433585,041; or tO 0.005, 
395,031,886,706,163,539- 


EXAMPLE IV. 


go. Let it be required to find by means of the fame feries Briggs’s logarithm 





et And 


32% 


32% 


Remarks on the Two foregoing Infinite Seriefes 


7 M ~»_ M I 0.000,000,000,000, 138 

And oe Ce XE = — 9:900/000.000 0001158879 8?) i Me 000,000,000,000,023,063 3 
M M I ©.000,000,000,000,00T,T 

And re es ephs 5 pcr pain lack Terre Tiki Le aie 43.) = 0.000,000,000,000,000,163 
d 7 j 
M M I ©.000,000,000,000,000,000: 

And —(=-— x —= leh And sah B'S! NY mee 0.000,000,000,000,000,00I1. 
S78 mé 8 8. : 


+4+54+5 


Therefore the feries — pang aE ye 


+ est sad +o, + Ge 
wall be == | 


oe ams Ant ie 


030033 589)21T0,594,241 57 505, 
Sein ae 145031544057 3055305. 
Se oe ge 00 900197105597 1,000, 
See ge ee 900 69 500,503,9 52> 
Set isiaat ole aes Gao aa ces ae 
S55 \5 yelh  gilis 'obasrectt ee eae 
fevege sagen geese e965; 

-I, 


Tai er 


yokes pels ge ge ee 988 © 


eat Or Sogou TOe: pene 
Therefore this number: 0,003,604,124,268,82 5,251, is Briggs’s logarithm of the: 
59004,124, 9025,251, && 
: f 
ratlo of rt tol — ——-), OF of 121 to 120. O58. Te 


This value of the logarithm of the ratio of, 121. to-120 1s exact in all the figures. | 


‘except-the laft, which ought to be a ¢ inftead of an unit; for the more accurate: 


value of this logarithm is o. 003,604,124,268, 825,253,778, as will appear from: 
fubtracting. the logar ithm of the ratio of 120. to 1 from the logarithm. of the ratio» 


of 121 to 13 which fubtra@tion may be performed as follows. The logarithm of 11 


is (according. to Mr, Sharp’s computation) 1.041,392,685,158,225,040,750 ;. the: 
double of which, to wit, 2.082 Pitisqolsn tinned aiat is the logarithm of 121,. 
which is the fquare of 11. The logarithm. of 12, is (according to Mr. Sharp’s 
computation) = 1.079,181,246,047,624,827,722; and confequently the logarithm: | 
of ro times 12, or 120, will be = 1 - 1.079,181,246,047,624,827,722, OF 2:07Q», 
18.1,246,047,624,827,722; which being fubtracted from 2.0825;785, 379531654505 


081,500, leaves 0.003,604,124,268,825,253,778 for the logarithm. of the ratio of. 


I21I to 120. 


E X.A.M.P LE, Ve. 


o1- Let it be required to find. by: means. of: the fame feries the logarithm 

Oo d _ : 

of the ratio of ‘2401 to 2400, (or of 2401 to 2401 — 1, Or Seder oe to Sa) 
: | ; 


O8 Ol 34 tae te) iS, 
é' 2401 


Here 


of Mr. Mercator and Dr. Wallis, ' $23 


Here m is == 2401, and — is == ——, ahd ™ is (> ~M_ = 9:434)294,481,963,3515830 
ate : m 2401? Uh aa a =) 


























: 2401 2401 
= 0.000,180,880,667,181,695. 
We fhall therefore have 
M M Fries al tee Cael RE BOGE 7S 695 
m™ iz m ws iy aun “* 2401 = 2401 ees) = 0-000,000;07 5533555545944 3 
pO en Mee, AE ee T__ — 0000,000,07 553359554844. __ 
And ms. (= m* x m m* x ago Lh 2401 en eae 0+000;000,000,031,376,740 5 
eed tL M ae Pp eke 0.000,000,000,031,376,740 any 
And = (a xXt a gt OS aon? SULT Py ere ——)) = 0,000,000,000,000,01 3,068 ; 
M 7 M ftial, Bi: I ___ 9.000,000,000,000,013,068, 
And = C= Teh teal tpard ea: daar cael MARS ———— ) == 0.000,000,000,000;000,005 ; 
5 é \ 
And confequently 
Miva I — 2;000,000;075, AQC,RC S44, hn 
aa (= GX SS) SS 0.000 0005097 566-7 5777 54.38 5 
Me I __ 0.000,000,000,031,376,740, __ ; 
And an ee ed oe ae EE RECRS TEIN ROE, == 0.000,000,000,010,4 5 er. 
Ri eg 8 oFe se 0.000,000,000,000,01 3,068 
And es (== x Pa Ri ) = 0.000,000,000,000, 003,267 3 - 
M M I 0.000,000,000,000,000,00 6. 
‘ And — (= —- x-= gies eee = op OO aia ae POR Cad oc aG i 
. 5m m 5 5 ) 
M M 
Therefore the feries — odie tweens Hay 7 +. act te : ne; + &e will be= 


0.000, 180,880,667, 181,695, 

me Fel toyed < 5° 9°7506 95777422 
ab Ss 0 « sein mee sis 5020545050 Ns 
ap ijele 6 98,8 8 ynee gre np 3,207, 
TOU RE ee ate 
= 0.000,180,918,34 5,421,298. 


Therefore this number 0.000,1803918, 345,421,298 is the logarithm of the ratio _ 





of rto1— : - » or of 2401 to 2400. Lo Ge Bek, 
This value of the logarithm of 2401 to 2400 is exact in all the figures except the 
laft ; its more exact value being 0.000,180;918,34:5,421,299,912, as will appear by 
fubtracting the logarithm of 2400 from the logarithm of 2401, which may be done 
as follows. According to Mr. Sharp’s.computation, the logarithm of 7 is = 0.845, 
098,040,014,256,8 sii ; confequently the logarithm of 2401 (which is the fourth 
power of 7) will be = 4 X 0. 8.45,098,040,014,2 56, $30,712 <,_3:380;292,160, 
.05.7,027,.322,848.- And ny logarithm-of 24 is = 1.380,21F, eae 1,606,022,9363 
: and confequently the logarithm of 24 x I00, or 2400, Is = 2 4 1. 3805211, 241, 
5 Tte2 WIT, 
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711,606,022,936 = 3.380,211,241,711,606,022,936. And, if this laft logarithm 
be fubtracted from 3.380,392,160,057,0275322,848, (which is the logarithm of 
2401,) the remainder will be 0,000,180,918,345,421,299,912. 
EXAMPLE VI. 
92. Let it be required to find by means of the fame feries the logarithm of the 
> : 169 169 — 1 : 
ratio of 169 to 168, (or of 169 to 169 — 1, or of Te ) or of r tor 
I 
o_o 169° 
Here mis = 169, and — is == —, and — is fom Brie Ord 542 94sH8 19905525 18S 
mm 169” 7 169 169 ; 
== 0.002, 569,789,833,747,052- 
We fhall therefore have 
at Poe Ja Taesien I _. 0.002,669,789,833,747,052, ___ 
a5 (SK ne oe ae PMS TEE Ee TEN eT! = 0.000,015,205,857,004,420 § 
MELT, Dee et tyne Rely oe _T_ __ 0.000,015,205,857,004,420,. _ 
Fae Mira | Coerah Shoat alte Pas ae Tia ALES cA, = 0.000,000,089,975,485,233 
MT). MM NS hale I __ 0.000,000,089,975,485,233, ___ 
And an (= 0%. alsa 785 Satya ea == 0.000,000,0005 5 325399,3205 
Mo eat ae I __ 0.000,000,000, £3 2,399,320 
And = (= x>=4x ro Sasa tds = 0.000,000,000,003,150;291 5 
M zoe ee Tbe be) IT ___ 0-000,090,000,003,150,291, __ 3 
And = — ref nM glands ore CAbpaga ras = 0.000,000,000,000,018,640 ; 
MM q yee hoe I ©.000,000,000,000,018,640, __ 
And s (= £5 ii eG og 8 [ray = 0.000,000,000,000,000,110 $ 
M pS a4 1 eee I ike 0.000,000,000,000,000,110, __ 
And = (sa —X—=5 = Tiassa eve =) = 0.000,000,000,000,000,000 $ 
And confequently 
M ,__ 1M I __ ©.000,01 §,205,85 7,004,420 | 
sae ater a AS rephcee . See isnooee’ y= 0.000,007,602,928,502,2103 
M M I 0.000,000,089,975,48 i 
And a tees mine ry — He renrersns gape = 0.000,000,029,991,828,411 5 
MyM I __ 0.000,000,000, 632,399,320, __ 
And rar SS Op ee aeons ni are = 0.000,000,000,133,099,830 ; 
M M I 0.000,000,000,002,1 50, 
And a (==x = a nD = 0.000,000,000,000,630,058 5 


And 
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M M I ©.000,000,000,000,018,640 
d G0 (= = 4 oS —— z ed eS 0.000,000,000,000,003,106 ; 
M M I 0.000,000,000,000,000,110 
And —(= —x— Se eee) — 0-.000,000,000,000,000,01 5. 
qm mn 7 : 7 
Ther ies — x an Bad i = 
efore the feries — -+-—> + se dem = +z; m3 +-—; ee + Sewillbe = 


0;002,569,789,8 33574720525 

Sao + ga $500250255502,2104 
eae 20.00 l,o2o.4L i, 
Geter ge oe 273310992830 
BP SE Mea CRs Tas 
Se ee Fed OU 


° 
3° 


We 


Ae Te 
? 
@ 9°28 
2% 
3 


we we We 
° e 


ce * 9° © © 98 15> 


Etee tae 


0.002,5775,422, “355 9010,682. 


Therefore this number 0.002,577,422,887,810,682 is Briggs’s logarithm of the 
ratio of 1 to1 — ne or of 169 to 168. Eb Pe 


This value of the Jogarithm of the ratio of 169 to 168 is exa& in all the figures 
except the laft, which fhould be a 4 inftead of a 2; the more accurate value of this 
logarithm being 0.00255775422,887,810,684,765. This will appear from Mr. 
Sharp’s computations, in the following manner. ‘The logarithm of 13, according 

to Mr. Sharp, is = 1,113,943,352,306,836,769,200 ; therefore the logarithm of 
169 (which is the fquare of 13) is = 2 X 1. 11339433 525306, 8 36 ,7695206, or 
2.227,886,704,613,67 3, 538,412. The logarithm of 12 is = 1 079,181, 246,047, 
624,827,722; and the logarithm of 141s 1. 146, 128,035,078,238,025,925. There- 
_ fore the logarithm of 168 (which is = 42 X 14) Is = | 
1.079,181,246,04.7,624,827,722 | _ re : 
+ UCR EEA pal pin gett oid Tea ae igo are S3 oA hs 
which being fubtratted from 2.227,886,704,136,673,§38,412 (which is the loga- 
rithm of 169) leaves 0,002,577,422,887,810,684,765 for the logarithm of the 
ratio of 169 to 168. Q. E.D, 


EX) ACM? Pes Eva Vie. 


93. Let it be required to find by means of the rae feries the logarithm of the 





8 
ratio of 289 to 288, (or of 289 to 289 — 1, or of = ee to = oa a Or Gf b ta ft 
I 
~ 289° 
Here m is= 289, and = is= te and confequently — i ses = = 4329448 1,905.251,830 


9 289 


=r GsOOT 802, Bad onaigsgiea’: 
We 
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We fhall therefore have 


ete ~ - a = x a = oon SO 4781598 a 0.000,005,199,823,77936875 
And = hans ~ x = == x 535 = ences RITES) = pidoo aah ory ities, 460,825. 
And “ (= = x - = =~ x Br nc sonece agate som (0.000,000,600506222 67,681 5 
And = = = x — == a ms = EE Sry — = 0.000,000,000,000,215,424 5 
And aa ox “ x ~= = = = a Se) == 0.000,000,000,000,000,745 $ 
And = (= =; x ~~ = = x a5 = = Suen eect nec = 0.000,000,000,000,000,002 $ 


And confequently 


E 


__ 0.000,00%,199,82 3,779,687 


H.(= Sy L = SRMEHM NNN — o.956,008,559,911 889.8495 
And a (= - Xx 2 = PEE = H nonisouadt Dori aan 
And Po om — x = = eee) = 0.000,000,000,01 5,564,420 $ 
And a (= -~ x = = TRE Lae! = 0,000000,000,008,048 084 $ 
And a = =: x = = e745 = 0.000,000,000,000,000,124 
And =e c= = Xx “ = a = 0.000,000,000,000,000,000. 


Therefore the feries “ ue ho oe Bee EY or RSE ah Se 


at 373 470+ Sms 


0; $001, 502,749,072,329, 591, 
“Fee's ys» 235909,91 1,889,843, 
“Fo deen gee 098 559975 489,941, 
“FP 5e eye ne ge oe 92 15550 454.205, 
HE 5en2ct os.2,9as, 9, oascme op, POA 
Fon Gh ld bere wees fue eet eG LAS 
Ss aE re Pi bo ae. Ope 
= 0.001,505,35459975317,003- a 
‘Therefore this number 0.00 13505)35459973317,003 is Briggs’s logarithm of the 


RRC I. O 
tatio of to F — 3) or of 289 to 288. ee se 


This *- 


of Mr. Mercator and Dr. Wallis. 


This value of Briggs’s logarithm of the ratio of 289 to 288 is exact in ‘all the 
figures except the laft, which fhould be a 6 inftead of a 3; the more accurate 
value of this logarithm being 0.001,505,354,997,317,006,423. This will appear 
ftom Mr. Sharp’ s computations, in the following manner. The logarithm of 17, 
according to Mr. Sharp’s computation of it, is 1.230,448,921,378,27 3,928,540 $ 
therefore the logarithm of 289 (which is the fquare of 17) will be = 2 X 1.230, 
448,921,378,273,928,540, or to 2.460,897,842,756,547,857,080. The loga- 
rithm of 16 is = 1: 204,119,982,655,924,780,854; and the logarithm of 18 is 
oy 225592725 505,103,306,069,803.. Therefore the logarithm of 288 (which is 
= 16 X 18) Is = 1.204,119,982,655,924,780,854 + 1.255,272,505,103,306, 
069,803 = = 2.45953925487,7.59,230,850,6573 which being fubtracted from the lo- 
garithm of 289, which. has been fhewn to be 2.460,897,842,756,547,357,080, will: 
leave 0.0019505,354;997,317,000,423 for the logarithm of-the ratio of 289 to 288.. 


inte Xe ASME RL dye ONCE TS: 


94. Let it be required to find by means of the fame feries the logarithm of the 
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; ; 36 ates 
ratio of 361 to.360, (or of 361 to 361 —1, or of Bt at 7 see ON), O82) 0H ie 
i. | 
364 ) 
Here m is = 361, and —is—=—, and — is (= — — 2:434)294:481,903125 1830, 
7. BPs ms TP ge ae 36 361 
= 0.001,203,031,805,826,182. 
We fhall therefore have 
—- M WL me I __ 0.001,203,031,805,826,182, : 
at oleh ae i jot gr: = 90900033 32,4985077,080 5. 
: M’ M Fy I’ __ 0.000,003,332,498,077,080, __ Ab h 
And raat ( ae Se aK en | GARG SMA AID 0.000,000,009;231,296,612 $ 
eee Lia I. __ 0,000,000,009, 231,296,612 
And —> TC Oepmychee teen PCr = op Soreremernniey eater eee ——)=o. Eoditoaicoa ose a int ae 
at, Bete I. ___ 0,000,000,000,025,571,458. __ es 
And Pat ae Xs Be x aot eit tan Taaadne = 0.000,000,000,000,070,8 35 5: 
Mo. 6M a per I __ 9.000,000,000,000,070,83.5, Fee : ‘ 
And = (= oa SEs rit St bree ngoTATy aire = 0.000,000,000,000,000,196 ; 
M 15 MM acer Mw as _. 0.000;000,000, ooo 000,196 Puss 
And i (eo eh as ea x fT ies SOIC ELT, }) = 0.000,000, 200,000,000,000 5. 
And. confequently: . 
. Mil Ae I __ 0.000,00353325498,077,080, __ “y 
— (= =x == ee) ~ 0.000,001 ,666,249,038,549 5: 
And 5 es < ask PORE EN) = 0.000,000,003,077,098,870 5. 


And 


328 


== 0.000,820,97255555582,700- 
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Loree I __ ©.000,000,000,028,5715458, ___ i } 
And fee (= — x mae : ) = 0.000,000,000,006,392,864 5 
M 1 0.000,000,000,000,070,8 
And — a len = ws 7 i Sa ROEM TD ee = 0.000,000,000,000,014,167 $ 
M M 14 0.000,900,000,000,000,196 i; 
And gs (= axe —— ra wa) = 0.000,000,000,000,000,032- 


Therefore the feries oa +— + — : 


5! 


ct cash gas te te ee 


+ ms 
03;001,203,031, ae 826,182, 
eg 1,606,249,038,540, 
iy = 3507 75090,0 705 
Siete Note Tetpeitent 
Ssisigtieetanme ~ 301145007, 
RN RASS Rea 


= 0.001,204,701,138,370,655. 


‘Therefore this aS 0.001,204,701,138,370,055 18 Briggs’s eats of the 
ratio of 1tor — se , or of 361 to 360. Q.E, 1. 





This vale of the logarithm of the ratio of 361 to play is exact in all the figures 
except the laft, which ought to be an 8 inftead of a 5; the more accurate value of 
this logarithm being 0.001,204,701,138,370,658,056. For, by Mr. Sharp’s table 

of logarithms to 61 places of figures, it appears that the iogarithm of 19 is 1.278, 
75 3600,952,828,961,536 5 therefore the logarithm of 361 (which is the fquare of 
19) will be = 2 x 1.278,753,600,952,828,961,536 = 2.5575507201,905,057, 
923,072. And the logarithm of 18 is 1.255,272,505,103,306,069,803, and that 
of 20 Is 1.301,029,995,663,931,195,213; and confequently the logarithm of 360 
(which is = 18 X 20) will be = 1.255,272,505,103,306,069,803 + 1.301,029 
995,663,981,195,213 = 2.556,302,500,767,287,265,016; which if we fubtract 
from 2.557,507,201,905,057,923,072, the remainder, to wit, 0.001,204,701,138, 

370,658,056, will be the logarithm of the ratio of 361 to abe 


EXAMPLE Ix. 


95. Let it be required to find by means of the fame feries the logarithm of the 


ratio of 529 to 528, (or of 529 to 529 — 1, or of ae to cP or of 1 to 1 
x 
529° . . 
Here m is = 529, and — is= —, and — is (= —— = 0.454294) 48 1590312511830 
mm 29 ms 529 529 


o' 
« 
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We thall therefore have 


M M I M Y 0.000,820,972,¢5¢,08 6 
Be Ne Sa oe Besos 
529 
Ee fms ed nas Te — 9+900,001,5515932,9972320) __ 
And m3 — m* x m”~ m* x 529 ite: Rom atirepensi y=, ae 
cs ay pea tga of _1_ ___ 9,000,000,002,933,710,769, __ 
And m* <~ m3 x m m3 x R25 F, 529 ) ae 
ae se pe Es ek = oe heat Dic Teel sae aat Oh EN 
mn Mm Mm mH §29 529 
Mg em abt Eee 0.000,000,000,000,010,483, __ 
And m° ( ms x mms x $29 529 )= 
SOP ee YM _I_ ___ 0,.000,000,000,000,000,019 
And mi (= m® x mm m° x $295 $29 ) 


And confequently 


2m” me 3 
And on (= as x 2 = 
And) oC = AOE lasses lest LTA TiS — 
4m m 4 4 
And Ae = a x 4 a Seaport) fe 
And a (= = x Fo eee oreo reo") 


yess 0.000,001,551,932,997,320 $ 
0.000,000,002,9 33,710,769 ; 
0.000,000,000,005,545,767 $ 
= _0.000,000,000,000,010,483 ; 
Bona Sc omeGlanolcee ats 5 


= 0.000,000,000,000,000,000 ; 


aa ante = ose SS) = 0.000,000,775,966,498,660; 
) = 0.000,000,000,977,903,589 $ 
©.000,000,000,001, 386,441 ; 
= 0.000,000,000,000,002,096 ; 


= 0.000,000,000,000,000,003. 


Therefore the feries = wy ae pe SRL ald “BUY = ae és¢ will be. == 


2m 373 4m gms 


03000,820,972,555,582,700, 
T5000 92 6 0577 53966,498,660, 
ah Ud Tye Dlg dls 59.7775 9094 509 
what sai acstia sigs ie des ba fOWeAd Lis 
atelier Uysmilie esterase ee Ges 
afi Setale gs choles pie siereld ye se \¥eis tots 


= 0.0003821,749,501,373,495: 


Therefore this number 0.000,821,749,501,373,495 is Briggs’s logarithm of the 


ratio of 1 to I i or of 529 to 528. 


Gabor 


This value of the logarithm of the ratio of 529 to 528 is exact in all the figures 
except the laft, which ought to be an 8 inftead of a five ; the more accurate value of 
this logarithm being 0.000,821,749,§01,373,498,835- For, by Mr. Sharp’s table, 
the logarithm of 23 is = 1.361,727,836,017,592,378,867 ; therefore the logarithm 
of 529%(which is the {quare of 23) will be = 2 X 1.361,727,836,017, 592,878,867, 
OF to 2.728445 5,672,035,185,757,734. And the logarithm of 22 is 1.342,422, 
680,822,206,2 35,963, and that of 24 is 1.380,211,241,711,606,022,936. ‘here- 


Uu 


om 


af 
Ry 


fore 


329 


53° 


Remarks on the Two foregoing Infinite Seriefes 


fore the logarithm of 528 (which is = 22 X 24) will be = 1.342,422,680,822, 
206,235,963 -- 1.380,211,241,711,606,022,936 — 2.722,633,922,533,012,250, 
899; which if we fubtract from 2.723,455,672,035,185,757,734, (which is the 
logarithm of 529) the remainder, to wit, 0.000,821,749,501,373,498,835, will be 
the logarithm of the ratio of 529 to 528; 


96. It appears therefore from thefe examples that Briggs’s logarithms of the ratios 
of 10 to 9, 11 to 10, 81 to 86, t21 to 120, 2401 to 2400, ibg to 168, 289 ta 
288, 361 to 360, and 529 to 528, are as follows, to wit: 


Wire 

we 9 
Lae — = 0.041,392,685,158,225,034 5 

81 


* “80, 


0.045,787,490,560,6755118 ; 


= 0.005,395,031,886,706,i60 ; 


L 
Li — = 0.003,604,124,268,825,251 5 
L 


FAT oi 
12400). 





0.000,180,918,345,42 1,298 3 
6 yee openers ota 
“2 = 6.002,577,422,887,810,682 $ 


8 - - . a 
= = 0.001,505, 354599 75317,003 


361 4 We 3346, 
300 — 0.001,204,701,138,370,655 5 


And L. oS = 0.000;8215749,501,3733495- 


reg Cray: 


An Application of the foregoing Nine Logarithms of fmall Ratios in Briggs’s Syftem of 
Logarithms to the Inveftigation of the Logarithms of the Ratios of the firft 23 na- 
tural Numbers (25 3) 4, 5, 82c, 46 24 inclufively ) to 1, in the fame Syftem. 


97. From thefe original logarithms, which we have computed by means of the 
Farleg cn tet set ot. a Oe ae ee Se ad infni 
(ICS rata piso Tatts ans Gea + —, + Se ad infinitum, we may deduce 
the logarithms of the ratios of 2 to 1, 3to 1,4to 1, 5to1,6to1,7to 1, and 
of every following number to 1, 4s far as 24, ‘in the following manner. 


Ire 8 oe $¢ \o t is a tae 0.041,392,685,1568,22550342 9. 
—iis=— 1 a "10, = ae a hes “9. aes + 0.04.5,757,490, 560,675,118 —_ 0:68 7,150,175,718,900,152. 


= is—2xL. ae = 2 X 0.087,150,175,718,900,152 = 0.174,300,351,437,800,304. 


ely ae 121 Teer ae 0.174, 300,351,437,800,304) . 2 2. ba 
78S i a re + L. a laa { 4. Depa est BUC TeO TOS} = 0.179;6955383,324,506,464. 


T20\— ince HOEY t2t . ff (0.4 79;6955383,324)506,464) . .. . Sa died} ; 
is== L, ee L. AeGice  SecogeOeaneeese pant — 0.179309 5259295 5,081,213. 


== Ls, = = 0.176,091,259,05 5,681,213. * 
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i 

i) 

x 
rie 


| 
NS) 
x 


3 

2 

Qe ee sede 

Pi ae ares 0,3 525182,518,111,362,426 = 0,704,365 ,036,222,724,852. 


Sr uk 0.704, 365,036, 222,724,852 
Gh L. Sot Sidon bea ree bey = 0,.698,970,004,336,018,692. 


i 
i 


a Poa 
~|n ale ale slo 


4 | 
L. 7 = 0.698,970,004,3 36,018,692. Q.E. I. 


This number 0.698,970,004,3 36,018,692 is exact in all the figures except the 
three laft, which ought to be 804 inftead of 692; the more accurate value of the 
logarithm of 5, in Briggs’s fyftem, being, according to Mr. Sharp’s computation, 
0.698,970,004,336,018,804,786. | in 


ae I ae seth 1-900,000,000,000,000,900] __ 
L. - is= L, Posict L. ie Ae er cotntet en = 0.301,029,995,663,981,308. 


re 


1} 


is = L, ry = 0.301,029,995,063,981,308. QTE 


all Ie 2d 


This number 0.301,029,995,663,981,308 is exact in all but the three Jaft figures; 
the more accurate value of the logarithm of 2, according to Mr. Sharp’s computa- 
tion, being 0.301,029,99 5,663,981,195,213. 7 


) Gmare: = 2 x L. = = 2 X 0.301,029,995,663,981,308 = 0.602,059,9915327,902,616. 


Q. E. I. 
eo: 
L. —is = 3X L. — = 3 X 0.301,029,995,663,981,308 = 0.903,089,986,9915943,924- 
re RE 


ire wis = 2X L.+ = 2 X 0,602,059,99153275962,616 = 1.204,119,982,65 5,925,232. » 


Q. E. I. 
50). +} 20)" 5 oe 2 TOMS 0.301,020,99 5,663,981, 308 
L.— 1S =L—= =L.-=L.= +L. Sr aNeTS Tete de en ena coe f = 1.301,029,995,663,981,308. 
Q. Ep Is 
Quins 10 en I.000,000,000,000,000,000 7] __ 
L. = is = Le = — LoS = 1 ~ 0,045;757499,560,675)118 f = 9°9542242,509,439.324,852. 
# Qy Esa. 
: I O. 9242,60 2 ee 
¥ 6. at 6 Hg} 3 eee sok. ‘Sa 0.301,029,995,663,981,308 2 g 806 
Scns og Py PY + 0:47711249254,719062,441 § 0-77 5% 515259330 3,043,740- 
Ee ee 


See) IS he OL. 2 orcs 0+301,029,995,663,981,308 2 
Lise LO + LP SLE HL = fa coe eeesosasg 304882 § = I-255527250Ss103,306,190. 
eral ns Fy 
Thess peed $+ 3 eee 04775121 52547105662,441 ) 
L.= si =L2 LL. Phase L.= +L. roy yt SF ae ibe stag 90 == J 176309152 5950553081533 3. 
OQ. ns Te 


Uua2 
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0.301,029,995,663,981,308 2 __ 
L. ~is s=L. 5 +L. S=L, T = + L.* = an ers aero ibd pee 1,079,181,246,0473625,0576 
Q. ir its 


2 2 2 Fe; ee 0.301,029,995,063,981,308]7 __ 
L. tis=L. 441! —=L.— +L.= a kamen teas = )1-380,211,241571 1,006,305. 
On Bede 


iL. SEH +L. = iu “to xO: - 2=L.t + og ER Gree slek dent =3-380,211,241,711,606,365, 
1 


2,.000,000,000,000;000,000 





2401; 2401 2400 __ 0.000, 180,918,345,421,298¢ __ 
L. is = L.=; ; aan L. So ead bw 3.380,211)241)7 11,606,305 = 3-380,392,160,057,027,663. 
| | g 60,067,027,66 
L.tis= Lie L.A = See oe = 0.845,098,040,014,256,915. QE.T 
4-24 Tier Via Take eee 0.301,029,995,663,981,308] —_ steak 68 
L,—is= hl. + L-~= ~~ t+ be = 714 0.845,098,040,014,256,915 § — 1-149,120,03 5,07 238,223. 
Q. Es. 
21. 21 7 3 wits: +47 7912152549719,062,441 | __ 
LMissLi¢LtaL d+ Lt = [4 oe sietigeae stots | = 13225219,29473319190356 
nuk i 
As otra’ 18 1D iol 0.041,392,685,158,225,034 | __ 
L.—Is wart +L. — 1+ eAe ai vuasine cae ak ate 1.041,3923085,158,225,034, QQ, EI. 


Lares: 0.301,029,995,063,981,308] ___ 
L.- —is = = L.= = L. T=L. ---L. = a =) + 1,041,392,085,158,225,034§ —= 1°3422422,680,822,206,342. 
Q.E. I. 

168. 168 16079,181,246,047,626,057]0 ___ 
L. Tr aptaehey = 1. a L.~ =L.~ = L.= saa fs 1.146, 128,035,678, ARs = 2.225,309,281,725,863,280. 


is 6 abo : 0.002,577,422,887,810,082] __ 
L.—is= =L. g + L.— = 5 oconsntatir de = 2.227,886,704,613,673,962. 


LC 
L, = is =— XL. ue ey X 2.227,886,704,613,673,962 = 1.113,943,3525300,836,981. 


Q@ E.R. 

L. is =L. = +L. = =L.! 1 SL. ue + Sree 05092823? | —2.459,392,487,759,231,422~ 
L. one L.2ee at Aypceeee Be a MEsb ch seu eeaeats t =—2,400, A eget 

L.2 is ~ x ‘Bia ee roNaen 1.230,448, 9215378, 274 QE. I. 
Les ee +L. 2=LE + L.= —-= mt gy ee eateae: ie ttre nee 


361. sy +361 360 0.001, 204,701,138,370,655) _ . 
oe eet Waa } + 2.556,302,500,767,287,498,) — 2°55725072201,905,658,153. 


. 6 e ie) ? 5) 6 8, 
L. “2 va ~ x L. a = SEE Ss = 1.278,753,600,952,829,076. Q,E.I. 


+ 
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PREC 528 cv Ra eee S| 24°) 1.342,422,680,822,206,342] __ oe 
L. is = LL. Lh L.— hoe L.— ss L.— oe j + 1.380,211,241,711,606,365 § — 2.722563 3,9225533,8125707+ 


j 2 28 0.000,821,749,501,373,4 
E. $8is = LR + L.3 — }+ Tee ahera tet = 2+7235455,072,03 5,186,202. 


: 2.723,400,072,02£,186,20 
L.= a — x L422 = CE = Test 07 B72 020,08 2,h095 U0!» Qajka f. 


98. Thefe logarithms, if ranged in their proper order, will be as follows : 


= 0.301,029,995,063,981,308 ; 


0.477,121,254,719,662,441 ; 
= 0.602,059,99153275962,616 ; 
= 0.698,970,004,336,018,692 5 
= 0-778,151,250,383,043,749 5 
= 0.84 5,098,040,014,256,915 5 
= 0.903,089,986,991,943,924 5 
= 0.954524255095439,324,882 ; 
= 1.000,000,000,000,000,000 ; 
= 1.041,392,685,1 58,225,034 ; a 


= 1.079,181,246,047,625,057 5 


Lr fR ets wig he fae mbece fovrs let 1p Belo tein 


14113,9435352,300,836,981 $ 


Len! 
> 


1.146,128,03 5,678,2385223 3 
1.176,091,259,055,081,133 $ 
1.204,119,982,655,9255232 5 


& 
Pr Pe 
mela alka +] 
HT 


is 
2 
Ww 
~w 
II 


ahs «|e» 


1.230,448,921,378,274,212 $ 


1.26 55272,505,103,306,190 ; 


1.278,7533000,9 52,829,076 5, 
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L. = 1.301,029,995,663,981,308 5 
L. = = 1.322,219,294,733,9195356 5 
L. = = 1.342,422,680,822,206,342 ; 
aN “ = 1,361597295836,017,503,101 5 
And L. a = 1.380,211,241,711,606,365. 


Thefe values of the foregoing logarithms are exact in, at leaft, the firft four- 
teen places of decimal fractions, and much the greater part of them are exact 
alfo in the fifteenth place; their more accurate values, according to Mr, Sharp’s 
computation, being as follows : . 


LA a — 0+391,029,99 5,663,981,195,213 : 
L. = = 064.7 791215254,719,66254379295 5 
i if 4 eas 0.60250593991532739625390)427 $ 
Lie A. = 0.698,970,004,336,018,804,786 ; 
: |e a = 0.778,1515250,383,043,032)508 5 
Tt a = 0,.845,098,040,014,2 56,830,712 § 
. L. = = 0.903,089,986,991,943,585,641 5 
L. 2 = 0.954,2425509,439;3243874)590 3 
L. = = 1-000,000,000,000,000,000,0G0 $ 
L. = = 1,041,392,685,158,225,040,750 3 
L. ~* = 1.079;181;24650476 24,9). 999-2 ; 
L. = = 1.113,9435352,306,836,769,206 ; 
Ly ob = 1.146,128,035,678,238,025,925 5 ee 
L. 2 = 1.176,0913259,055,6815242,081 5 « 
L. on 162041195982 5655 9.2.45780,0.54 5 
aa 
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L. a = 1+230,448,921,378,273,928,540; 
L. = a 1.2.5 53272,5055103,306,069,803 $ 
ite ~2 — 1.278,753,600,952,828,961,536; 
Ls == = 1.301,029,995,663,981,195,213 ; 
LL. —= 1.32 252195294,733,919,268,007 $ 


Ts <= 1.3425422,680,822,206,2 35,963; 


4 1% 3 = 1.361,727,836,017,592,878,867 ; 


a = 1.380,211,241,711,606,022,936. 


99. If we were to purfue this matter further, and to compute the logarithms of 
the ratios of numbers greater than 24 to 1, by means of the aforefaid feriefes of Mer- 
cator and Wallis, the labour of the computation would continually grow lefs and 
lefs as the numbers increafed. For, as to the logarithms of the ratios of all com- 
pofite numbers (or numbers formed by the multiplication of other numbers) to 1, 
they, it is evident, might be found by merely adding together the logarithms of 
the ratios of the factors of which they are compofed tor. Thus, for example, 


we fhould have L. = (=L.3 + L, = seb he = “Pp LL. +) =2L.4: and 
. I 

2 fe eg ee ti 13, 7 

or (= ES: 13 + ik, =p —— iy I + 73: i? and L.— (= ds 9. ~- 1s 


S: 


J tia: Scie 3 3 i feel 3. oi, * 2s} 8 
24 L2=L0+ L5+ L2)=3h 4; andl S(HLe + 


Pw 


I I . 
+t) mag Ke = + L. “t. Therefore the only logarithms for the computation 


of which it would be neceffary to have recourfe to one of the foregoing infinite 
feriefes, would be thofe of the ratios of the following prime numbers, fuch as 295 
31, 37, &c, to1. And, in computing thefe logarithms by means of the faid 
feriefes, it is evident that the labour of the computation muft be continually lefs 
and lefs as the) number becomes greater and greater, becaufe the terms of the 
feries will converge with a greater degree of {wiftnefs as the number to which 
it relates increafes.», This will appear more clearly by reviewing the manner in 
which we found the logarithms of the ratios of the prime numbers 13, 17, 19, 
and 23, to 1, which was as follows. 


a 
A Review of the foregoing Manner of computing Logarithms. 
100. We did not (as we might have done) compute by the feriefes- the loga- 


rithms of the ratios of 13 to 12, of 17 to 16, of 19 to 18, and of 23 to 22, but, 
in 


‘ 
¢ 


ad 


i 
ile 


%. 


x 
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in order to obtain feriefes that would converge more fwiftly, we fquared thefe four 
prime numbers 13, 17, 19, and 23, whereby we obtained the numbers 169, 289, 
361, and 529, and then we computed, by means of the feriefes, the logarithms 
of the ratios of 169 to 168, of 289 to 288, of 361 to 360, and of 529 to 
528, and added the logarithms fo found to the logarithms of the ratios of 168 
to 1, of 288 to 1, of 360 to 1, and of 528 to 1, which were derived from the 
logarithms already known by adding together the logarithms of the ratios of the 
factors of thofe numbers, to wit, the factors 12 and 14, or 13 — 1 and13 +41, 
16 and 18, or 17 — 1 and17 + 1, 18 and 20, or 19 — 1 and 19 4+ 1, and 22 
and 24, or 23 — 1,and23 + 1, to1; and when we had thus found the loga- 
rithms of the ratios of 169, or 13)*, and 289, or 17%, and 361, or 19°, and 529, 
or 2,)*, to 1, we took the halves of thofe logarithms, and thereby obtained the 
logarithms of the ratios of thofe prime numbers 13, 17, 19, and 23 themfelygs, 
ona , ) 

Now, if this method be purfued with refpect to any greater prime 4 
after the logarithms of the ratios of all the leffer prime numbers to 1 have been 
computed, we muft proceed as follows, | 

Let the prime number, of the ratio of which to 1 we want to find the loga- 
rithm, be called p. 

Then, inthe firft place, it 1s evident that, fince Pp is a prime number, and con- 
fequently angodd number, p — 1 and p + 1 mutt, both of them, be even num- 
bers, or divifible by 2. |! 

Secondly, fince the logarithms of the ratios of all the prime numbers that are 
lefs than p to 1, are fuppofed to be already known, the logarithms of the 
ratios of the prime numbers that are factors of the compofite numbers p — 1 
and p + 1 to 1, muft be already known; and confequently the logarithms 
of the ratios of the faid compofite numbers Pp — 1 and p + 1 to 1, may be de- 
rived from the logarithms already known, by mere addition. 


Thirdly, the number pp — 1 is equal to p — 1\ X Pp + 1), and confequently 
the logarithm of the ratio of pp —1 to 1 will be equal to the fum of the loga- 
rithms of the ratios of Pp — 1 to 1, and of Pp + 1to1. 

We muft therefore find, by addition of the logarithms already known, the 
logarithms of the ratios of Pp — 1 to 1 and of p 4+.1 to 1, and add them together 
into one fum ; whereby we fhall obtain the logarithm of the ratio of pp — 1 to 
1. We muft then find, by one of the foregoing feriefes, the logarithm of the 
ratio of pp to pp — 1, and add it to the logarithm of the ratio of pp — 1 to 1. 
The fum will be the logarithm of the ratio of pp to 1; and half this logarithm 
will be the logarithm of the ratio of the prime number p itfelfto1. QE,1. 

Now, in computing by one of the foregoing feziefes the logarithm of the ratio 
of ppto pp — 1, it is evident that the greater the number pp is, and confequently 
the greater the number P is, the greater will be the fwiftnefs with which the terms 
of the faid logarithmick feries will converge. There will therefore be lefs trouble in 
computing the logarithm of the ratios of 29, 31, 37, 41, 43, and every following 
puime number, to 1, than there was in computing the logarithm of the ratio of 
23 to 13; which yet, we have feen, was not very great, fince only fix terms of the 

7 3 infinite 
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infinite feries — ffl b gitey Yigll A iieiinid ge pial Se were fi 
— ti oe a tera e + a3 + Ge were fufficient to 


enable us to find it exaét to fifteen places of figures. In computing the loga- 
rithms of the ratios of 29, 31, and 37, to 1, by the method juft defcribed, or by 
firit raifing the fquares of thefe prime numbers, to wit, 841, 961, and 1369, and 
finding by the faid infinite feries the logarithms of the ratios of thofe {quares to 
the next lefler numbers 840, 960, and 1368, only five terms of the faid feries 
will be fufficient to give the logarithms fought to the fame degree of exactnefs ; 
and for the logarithms of the ratios of prime numbers greater than 100 to 1, only 
four terms of the faid feries will be fufficient for the fame purpofe. 


Of the great Expedition of the foregoing Series in computing the Logarithms of the 
Ratios of prime Numbers greater than 1100 fo i. 


to1. Mr. Abraham Sharp has already computed the logarithms of the ratios of 
all prime numbers under 1100 to 1 to no lefs than 61 places of figures; and they 
are publifhed with Sherwin’s Tables of Logarithms, in the third edition of that 
ufeful book, publifhed in the year 1741, in pages 36, 37, 38, and 39. Thefe 
may therefore be made ufe of in finding the logarithm of the ratio of any prime 
number greater than 1100 to 1; as, for example, in finding the logarithm of the 
ratio of 1103 to 1. Nowthe fquare of 1103 is 1,216,609; by which, if we 
divide M, or 0.434,294,481,903,251,830, the quctient will be = 0.000,000, 
356,971, €Fc; that is, according to the notation ufed above, m will be== 1,216, 


Moe eas x M : M I 
609, and — = 0.000,000,356,971, Se. Therefore — will be = — x —_ = 
I 0.000,000,3 66,971, €S¢ ; 
Sree eee tes mt the quotient of 


0-000,000,356,971, Se, X Te ee era acs 
which divifion will appear only in the 13th place of decimal fractions; and 
Myc: 2M 1 a 

— wal be == AS men a OK Paacieot 
appear only in the 19th place of decimal fractions. Therefore, if the logarithm 
of the ratio of 1,216,609 to 1, be fought only to 18 places of decimal frac- 


tions, (which is the number of places to which the logarithms found in the 


foregoing nine examples are carried,) we need only compute the two firft terms 
M M M M M 


t ate an LT are 


M . . . M 
“ and —— of the infinite feries — + —-~ 
Mm 271” Hit 2m 3m3 Am gms 
€3¢. And therefore to find the logarithm of the ratio of the prime number 1103 


to 1, and, @ fortiori, to find the logarithm of the ratio of any prime number 
greater than 1103 tol, to 18 places of figures, it will be fufficient to make 


, the quotient of which divifion will 
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ufe of only the two firft terms of the feries —+ —~ 4 re ETE Te HE 


a. oa + €%¢. An eafier method of computing fuch a logarithm {eems 
UL 


hardly to be expected, and needs not much to be defired. 


End of the Review of the foregoing Method of computing Logarithms. 


102. I have now, I hope, fufficiently explained the methods of applying thefe 


. I I I I I I 
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I i i 
ence ~ ee bet = —-~ + &e (which were invented 


by Mr. Mercator and Dr. Wallis) to the computation both of Napier’s and 
Briggs’s logarithms; by which their ufe and excellency have appeared moft 
eeneny I fhould therefore here put an end to thefe remarks, were it not 
that the abftrufenefs and fubtlety of the reafonings contained in the demonftra- 
tions of the two principal chboremas | in article 18 and article 66 are fo great, (not- 
withftanding the endeavours I have there ufed to facilitate them, ). that I imagine 
a further attempt to flate them clearly will not be unacceptable to. the reader. 
Such an attempt I fhall therefore now proceed to make. 


A furiher Attempt to illuftrate and facilitate the Demonftration of Theorem 1 in 
Article 18. 

103. If there be two given ratios, that of £ to F, and that of @ to H, and @ 
third ratio, to wit, that of x to x, that is continually varying while its terms x 
and ¥ vary in their magnitude ; and the faid varying ratio. of x to y continually 
approaches to each of the given ratios of z to F and of Gc to H, as. to its limit, fo 
that it may be made to come as near as we pleafe to each of the faid given 
ratios, though it can never be abfolutely equal to either of them: I fay, that, 
upon this {uppofition, the ratio of c to H muft be equal to the ratio of & to F. 
This propofition ‘I take to be fo evident as not to.ftand in need of a demonttra- 
tion. But, if it were thought to need a demonttration, it might, without much 
difficulty, be demonftrated ex abfurdo after the manner ‘of the ancients, by fup- 
pofing the ratios of £ to F and of Gto not to be equal to each other, and then 
fhewing the contradictory confequences that would follow from fuch a fuppofi- 
tion. . But this, as it appears to me unneceflary, I fhalk omit. 


104. To this propofition we may bring the demonftration contained in article: 
18, by proceeding in the manner following. 

Let & and g be any two quantities lefs than 1, whereof & is the greater; fuch, for 
example, as a. and 5. We are to: fhew, that the ratio.of 1 + & to.1 will be 


to the ratio of 1 + g to 1 in the fame proportion as the infinite feries k — 
sear k3 k* ks ke 





2 3 
— —— + -—— —-— 4+ & cto the infinite feries g — — 
et, Bn at 6 98 e feck ° 
i gt + “ — + + Ge, or that the ratio, or proportion, which the ratio of 
4 5 6 4 é 


1 + &to 1 bears tothe ratio of 1 + gto 1, is equal to the ratio of the former of 
thefe two infinite feriefes to-the latter. Now this may be done by fhewing that 
both thefe ratios (which are evidently fixt or given ratios) are the limits of a 
certain varying ratio, which we fhall now proceed to defcribe and confider. 

Let us fuppofe the ratio of 1 + & to 1 to be firft bifected, or divided into: 
two equal ratios, by extracting the {quare root of 1 + &, or inferting a geome- 
trical mean proportional between 1 and 1 + &; and let the ratio of 1 +qtort 
be bifected in like manner, by extracting the fquare- root of 1 -- g, or inferting 
a geometrical mean proportional between 1 and r + g. “Let us then fuppofe 

6 
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the fame two ratios of 1 + £to 1 and 1 + q to 1 to be quadrifected, or divided 
into four equal ratios, by the infertion of three geometrical mean proportionals. 
between 1 and 1 + &, and three like mean proportionals between 1 and 1 + q. 
And then let us fuppofe the fame ratios to be divided into eight equal ratios by 
the mfertion of feven geometrical mean proportionals between their terms, and 
into fixteen equal raties, and into thirty-two equal ratios, and into a greater and 
greater number of equal ratios continually; every new number of ratios into 
which they are divided being double of the number in the divifion next pre- 
ceding. 

Then it is evident, that, when thefe two ratios are divided into only two equal 
ratios by the infertion of only one geometrical mean proportional between 1 and 
1 + &, and one geometrical mean proportional between 1 and 1 + g, thefe geo- 
metrical mean proportionals will be 4/1 + & and 71 +9, or 1+ Az and 


gers gle 5 and when they are divided into four equal ratios by the infertion of 
three geometrical mean proportionals between 1 and 1 + & and three geome- 


trical mean proportienals between 1 and 1 + g, the firft, or leaft, of the firft 
fet of mean proportionals will be / Tt ke oir 1 + &)*, and the firft, or leaft, 
of the fecond fet of mean proportionals will be «/ “ft + 7, or 1 + ql*; and when 
they are divided into eight equal ratios by the infertion of {even geometrical mean 
proportionals between 1 and 1 + & and feven fuch mean proportionals between 
a and 1 + q, the firft, or leaft, of the firft fet of mean proportionals will be 
J ‘ft +, or i + \s, and the firft, or leaft, of the fecond fet of mean propor- 
tionals will be «/*(1 + g, or1 +¢*; and, in general, if 2 be the number of 
leffer ratios into which each of the faid two ratios of 1 4+ kto1andi+t gtor 
is divided by the infertion of »— 1 geometrical mean proportionals, the firft, or 
jeaft, of the firft fet of {uch mean proportionals will be J" ke, or 1 + Az, and 


the firft, or leaft, of the fecond fet of fuch mean preportionals will be "fi + 9, 
—— 1 
OF kon gine 
Now during all thefe fucceffive divifions of the ratios of 1 +- & to 1 and of 
1 + g to rt into two, four, eight, fixteen, and the followig greater numbers of 
equal parts, the proportion of the ratio of the firft, or leaft, of the firft fet of mea 
proportionals (which are inferted between 1 and 1 + &) to 1 to the ratio of the 
firft, or leaft, of the fecond fet of mean proportionals (which are inferted between 
ry and 1 +g) to 1, willalways be the fame, whatever be the number of parts, or leffer 
ratios, into which the faid ratios of 1 + & to 1 and 1 4 q to t be fuppofed to be 
divided, and will be the fame with the proportion of the ratio of 1 + & tor to 
the ratio of 1 + gto. Thus, if thefe ratios are divided into only two parts, 
5 Phi . ° rarecacns ibaa sa 1 Sere pane 
or leffer ratios, by the infertion of the mean proportionals 1 -+- £2 and 1 + q'2, the 
proportion of the ratio of 1 + ke to 1 to the ratio of 1 + qlzto 1, will bethe fame 
avith. the proportion of the ratio of 1 + & itfelfto 2 tothe ratioof1 + g itfelfto r. 
. . . Lega ae I x 
For the two former ratios, to wit, the ratios of I 4 ke to 1 and of 1 + qe tol, 
are the halves of the two latter ratios, or the ratios of 1+ kto1 andi + gq tor; 
and therefore the proportion of the two former ratios muft be the fame as that of 
AK 2 the 
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the two latter. And, in like manner, if the ratios of 1 + kto1tandi-+qtot 
are divided into four equal parts, or leffer ratios, by the infertion of three geome: 
trical mean proportionals between 1 and 1 + & and of three like mean propor- 
tionals between 1 and 1 + q, the ratio of 1 + &|* (the firft, or leaft, mean pro- 
portional of the firft fet) to 1 will be to the ratio of 1 + 9}? (the firft, or leaft, 
mean proportional of the fecond fet) to 1 in the fame proportion as the ratio of 
. : : ° Reagregrae renee | 5 

1 + kto1 is tothe ratio of 1 + gto1r; becaufe the ratio of 1 + &# to 1 is-a 
fourth part of the ratio of 1 + & to 1, and the ratio of 1 + q]* to 1 isa fourth part 
of the ratio of 1 + gto 1, and the like parts of ratios (as well as of all other quan- 
tities) muft be to each other in the fame proportion as the whole quantities them- 
felves. And, for the fame reafon, if each of the two ratios of 1 -+ & to 1 and of. 
1 + gto 1 be divided into any other and greater number of parts, or leffer ratios, | 
denoted by 2, by the infertion of z — 1 mean proportionals between 1 and 
1 -- kand the fame number of mean proportionals between 1 and 1. +- q, the. 
ratio of 1 + é\x (the firft, or leaft, of the firft fet of mean proportionals) to 1 will. 
be to the ratio of 1 + qa (the firft, or leaft, of the fecond fet of mean propor- 
tionals) to 1 in the fame proportion as the ratio of 1 + & to 1 1s to the ratio of* 
1 + gto1. Sothat, while the number » increafes fucceffively from 2 to 4, 8, 16, 
32, 64, Sc, ad infinitum, the proportion of the ratio of 1 + kj to 1 to the ratio- 
of 1 -- giz to.1 remains always the fame, and is equal to the proportion of the- 
ratio of 1 -+ &.to-1 to the ratioof 1 + 7 tol. bile 

But, though the proportion of the ratio of 1 + &lx to 1 to the ratio of 1 +92. 
to 1 continues always the fame during all the increafe of the number z from 
9 to 4, 8, 16, 32, 64, €c, ad infinitum, the proportion of 1 -+ ka. = 1,. 
or the excefs of the firft, or leaft, of the firft fet of mean_proportionals. 
above I, to 1 +. gyn — 1, or the. excefs of the firft; or leaft, of the fecond. 
fet of. mean proportionals aboye 1, does not continue-always the fame, but. 


is continually varying. Thus, for example, if k-be = 2 and g be =. 


ees 


2, and confequently 1 + & be =1 + 2, or 1.9, and 1 +g be=1 + 4, or 
1.5, and z be fuppofed to be fucceffively equal to 2, 4, and 8, we fhall have 
T+ Px fucceflively equalto1.9\z; 1.9)., and 1.9)',thatis, tor -3'785404, 1.174,054,., 
and 1.083,538, and 1 + gi fucceffively equal to.1.5)2, 1.57, and 1.:)&, that is, 
tO 1.224,744, 1.106,681, and 1,051,989. Therefore 1 + 42 — 1 will be fuc-- 
ceffively. equal to .0.378,404, 0.174,954, and. 0.083,538, and thay —.1 will. 
be fucceffively equal.to 0,224,744, 0.106,681, and 0.051,989. Now, if we 


: 9 7 
compare together the ratios of 75 60 x5» OF 0.900,000 to 0.500,000, or k and g, . 


or 1+ Al’ — rand + ¢\" — 1, and of 0.378,404 to 0.224,744, or I 4 Ale” 
—1i1to1+q\: — 1, and of 0.174,054 to 0,106,681, or 1 + 44 — 1 tol +4\%* 


— 1, and of 0.083,538 to 0.051,989, or1 + 4*— 1 to i+ 9\* — 1, we fhall 
find that the firft_ of thefe, ratios is greater than the fecond, and the fecond than 


the. 
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the third, and the third than the fourth; or that the ratio of 1 + kz —1to1+q2 
— 1 decreafes continually while the number z increafes. For, in the firft place,, 
the ratio of 0.900,000 to 0.500,000 is equal to that of 0.378,404 to 0.210,224, 
and therefore is greater than that of 0.378,404 to 0.224,744; and, in the fecond 
place, the ratio of 0.378,404 to 0.224,744 1s equal to the ratio of 0.174,054 to» 


0.103,375§, and therefore is greater than that of 0.1774,054 to 0,106,681; and). | 


laftly, the ratio of 0.174,054 to 0.106,681 is equal to the ratio of 0.083,538 to: 
0.051,202, and therefore is greater than that of 0.083,538 to.o.os1,989. Or, 
if we make 1 the common antecedent of thefe four ratios (by which theix 
decreafe while the number z increafes will become more apparent), the firft of 
thefe ratios, to wit, that of 0.900,000 to 0.500,000, will be equal to that of 1 to: 
0-555,5553 the fecond, to wit, that of 0.378,404 to 0.224,744, will be equal to 
that of 1 to 0.593,926; the third, to wit, that of 0.174,054 to 0.106,681, will. 
be equal to-that of 1 to 0.612,918; and the fourth, to wit, that of 0.083,538 to 
0.051,989, will be equal to that of 1 to. 0.622,339 ; fo that the faid four ratios are: 
equal to the four ratios following, to-wit, 

haere: tO .ocgie nan err. 

That of 1 to 0.593,926, 

That of 1 to 0.612,918, 

And That. of 1 to. 0.622,3393. 

ef which it is evident, the firft is greater than the fecond, the fecond than the: 
third, and the third than the fourth. 

It appears. therefore that the ratio -of Es + Rennes Be fps Es q\e — 1 decreafes : 
continually while the number x increafes. 

But, though this ratio decreafes continually while the number x increafes, it” 
does not decreafe ad infinitum.{o as to become at laft equal to. nothing, or to a 
ratio of equality, (which is a ratio of no magnitude at. all), but approaches only 
to a certain ratio of majority as its limit. And this ratio of majority, to which 
it fo approaches as its limit, and to which it may, by increafing the number z, 
be made to.come as near as we pleafe, is {hewn in lemma 1, article 11, to be 
the ratio, or proportion, of the ratio of 1 + dw to 1 to the ratio of 1 +4 to 
r, or the proportion of the nh» part-of the ratio of 1 + g-to 1 to the 2" part of 
the ratio of 1 + gto 1, and confequently is equal to the proportion of the whole » 
ratio of 1 + & to 1, to the whole ratio of 1 + gto 13; that is, the fixt ratio, or 
proportion, of the ratio of 1 +.é to.1 to the-ratio of.1 ---¢ to 1, is. the limit of 
the varying ratio of 1 + Be—1tor-+ qin — I. 

But, by lemma 2, coroll. 2, it. appears; that, by increafing the number #, the: 

2 5 fh 
ratio of the. quantity 1 + kx.—1to — x the infinite feries k — = + —— ~ + 
—— se €#¢ may be made to come as near as we pleafé to a ratio of equality; 
z : 
an the ratio of the quantity 1 + qin — i to— x the infinite feries 7 —+. ae L- 


4 5 6. - = fay 
iy glee fig ES 7 + €e¢ may likewife be made to come as near as we pleaié - 


to a ratio of equality. Now, if thefe two ratios. were abfolutely ratios.of equality, . 


iF, 


a ad 


eee A 
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it would follow that the ratio of 1 + ka — 1 to 1g — 1 would be equal to 


- 2 33 4 Re ke 

the ratio of — x the infinite feries  — ys +—-— Lah + Per ae + €Fc to 7 
° . . £ a ae 
x the infinite feries g — + 4 £ — E oaks laremheanity 4055 &¢, and confequently 
pt B3 p4 3s ri 
to the ratio of # times — x the Sleme pe ee 
. . Bent eno. 6 
+ &cton times — x rig infinite feries g Tha L _ = + ia — ~~ of. 
k3 k* ks ks 

€#¢, or to the ratio of the whole feries k — — + a — ry + Tate Wak Sead 
infinitum to the whole feries g — c +- e wes oa = +. &8¢ ad infinitum. 


Therefore, while the number z Ereneatel Ae ratio ie + he —1to1+ q\a — 

. 3 Sad ks iy 

z continually approaches to the ratio of the feries k — — + Pan + Paats 
3 ° ° 

+. €3c ad infinitum to the feries g — © all nn a +f — Es + eo ad infinitum, 


and may be made to come as near 2 it af we pleat ree in other words, the fixt 
BB p+ 5 
ratio of the feries  — — -++ 3 art ore + <3 ~ 2 EF¢ ad infinitum to the feries g 


2 3 
a ey at = : ah es a + &§e ad ies is the limit of the varying ratio 
2 


Oe hee TO ee a 
But we before fhewed that the fixt ratio, or proportion, of the ratio of 1 + R 
to 1 totheratio of 1 + gto 1 was alfo the limit of the varying ratio of me ee 
1to 1 + qx — 1. It follows therefore that the fixt ratio, or proportion, of the 


ratio of 1 + & to1to theratio of 1 + ¢ - 1 muft be equal to the fixt ratio of 
ke ks Rt ps 


the feries £ — — + — —- — 4+ -— — cf + Sc ad infinitum to the feries g — 
z 3 7 r a st 5 
_ 4. = —+— + a ~ £ + &cad de ba or, in other words, the two 
z é kt ke RP ; i 
feriefes k — —- + — — cht ert rik &eo ad infinitum and q — Pe as 
j 2 
3 4 5 
Leoen * oh va 2. oe + ec ad infinitum are proportional to, or meafures 
of, the two ratios of 1 + &to 1 and 1 + gto. Q. E. D. 


The foregoing Demonftration exprefed in fewer Words.. 


105. This reafoning may be expreffed more concifely by adopting the nota~ 
tion ufed in article 103; which may be done as follows. 


Let the ratto of 1 + & to. 1 be denoted by the letter z, and the ratio of 1 + 


to 1 be denoted by the letter F ; and let the feries  — “as ap fe 
2 3 ani tee ig 
RS EBs, 2 
- 37+ &c ad infinitum be denoted by the letter c, and the feries g — 2 + Se 
é 2 3 
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— +£—© 4 Ge ad infinitum be denoted by the letter H. And let the 


5 

7 L i . . ° . 
quantities 1 + Ax — 1 and 1 + gle — x (which vary continually in their mag- 
nitude while the number # increafes, and of which the ratio varies at the fame 
time,) be denoted, refpectively, by the letters x and y. 


Then will the ratio of 1 + kya to 1 bei =, and the ratio of 1 + aw to 1 wilk 





is I ° fe f3 ft hs js 
=— — fg Ea Heh sg PM pa a i ona EP De ae 
be = and apps the feries aah . 7 ai a S ce C a infinituns 
ill be = © tes sj; tiene ERLE RIS ea) a a RS & 
will be = —, and— x the feries g Z 3 Sick 5 Bo ty Ge 


ad infinitum will be = =. 


euls . 2 . PF ° ° ; 
Now it is fhewn in lemma 1, that the ratio of —. to — (which is a fixt, or 
a 


given, ratio, and is equal to the ratio of £ to F) 1s the limit of the varying ratio 
of x toy. And confequently the ratio of £ to F (which is equal to the ratio of 


= to —,) will be the limit of the varying ratio of x to y. 
(3 


. ° ° . & 
And it is fhewn in lemma 2, coroll. 2, that the ratio of x to — approaches 
a 
continually, while the number ~ increafes, to a ratio of equality as its limit; and 


. H . ; . ° 
that the ratio of y to = approaches continually at the fame time to a ratio of 


equality as its limit. But if x were abfolutely equal to =, and y were abfolutely 


equal to —, the ratio of x to y would be equal to the ratio of = Gi 2 
# 


Therefore, while the number z increafes, and the ratio of x to ~ approaches 


° : . PR ie : H 
to a ratio of equality as its limit, and the ratio of y to — approaches alfo to a 
ratio of equality as its limit, the ratio of x to y will approach continually to the 
4 G H sida G Ha: 3 
ratio of — to —, as its limit. But the ratio of — to — is equal to the ratio 
a n 


of cto Hu. Therefore the ratio of x to y will approach to the ratio of c to H as 
its limit ; or the fixt ratio of c to # will be the limit of the varying ratio of x to y. 


But it was before fhewn, that the fixt ratio of z to F is alfothe limit of the vary- 
ing ratio of x to Y. 


It follows therefore that the fixt ratio of 6 to H mutt be equal to the fixt ratio of 


x to F, or that ¢ will be to H in the fame proportion as £ to F; that is, the feries 
2 BB fa BS fs ote . : 2 
Pa as aad + it Fae €S¢ ad infinitum will be to the feries g — < 
: : 
3 + 5 6 ; , bE : - 
Lt) f at s bid oa +. &c ad infinitum in the {ame proportion as the ratio 


of 1 + &to1 to the ratio of 1 + ¢ to 1. G.E. De 
106. The 
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106. The reafonings ufed in demontftrating the other theorem in article 66, 
(which relates to the feries g + L + £ + 7 -- ae 4+ Le +. &e ad infini- 
tum, invented by Dr. Wallis,) might be illuftrated in the fame manner as thofe 
ufed in demontftrating the firft theorem, concerning Mercator’s feries. But this, 
I apprehend, would prove tedious to my readers, after the very ample difcuffion 
if the fubject in the cafe of the faid firft theorem. I fhall therefore here put 
an end to thefe remarks. 


AN 








A. i P 1d N D I xX 


TO THE 
FOREGOING REMARKS 


ON THE 


Two logarithmick Seriefes of Mr. Nicholas Mercator and Dr. John Wallis: 


CONTAINING 


Inveftigations of two other infinite Seriefes, which were publifhed by Dr. Edmund 
Halley, and which are related to, and derived from, the two former; and by 
which we are enabled, when the value of either of the two former Seriefes is 
given, to difcover the Ratio to which it belongs, or of which it is the Lo- 


garithm. 


ART Cli Bae le 


N the foregoing remarks it has been fhewn, that if & be any quantity not 
fi greater than 1, and g be any quantity lefs than &, the infinite feries k — 


a As is ks 36 ays Age a re 
meh ee ep eee — — — + &e will be to the infinite feriesg — + — 
2 3 4 ah 5 6 wi d 2 xy 34 


4 5 S : ‘ : : 
phe a fe ME hee - + €&¢ in the fame proportion as the ratio of r + & tor is to 
the ratio of 1 + gto 1, or that the faid two feriefes are meafures, or logarithms, 


of the faid two ratios: and it has alfo been fhewn, that if & be of any magnitude 
xy lefs 
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k3 h+ ks 
es a i ea 

. ai q° g3 i i 5 F 
+ ~ + &e will be to the infinite feries g + 4- + 2-4 5. + mo t 


Jefs than 1, and g be lefs than &, the infinite feries & + 2 + 


+ &e in the fame proportion as the ratio of 1 to 1 — & is to the ratio of 1 to 
1 — g, or that the faid two feriefes are meafures, or logarithms, of the faid two 
ratios. Now Dr. Edmund Halley, in his ingenious tract en logarithms, pub- 
lithed in the Philofophical Tranfactions, No. 216, and republifhed with Sherwin’s 
Mathematical Tables, has given us two additional infinite feriefes relating to this 


fubje&t ; by the former of which wemay, from the value of the feries & — sie 4. 
2 


3 }4 Bs fs : ‘ : A 
— — — ei Teta + ec ad infinitum, derive the value of its firft term &, 
and confequently that of 1 + &, and thereby difcover the ratio of 1 + & to 1} of 
. io iB ia Bs Ke 
which the faid feries k — a tN ae eR Se ad infinitum is 


the logarithm; and by the latter cf which we may, from the value of the feries 
pe BB i As Ke : Pay 
— + —— + Wh: + —- + — + We ad infinitum, derive the value of 





ait 


1 to 1 — &, of which the faid feries & + = mm pean ee de yee eeeae Pe PLSES EE) 
ad infinitum is the logarithm. .The former of thefe feriefes, siven us by Dre 


- 1 Be L3 1* Ls i ‘ P ‘ 
Halley, is Lb -- —- + — + + + —— + &e ad infinitum, in 
2 23 23.4.5.6 " - 
ps 








22394 2.354-5 
which x reprefents the value of the whole infinite feries k — — 4+ — — — 
3 4 

5 6 2 2 3 4 
spread +6963 ahd.thelatter Of thomds 7. — je ee 
P 6 2 2.3 213-4 2.30465 
bras + &e ad infinitum, in which 1 reprefents the value of the whole infinite 
eae Pee Ree |e 
feries & + ieee + = + om ct aR fc. The former of them had 


been firft invented by Sir Ifaac Newton about the year 1669, but was not pub- 
lithed till many years after; and the latter was invented by the learned Mr. 
LLeibnitz before the year 1676, but not publithed till many years after. But 
Dr. Halley, in his tract on this fubject, does not mention either Newton or 
Leibnitz as the inventor of either of thefe feriefes; and therefore it feems pro- 
bable that he did not know that thofe great men had invented them: and, in this 
cafe, he muft alfo be confidered as an inventor of them, though not as the firft 
inventor. ‘The former of thefe feriefes is mentioned by Newton in his firft Jetter 
to Mr. Oldenburg, dated June 13, 1676; and the latter feries is mentioned by 
Mr. Leibnitz in his letter to the fame perfon, dated Auguft 27, 1676. See the 
Commercium Epiftolicum, pages 139 and 150. | 


i° 


Thefe two feriefes confifting of the powers of 1 may not improperly be called 





anti-logarithmick feriefes. The former of them, to wit, p - “— + © 
2 203 22324. 


s 6 f ods : 
= - - +; # a5 + &c ad infinitum, may be derived from Mercator’s feries 
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és TAGs, 
km Be as ec ad infinitum by the help of Sir Ifaac 
Newton’s binomial theorem, in the firft and fimpleft cafe of it, or that in which 


the index of the power to which any binomial quantity, as I + x, is to be raifed, 
is a pofitive whole number. And the latter of them, to wit, 1 — 2 i Lieaka OE 
L* L's 6 z 23 
2.304 45 2036405 2 344.5.0 
eee ane eS heyy CMCEE OS BLM ©  . 
Dr. Wallis’s feries & ++ Sanaee a a 2 beatae te Se ad infinitum, by the help 
of Sir Ifaac Newton’s theorem for finding the powers of a refidual quantity, fuch 
as 1— *, inthe firft, or fimpleft, cafe of it, or that in which the index of the 


power to which fuch refidual quantity is to be raifed, is a pofitive whole number, 
The manner in which the former of thefe anti-logarithmick feriefes, to wit, 1 -—- 


+ &c ad infinitum, may be derived in the like manner from 











L? L3 L* LS 16 . ‘ : 
eh ar + ay + ae + enh ce + Ge ad infinitum, may be derived 
i ; 3 ; ks h4 s 6 

from Mercator’s logarithmick feries k — oe Suey: + ie ai a + ead 
infinitum, may be explained as follows. 

ae F : ° : as 3 14 rs 5 
Of the Anti-logarithmick Infinite Series t + — + a9 + oes + AP 4. enw 

+ &c. 
2. Weare therefore now to thew, that, if & be any quantity not greater than r, : 
5 é . 2 3 4, 

and t be equal to the infinite feries & — Ei a 4. ee Aa — + &&e, 


or to the logarithm of the ratio of 1 + & to 1, the firtt ae k of the faid feries 
will be equal to the infinite feries 1 + = +- ae ne —_ +- = re L* , 
+ €%¢; the terms of which will always decreafe with at dodndeatl: desreniae 
fwiftnefs, becaufe both the co-efficients of the powers of 1, to wit, 1, —, — 











_— 


eee 
I I I 33 

BiZh? 2630405? 2.30405-0" 

of fwiftnefs, and the powers of x themfelves, to wit, L, L”, 1°, L*, 15, 1°, &e, 


will always decreafe in fome degree, becaufe the greateft poffible magnitude of 1 is 
lefs than 1, being equal to the decimal fraction 0.693,147,180,559,945,304, €c, 
ie k3 is Bp 


Sc, decreafe with a very great, and an increafing, degree 


or to the value of the infinite feries k — — 4+ —-— ie oat EPe 
when & is of its greateft poffible magnitude, or is equal to 1, that is, to the 
- : . rt I ° ° 
value of the infinite feries 1 — rm -}- — ae + = a — + Se ad infinitum, 
2 


or to the logarithm of the ratio of 1 4+ 1, or 2, to 1, which has been fhewn, 
in article 35 of the foregoing remarks, to be = 0.693,147,180,559,945,3045 
ays Se 
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ésc, And, when x is the logarithm of a much fmaller ratio than that of 2 to r, 
as, for example, of the ratio of 10 to 9, or of the ratio of 11 to 10, (in the 
former of which cafes it is equal to 0.105,360,515,657,826,302, €c, and in 
the latter to 0.095,310,179,804,324,858, €&,) the feries L + a + = +. 


5 L® , : : 3 bt 
2S &S¢ ad infinitum will converge with ereat fwiftnefs, 
2034.5 263040506 + ih S & 





An Inveftigation of the faid Series. 


3. In order to derive this anti- -logarithmick feries b + — of a —+ 


0 ee 


he k3 ki 
cator’s logarithmick feries k — — -++ eae = ra “ saeetg-)) ee &S¢ ad infini- 





2.364 nde 
+ &e ad infinitum, which is equal to ai ak term F of Mr. Mer- 


55 





tum, from the faid latter ieetn it will be convenient to ett the following 
lemma. 


Li Eo M (At. 


If m denote any whole number whatfoever, the z* power of the binomial quan- 
tity 1 + x will be equal to the following feries of terms continued to # + 1 terms, 























towit,1+— xa+—x°* xa KES KR x + Ay 
c= OE a—2 98 tearen ie 4 n Bom oT 752 Ci 72 a—4 
AES Oe th at! x Aa ais 
ies ? Xx ; x agri : : x F x Z x -E 
n a—tI n—2 a— 3 a—4 aan 











: TErh cae aupraptedia at 2 Ate x x x° + Ge, or (if we put the ca- 
pital letters a, B, Cc, D, E, F, G, &c forthe Brith, 1, and the co-efficients of x, x”, 
x3, x*, «5, #°, and the following powers of «, in the 2"4, 374, 4th, oth, 6th oth, ang 
Am T 


other apras terms of the feries refpectively,) to the feries 1 +- — Ax +. 
raat 





(pd geste aig yo ae baaaere M0 9 Lah 2 att Eas + 15 px 4 & continued 
ton+1 dat ; in which the law of the continuation of the terms: is very ma- 
nifeft, to wit, that the numerators 7, 7 — 1,7 —2, ~—3,n—4,2— by OCs 
of the generating fractions =, 5 4 A eat ae ee ty , (Fe are 
formed from each other by te continual ane action of an unit until the number 
n is exhaufted, and the denominators 1, 2, 3, 4, 5, 6, €@¢ of the fame fra@tions 


are formed from each other by the continual addition of an unit. 














4. This is the famous binomial theorem of Sir Ifaac Newton, in its firft and 
fimpleft cafe, or that in which the index of the power to which the binomiak 
quantity 


é' 
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quantity is to be raifed, is a pofitive whole number. Its truth is univerfally 
admitted by mathematicians; and fome of them have given demonftrations of 
it; and, amongft the reft, Mr. James Bernoiiilli, (a very clear and fatisfactory- 
writer on mathematical fubjects,) in his excellent treatife on the doétrine of 
chances, intitled Ars Conjeéiandi.—See the faid treatife, book 2"4, On the 
prefent occafion I fhall take this propofition for granted. 





s. Coroll. 1. If * be taken equal to the n* part of any given quantity called 2, 
fo that 1 + x fhall be equal to 1 + we it will follow that 1 + #)*, orr 4- 0 























j i n b 7D not 2 n Ree 
will be equal to the feries t+ =x —+—xX-—-X—+ — x x 
u—2 53 nt a— tI 4— 2 n— 3 bt n Z—t n— 2 
Tetons : es eameureitas r Or ae a BL rg eas Pig es x 
2— 3 a— 4 oF a n== n— 2 n—3 na— 4 a— 5 be 

; xX ad cant x LE : x z at x ae: x aS tre x oer x ty 


. 3 b a9 2 
€F¢ continued to # -++ 1 terms, or to the feries 1 4+ — AxXx—+ — Hx aE 
a d 


na— 2 53 n— 3 JA 
ACIUERORES Bee 
tinued to z + 1 terms. 


cea RV Eas a—s 











6. Coroll. 2. Whatever be the magnitude of z, the quantity 1 ++ ie muft be 






























































lefs than the ferist + d+ — 4+ — 4 a eS ee 
efs than the feries 1 — + — — -——-— ¢ con- 
2 263 20364 2Z04LG 2+Fede 500 
tinued to 7 + 1 terms. 
‘ b 2 = b2 eS ae 

For the feries 1+ — xX —+— x * "x= +4xtx* 3 
33 By Goat Wate, Cerare an ce 2 n na— I n—2 n— 3 
ro 1 2 3 4 n* SOTA aga RRO IEETT FN 
n— 4 bs 2 8) oT a—2 a —3 a—4 a—5 be 
Tah cigar sttaniy ts : x i x 3 Aas tory =~ + Secon 
i i f : Z 
tinued to ~-++ 1 terms, is evidently lefs than the feries 1 $= x — ++ — 

(13 

a—o 5? n na—O a—o 3 n n=O 2—O a—O9O 

a ES = eee fakery eas F era, apepeles ararrrets! F x Fi x 
bP ise, ROR Aa MELAS n—O n—oO bs n eek n—O z—0O 
wes 2 ae CRT MRE NED 1 aa 3 4 

ee a BS : 

Se aaa See 2 The ade €¢ continued to the fame number of terms, or than the 

: a b n> 5? 3 b3 n* b4 ns b20r Ay 
ae Rees, sete RAMMED) Tk ID: |W RAMI CRORE WPM acu 


be ? ear) 
——— x -— + Ge continued to the fame number of terms, or than the feries. 
. ii 











nb n> 5» n3 $3 n* b* ns b§ n®}§ . 
‘ ESS SUS RM a €Fe continued 
aber th ag ane Baer? 2.30400* 2eZ04e05,70° a7 2+3.4.5-0.2° ia : 
4 3 4 
to the fame number of terms, or than the feries 1 + 2 + A + as yes a +- 
y ~ *3 ayer 
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$ 36 ; 
ae brewer +. €c continued to the fame number of terms. But by coroll. 
2.364. Ri Qwsege 
: n b n nm— 1 b* nl un—t n—- 2 53 
cnansad as gba Set eo ones aes po See eee 
1, fae ees a See a ngireikahber sete. Ki 
Beige Han gg Becaed eG ance sect ie PP tert Oo HD etre ua 
i 2 3 n I 2 Z 4 5 n 
tax —— x oe x oan eee "3 x -z tr Ge continued to # + 
: bn b\” 3 ‘ 
1 terms is equal to 1 + “0 Therefore 1 + = mult be lefs than the feries 


br 33 b+ Bs 5 
I b —+ — bodes ee eA 
cr + bap: 2.3 of 263-4 “y 203 eheS 9 203+4.5s6 
terms, Q.E. D. 


+ €%¢ continued to # 4 1 





7. Coroll. 3. But though 1 + J be always lefs than the feries 1 + 5 4 
Bee 408 b+ Bs 5S 
2 2.3 2.304 2.36405 a 2-3040566 
the difference between them will continually decreafe while the index yw in- 
creafes; and the faid index 2 may be taken of fo great a magnitude that the faid 
difference fhall become lefs than any affigned quantity, how fmall foever. 








+. €f¢ continued to m + 1 terms, yet 


























‘ # b n a — 1 br n n— I n— 3 
- ye eee o ae Pe te SEES i pets 
For the feries t + TS PIR eee Ce Te roc eee se 
33 # es 8 a—2 a— 3 b+ a : Tee sf tis To 4 “a— 3 
Rie Aina Ati * ery aie ta PAA ge eee beac art 
earl. 5 it a— tT n= 12 t-- 3%. 2-4 all a 
Ne pete kl: Sanya me, as 3 x ‘i x P K aes raster PAVE od 


i zt es ae : 
continued to ” -+ 1 terms (to which the quantity 1 + — is equal) is equal to 
4 


. dy b? eWivkeg 703 ere 
the feries 1 +— xd 4° 4 yg NAL BO are aaa tee 623 + 112? — 62 











in” 2 23 25% n* 

x of ee — 10n* + TAS, 50n” + 242 x bs n° —15n5 + 8524 — 225n3-+ 274n27— 120” 
23% n 243+455 n° pat ooet Ue Gee 
anit +- &ec continued to z + 1 terms, and confequently to the feries 1 + 5 

\ Be a On ae el b3 pr OF AE aIa! * LIEN 4 
yeaa as Ln Om co aE Tia BEET ue 

| ot a nami mie ep 2 45) PT rele Soa te steatt 

BOP mne Tes ASS Se ae te 1) 88) eas ame 0. kas 

pie: uae n3 ta Naga Wee betes. ein, Sas fees 

——— + &e continued to # + 1 terms, or tothe feries 1 ++ 5 + Lal 4+. Be es 

ates I “ 2 2.3 


— + —— + —— + & continue au ee 
Sa st gana ae iOL dtoz-+ 1 terms, — the feries ye ko 


bo fg 2 | b3 6 11 6 BA eee ee ee 

AMAA RS MD on G8 yh ath oben peck, Og yaad Map ROL SL TT) 

a l n nz a n3 x pai le e we “+ ‘a ra 
6 


b 











“ : 
SPINE x ST + &e continued tom—1 
terms; the difference of which from the feries 1 pe» Oe: us 

; AES ty cere Rene 
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t : E é b 
——— + ———. + &e continued to 2 +1 terms, is the feries — x — + 
1 2 


ADR Cs, co: b4 10 35 5° 24]. &s 


i 
n n2 2.3 n nu n3 2.364 n n* n3 n* 243+405 


15 85226 274 ae BE) ey Fis . : 
ap Say ee ae <2 — =f ce A eras I. (¥¢ continued to ~ — 1 terms, 


3 ee 
Therefore this laft feries is nes to the difference whereby the feries 1 + 5 +- 


s ° 
je 33 b4 - b ef 2 + €c continued to 7 + 1 terms, exceeds 
bz 








2 oe yee aegedel 263.405 .0 
b)” 
the quantity 1 +—. Now it is evident, that the faid feries + x 4. 
u 
B3 6 Obes eee I ° Nees 
seal Sig a ae eR NC 
2 n 2.3 2 n n 2.304 2 n u nies 2.95406 
Ws 85 228 274 120 be 
ra awe? 
will continually decreafe while z increales, ee the powers of # conftitute the 


denominators of the feveral members of the co-efficients of its terms; and z may 
be taken of fo great a magnitude that the faid feries fhall be lefs than any af- 
figned qua ntity , how fmall foever. Therefore, while the index x increafes, the 





ae {S¢ continued to »— 1 terms, 








5 b3 b4 bs 46 
difference whereby the feries 1 + 6 +— + — + oF etree tak Be 
2 2.3 2.324 2030405 243+405.0 
coer Gt a) 


: : b\” : 
+ €¢ continued to # + 1 terms, exceeds the quantity 1 +—, will decreafe 
a 


continually ad infinitum, or the index ” may be taken of fo great a magnitude 
that the faid difference fhall be lefs than any affigned quantity, how fmall foever. 











Q. E. De 
8. Coroll. 4. It follows, from the foregoing corollary, that the infinite feries 
2 3 B® ~ ; “ a Ne 
1+b+—-+> es rae + &e ad infinitum is the limit 
"Tis ; this: \2 


: b A : 5} : 
of the magnitude of 1 + —, or the quantity to which 1 + — may, by in- 
creafing continually the index x, be made to come as near as we pleafe. 





2 3 

For, by increafing ” continually, the excefs of the feries 1 4 2 + — ‘ ot. i 

2 2-3 

b4 bs 5S : : 
— —— + &c continued to z : 4 

“h ae vb: ae + mee es a> + 1 terms, above the quan 


; Hea i, 
tity I + — may be made to decreafe till it is lefs than any affigned quantity, 
how fmall foever, as we have feen in the foregoing corollary. And, by in- 


creafing # continually, it is evident that the excefs of the infinite feries 1 -p 2 4 














cz i e sive aire + &%c ad infinitum above the feries 1 + 

_ apr: eee Fc ad infinitum abov e Ss 1 

2 23 2.304. 203.405 223-455 .6 : 3 

b+ a a a + i ~~ fi x zie €f¢ continued to m + 1 ter 
Lat gpa Beet ie ¢ t ms 
2 2 2304. 2630405 Py, 0304. 4 


may be diminiihed as far as we pleafe, or aaa to become lefs than any affigned 
6 quantity, 
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quantity, how {mall foever. It follows therefore, that, by increafing the index 

m continually, the fum of thefe two exceffes, or the excefs of the infinite feries 1 
b 63 b+ bs b° 5 ; . 

+b 4+— 4 —4 + +- ———~ + &c ad injinitum above the quan- 
2 223 Hy 253-455 2.3+4+5.0 ve! 


tity 1 + —!, may be diminifhed as far as we pleafe, or made to become lefs 


than any ae cuant ty; how {mall ee Or, in other words, the infinite 


b? b4 46 : . ar 
1eCieS 11 =} tees ea comand I 2; ES¢ ad infinitum is the 
or tps 5 +¢sytamtaeet HR sity 
4 


limit of the Re ae n the quantity 1 + ace Qe kw. 











9. Coroll. 5. If we make ufe of the language of infinites, (which, though 
not a correct way of {peaking, is often very convenient on account of its brevity, 
and has therefore been fometimes adopted even by the moft careful and elegant 
writers on mathematical fubjeéts ; and, amongft the reft, by the great Mr. 
Huygens himfelf, who deferves that chara¢ter above all other writers ;) the fub- 
{tance of the laft, or 4th, corollary may be expreffed in the manner following. 


: : : : , bY, 
When the index ” of the power to which the binomial quantity 1 + — Is to 


é : 5 5 n b n-—t b> n 
be raifed, beconies infinite, the feries 1 + gg 5 
1 








a— tI n—2 53 n a—TI n—~2 n— 3 b+ n n—t 





























x 








b° B ‘ , b\” . 
x —- + &ec continued to # + 1 terms, (to which 1 + —' is equal) or 1 4 — 


nn —n 5? ns — 3n* + 2n b3 nt — 6n3 +- 11n? — 6a b4 . 
a x — + en Maer aa - 
as sen — Son? + 24n bs n& — r6n5 + Bent — 22503 + 2740? —= 1200 
ns * 2.3.65 +r n® * 


+ €%¢ continued to z + 1 terms, becomes infinite in the number of its 
br n3 oe nt 
—— oL ea Ce ——— 
2 n> 2.3 se 











66 
terms, and equal to the feries 1 + — er ie ~~ x 
1 #8 bs n® 38 
SU URE Peau + a x reas + &¥¢ ad infinitum, or 1 + bp 


33 yA bs : +- ec ad infinitum, becaufe all the iaakath af 








f sh NE 
28 2.3.4 263-465 2.3+4.5.0 


of the feveral numerators mz — 1, 1? — 3n? +. 2n, n* — 60? + 11n? — 6n, 0 — 
1on* -- 35”? — son” + 24n, and n° — 15n5 + 85nu* — 225? + 2740” — 120m, 
€§c, after the firft members n*, 13, u*, n5, n°, €Sc, will vanifh, or become infi- 
nitely fmall, in refpeét of the faid firft members, which contain a higher power 





of # than the faid following members; and onl saagriy thofe whole numerators 
will be equal to their faid firft members, n’, n°, nx‘, n5, n§, &c, refpectively. 


‘Therefore the quantity 1 ate (which in all cafes is equal to the faid feries 1 
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2 nwn— n be m3 — 3n2 + 20 b3 at — 6n3 + 110? — 6n b4 
n xb + nn ry “2 Tf ni * Aig n* 2.3+4 * 
2S — ront + 3 5x8 — 50on*® + 24n v bs n& — 1575 + 8on* —22¢n3 + 244% — 120n 
ds ns 2.3.4.5 n° 
Roe ++ &c continued to  +- 1 terms,) will, in this cafe of the infinite magni- 
° ° . 2 3 
tude of 7, be equal to the infinite feries 1 4- 4 + ete + sil ev Ff gi ae 
a: 2 23 2.304 2.36465 
“+ ——— + &e ad infinitum. a Be 
2+3.4,5.0 if & a 


10. Thefe things being premifed, the inveftigation of the firft anti-loga- 


.4 . . 2 3 Lu L°> L6 
Fithmick (erie. tec. ey-Fe aoe ik eee pak RL, Higa dekwita 
+ 2 + are 7 2.364 a 2.3.4.5 +r 2.3.4.5.6 Um S infinitum, 





or the derivation of it from Mr. Mercator’s logarithmick feries k — 2 ee 
- 3 

ké ke ke eer a, ‘ ; 

Baccano +. &¢ ad infinitum, may be performed in the manner following. 


PROBLEM If 


Let & be any quantity not greater than 1, and 1 be equal to the infinite feries 
‘ , RS a tt. erat 
Fer a fHA4 a4 = + Ge ad infinitum ; which is the logarithm 
of the ratio of 1 +- & to 1 in Napier’s fyftem of logarithms, and which confe- 
quently can never be greater than the logarithm of the ratio of 1 ++ 1, or 2, to 
1 in that fyftem, or than the decimal fraction 0.693,147,180;,559,945,304, €e. 
And let x, or the value of this whole feries, be fuppofed to be known, but &, or 
the value of its firft term alone, and confequently the feparate values of all its 
other terms (which contain the powers of £,) to be unknown. It is required to 
find from L, or the value of the whole feries, the value of its firft term &, 


SOLUTION, 


Let us fuppofe the letter » to denote fome very great number, fuch as a 
nonillion, or the ninth power of a million. 

Then it will follow, from lemma 2, coroll. 2, art. 17, of the foregoing re- 
marks on Mercator’s and Wallis’s feriefes, that E-ke — 1 will be very nearly 
equal to— x the infinite feries k — + Sia ie, od A = 4. Fe ad 
infinitum, that is, (becaufe u is fuppofed to be equal to the faid feries,) very 
nearly equal to = x L, Or a Therefore, if we add 1 to both fides of the 


L 


equation, we fhall have 1 + & very nearly equal to 1 + —, and (raifing both 
“LZ fides 
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i Li 
fides of this laft equation to the ”** power,) 1 ++ & very nearly equal tor 4+-— = 
And ” may be taken of fo great a magnitude that the ratio of 1 + &to 1 + — 
fhall approach as near as we pleafe to a ratio of equality. | 

ut, becaufe the index is of an immenfely-great magnitude, it follows, from 


the fourth corollary of the foregoing mo that 1 cf a will be very nearly 
Le z,° 


2345 | 29456 
Sc ad infinitum, and ne n may be earn a fo ore a magnitude that the dif- 





equal to the infinite feries 1 4 L 





ference between 1 + ~ “and this feries fhall be lefs than any afigned quantity, 
how {mall eee p heriote I an k will be very nearly equal to the faid infinite 
L® 











feries 1 +L + — a oe aa ATi + PECTT + ——— 25.456 + Ce an ci 
k will ae ver om e de to the infinite feries L + — aS peket ing 
Wi y y €q + + = ~+ ie rE sHine 


a a + &c ad infinitum. And xn may be taken vg fal a a magnitude 
that the ratio of 1 + & to the feries 1 pu4 {4+ at = 

a + ot ee LL CRORE En CET 
2 + ad infinitum hall approach as near to a ratio of equality as we pleafe. 





L° 
2-3: 
T Meee 1 + muft be not only very nearly, but accurately, equal to the faid 


feries, and Seg eee ety k will is not PHY ee ancarly, but accurately, equal to 


the infinite feries L ++ — — + = — Fae re + hate + saareh ES¢ ad infinitum. 
Q. E. Ie 


11. This folution may be expreffed with greater brevity in the language of 
infinites, as follows. 

Let us fuppofe the letter z to denote a number infinitely great. 

Then it will follow, from lemma 2, coroll. 2, art. 17, of the foregoing re- 
marks, that'1 + a — 1 will be equal to —- x the infinite feries k — + + 
= yo = i” = —— + Se ad isirinh that is, (becaufe the faid feries is 
= 1,) to = FOL tO =. Therefore (adding 1 to both fides of the equa- 


tion) we fhall have 1 + Rn =1-+ a and confequently (raifing both fides of 
this laft equation to the m® power,) 1 + kit aa “ 


But, becaufe the index a is an infinitely-great number, it follows, from coroll. 
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5 of the foregoing lemma, that 1 ++ = will be equal to the infinite feries 1 





eee ae ee L5 L® ae Li ; 
2 2.3 234 2.3.4.6 i Zager Meee uae es I 


Ls 
2:4 410, Fades 
mi &e ad iy ieee and confequently k will be ee to the infinite 








-++ & will be equal to the fame infinite feries 1 + 1b . ~ +4 - = ~ + 


i> 
+ Se % 
L 
1 teeee Ee ad infinitum. Q.%. 1. 
2.354 EOE a0 2.3.4.5.0 a fi ut Q, ET 





L¢é 
2.304 





. : : . . 2 $ 
12. Coroll. 1. Since & is equal to the infinite feries 1 4 —— 4. + 
2 2e 





Ls 18 : : F ‘ ; 
+- —— + &c ad injinitum, it follows ee the ratio of 1 +-&to 1 is 

ie Ls 
+ 


Topas 2.3+4.5-6 

equal to the ratio of the infinite feries 1 ++ L += = += — + af. 
3 2.34 2.3.45 

zraKe ray: ++ &ec ad infinitum to 1; or the ratio ii: ae to any given loga- 

rithm in Napier’s fyftem denoted by x (that is not greater than 0.69 3,147,180, 








55959455304, &§e, or the logarithm of the ratio of 2 to 1,) is the ratio of the 


Ant Aid ager: us + L3 in Pe LS i ED is: 
infinite feries 1 -- L + —-- — < 
2 2.3 2.3.4 ry 2334.5 a 2.3.4:5.0 + Se ad inf 











wilum tO Ie 


“An Example of the foregoing Method of difcovering the Ratio corre/ponding to a gree 
Logarithm . in Napier’s aio by Means of the Infinite Series 1 +L +—+ 
L? t+ L> 


a ——— &e ad infinitum. 
263 + 2-3-4 + 2.30465 + aa 27 








13. Let the given logarithm, of which we are to find the ratio, be —, 
OF 0.500,000,000. 
Then will i? be => ange Tey be i =) arichs Uae =, ante ia and 


I 
v= a ancy I ply hie’ bye omsequaltty the amos. 99 Tom,. and other 





following pater of =, and confequently the feries 1 ip L + —_ + cr i ; 
LS : 

et aay t+ Ge will be equal tor + > me = + oe aa ae 

~ = + eae : reir + €%¢; or if we denote thefe ee terms by the capital 


letters a B, C,D, E, F, €c, fo that the a term 1 fhall be==.a, and the fecond 
term — fhall be s, and the third term — ~ fhall be=c, and the fourth, fifth, fixth, 


f eh eighth, and other following ter ut fhall be equal to D, £, F, G, H, &c, the 
PAC AN: {eries 
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: 3 L3 nt Le dig ; 
(etiesta Hitaet tee pepe f- ——— + ———- + &e will be equal to 
q r “4 mh 2.3 a8 263.4 243-445 23.4. 5.0 Tr q 
A 8B Cc D E F G H I K ° 
Sibicph Big ate th Ee ag th 2g oh baie Potipoaiemces oo 
jinitum. Thefe terms may be computed in the manner following. 





A = 1.000,000,000 ; 





B tz = fom ES) = ©.500,000,000 $ 
ce = = se = eee = 0.125,000,000 ; 
D(= = aS ee we) = 0.020,833,333 5 

E (=z bars = = Se 280339) = 0.002,604,166; 

F (=5 on =. — eae = 0.000,260,416 35 

| 6(= = = — a ie = 0.000,021,701 $ 
A at = a = a ee == 0.000,001,5503 

0 = =; = = a) = 0,000,000,096 ; 

K (2 = = ne can ee = 0.000,000,005 $ 
Andi (== — = ee == 0.000,000,000. 


Therefore the feriesat+sap+eo+o+E+F+64+ H+14+K4L4 
A B Cc D E F G H I K 

656, VOLEE ira iG ah Gets 76 aie sah eke aan. Toke 

will be equal to 1.000,000,000 -+ 0.500,000,000 + 0.125,000,000 + 0.020, 

$33,333 + 0.002,604,166 + 0.000,260,416 + 0.000,021,701 ++ 0.000,001, 

550 + 0.000,000,096 -+- 0.000,000,00§ ++ 0.000,000,000 +- er = 1.648, 

721,267, &c¢; and confequently the ratio fought, or that of which the fraction 


=; Or 0.500,000,000, is the logarithm in Napier’s fyftem, 1s the ratio of 1.648, 
721,267, €& to 1. OG. e. 1. 


14. The ratio of the fquare of this number 1.648,721,267, €c to 1 is double 
of the ratio of this number itfelf to 1; and confequently the logarithm of the 
ratio of the fquare of this number to 1 will be double of the logarithm of the 


‘ : A 4 I 
ratio of this number itfelf to 1, or will be double of >» OF 0.500,000,000, 


or equal tor. But the fquare of the number 1.648,621,267 is 2.718,281,816, 
ésc. Therefore the ratio correfponding to the logarithm 1, or of which 1 is 
the logarithm in Napier’s fyftem, is that of 2.718,281,816, ¢ to 1. 


v4 SCHOLIUM, 
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SCHOLI UM 


1g. In the folution of the foregoing problem the letter 1 was put for the value 

: ke k3 Rives ah ke k® ; , e ; 
of the whole feries & — — + ope hars —- — + = Se ad infinitum, in which 
k& can never be greater than 1, and the value of which can never therefore be 


greater than that of the infinite feries 1 —~ —~ hy la phan z Ab 3 te - 4. eo ad 


infinitum, or than the logarithm of the ratio of 1-+ 1, or 2, to1, or than the 
decimal fraction 0.693,147,180,559,945,304, “7c. And therefore it cannot be 


concluded from the reafonings ufed in the faid folution, (which are grounded 
on the Ae {uppofition, ‘* that L is equal to the faid feries k —— + * — = 
ge as ae &¢, and confequently is fubject to the faid reftri€tion,’”) that, 


whan L is ee than Napier’s logarithm of the ratio of 2 to 1, or than the de- 
cimal fraction o. 6935147,180,5 595! 9452304, c, the ratio correfponding to it, 
or of ayhic. It is oe pee in Napier’s ae is the ratio of the feries 
te i; a : aes aes ++ &c ad infinitum to 1. Never- 
thelet this nropondoH is true in ‘hele cafes as well as in the for mer, though it 
does not follow from the foregoing premiffes. But it may be fhewn from other 
premiffes, that, whatever be the magnitude of L, even though it fhould be much 
ereater than the decimal fraétion o. 693514751 80,569, 945,304, ce, and even 
than 1, as, for example, equal to 10, or roo, or 1000, or any greater number, 
yee the ratio porcPon to the enn EJOF Bch which 1 is 3 the dogeritn 














L? 
———— 4+ ——— +. &e ad infinitum to 1. 
ae? 3405 24304 ie 6 

For though, when t is greater than 1, the powers of L, to wit, L, 1’, L3, L*, 


i’, L°, ce, which form the numerators of the terms of ihe {aid feries, will be 
a ae of increafing quantities, every one of which will be greater than that 


which immediately precedes it in the proportion of 1 to 1, yet the increafe of the 
te L3 Lt LS hr 

whole CEES ely Ries? 23? 2.304? 2348? 2.3.4.5.07 
fuch increafe of their numerators L, L*, L*, L*, L*, L°, &Fc, will, in fome part or 
other of the feries, be more than Seton balanced by the decreafe of them arifing 
from the increafe of their denominators 2, 2.3, 2.3.4, 2.3.4.5 94.5.6, Ge ; 

and confequently the faid whole terms (though they will “have ee ged, or in- 
creafed, continually from the beginning of the feries to that term at which the faid 
over- balancing takes place) will afterwards converge, or decreafe, continually, 
and that with an increafing velocity, or fafter than in a continued geometrical 
proportion ; ea ayes a value, or fum of a]l the terms, of the faid feries 


t,3 Le ~ 7 “ 

7 ———_—— &fe will (notwithftandin 
2.364, pag ) ng456 © 

the Baeecicy, or Increafe of its firft terms,) be only of a finite magnitude.. 


This 


&S¢ ad infinitum, arifing from 
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This convergency of the terms of this feries, in fome part or other of it, even 
when 1 is much greater than 1, may be eafily deduced from an attentive confide- 
ration of the manner in which the denominators of its terms increafe: and, fur- 
ther, it may be demonftrated from other premiffes, that, whatever be the magnitude 
of L, the ratio correfponding to it, or of otic it 1s tae ce in Napier’s 
L4 S 
fyftem, will be the ratio of the feries 1 +1 ++ —- 4 = teat: x : a 
6 e 
are + Ge ad injnitumto 1. See below, in de 39, 40, and 41. But 
2 








this is a {peculation of more curiofity than ufe, on account of the great labour of 
computing a fufficient number of the terms of this feries, when t is much greater 
than 1, to obtain its value to any confiderable degree of exactnefs. It may not, 
however, be amifs to give the reader an inftance “of the truth of this propofition 
in one remarkable cafe of it, that lies out of the limits of the fuppofition made 
in the ee going, problem, by computing the value of the feries 1 -- L + 
2 LS i® 

2] ny | Rg dg gigi6 
1, and ean determining (in cafe this propofition holds true in the extent 
we have juft now affigned to it,) the ratio correfponding to 1, or of which 1 is 
the logarithm in Napier’s fyftem ; which we fhall find to be that of the number 
2.718,281,816, &e to 1, as it has been already {hewn to be in article 1 4e The 

2 

computation of the feries 1 + L + a + ‘e + —~ -t. = a + ae ae 
&e ad tM in this cafe, in which 3 it becomes equal to the feries 1 + 1 -+ 
I 


fey sl es + 4 i a code + me + €9¢ ad infinitum, may be performed as 
follows. 


+ €c ad infinitum, when t is equal to 



































The Computation of the Series 1 + 1 aint ~ 42 —-+-— ane hoes oe ew —- <a 
+ &c ad infinitum, “ape L Oe me) 
16. Let the firft term'1 of the feries 1 4.7 + = oe + a4 + ae “+ 
L4 
STs Pa Maman. ec I+-L + By Arect Fae + 


L® 
2030425 + 2.344050 
1 be called 8, and the third term = be called c, and the fourth term es be 





+ Ge is in this cafe equal, be called a, and te fecond term 





called p, and the fifth term = be called £, and the fixth, feventh, eighth, 


I I I 





ninth, and other following na, or — ,————— S&S, 
Tie act Mn ie ly ee 
be denoted by F, G, H, 1, and ne Rene eee letters of the ee ae And 


I 
2030465 i 2+3+4. 5-0 Deere 








the foregoing feries 1 + 1 + > 
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ue Sipe + €&e will become equal to the feries 1 aa ae a ie By aa = += 
+ = +—+ ~ + €¢. Thefe terms, when reduced into decimal fractions, 


will be as follows. 


Aaze 1.000,000,000,000,000,000,060,000 ; 
ae: = = 1.000,000,000,000,000,000,000,000 ; 
Cc ~ = 0.500,000,000,000,000,000,000,000 3 
Do 2 = 0.166,666,666,666,666,666,666,666 ; 
E= a = 0.041,666,666,666,666,666,666,666 s 
F= a = 0.008 53 33)3339333233393333330333 3 
G = > = 0.001,388,888,888,888,888,888,888 ; 
no a = 0.000,198,412,698,412,698,412,698 ; 
loa = = 0.000,024,801,587,301,587,301,587 ; 
Kr re = 0.000,0025755,731,9225398,589,065 ; 
L= = = 0.009,000,275,573,192;239,858,906 5 
y= — == 0.000,000,02 5,052,108,38 524414718 ; 
N = = 0.000,000,002,087,675,698,786,809 5 
Ops = = 0.000,000,000,160, 590,438, 368,216 ; 
Pie ric 0.000,000,000,011,470,7455§975729 s 
quse a == 0.000,000,000,000,764,716,373,181 5 
eo 3= 0.000,000,000,000,04.7379497 735323 3 

5 = a = 0.000,000,000,000,002,811,457,254 5 

zi ~ = 0.000,000,000,000,000,1 56,192,069 5 

vo—= 0,000,000,000,000,000,008,220,63 5 ; 


vt 
ie} 
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Vv 
W = = = 0-000,000,000;000,000,000,411,031 5 
Ww 
x == 0.000,000,000,000,000,000,019,572 $ 


|» 


= 0.000,000,000,000,000,000,000,889 ; 


to 
v 


Y 

z, a == 0.000,000,000,000,000,000,000,038 ; 
Z 

A == — = 0.000,000,000,000,000,000,000,001. 
24 


2.718,281,828,459,04.5,23 5,360,274. 


L* Le 
: : 25 3sA uP re at + 
Me -+ &f¢ is = 2.718,281,828,459,045,235,360,274, cs and the ratio 
correfponding to 1, or of which 1 is the logarithm in Napier’s fyftem, is the 
ratio of 2.718,281,828,459,045,235»360,274, eto 1; which is the fame with 
the ratio affigned above in article 14 for the ratio correfponding to the fame lo- 
garithm 1, to wit, the ratio of 2.718,281,816, Geto 1, except that it is ex- 


preffed with more exactnefs, or toa greater number of figures. 








. . LZ L3 
Therefore, when x is = 1, the feries 1 +L + —-+ ae ae 


17. Coroll. 2. If p be the logarithm of the fame ratio in Briggs’s fyftem of 
logarithms of which xt is the logarithm in Napier’s fyftem, 8 will be lefs than 
i in the proportion of Briggs’s logarithm of the ratio of ro to 1 to Napier’s 
logarithm of the fame ratio, that is, in the proportion of 1 to 2.302,585,092, 
994,045,668, ec; or L will be = 2.302,585,092,994,045,668, &e x B. 
Therefore, if B be any logarithm, in Briggs’s fyftem, of which we with to 
find the correfpondent ratio, we muft firft multiply 8 by the number 2.302, 
585,092,994,045,668, €c, whereby we fhall obtain the value of 1, or of Na- 
pier’s logarithm of the fame ratio ; and then we muft compute as many terms 


of the ieries I as cling atk Sd oan ¢ aa tnjinit 

1 2 203 26304, 2430445 2.304506 ay. pfnitim 
as may be neceflary to exprefs the ratio we are feeking to the propofed degree 
of exactnefs. For the proportion of the faid feries, or of the fum of fo many 
terms of it as we fhall have computed, to 1 will be the ratio fought. 











An Example of this Method of difcovering the Ratio correfponding to a given Loga- 
rithm in Briggs’s Syftem of Logarithms, 


i8. Let it be required to find the ratio correfponding to the logarithm —, 
° . . I ° 
or 0.01, in Briggs’s fyftem of logarithms. 
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The logarithm of this ratio in Napier’s fyftem is = 2. 302,885, 092,994,045,068, 
&e X 0.01 = 0.023, 02 55850,929,9405456,68, &c. Call this logarithm L. 


Then will L* be equal to 0.023302 58 5039295940,4.56,08, c\", or (neglecting 


~ 8 rol? 
the laft eleven figures, as inconfiderable,} equal to o. 0.02 3,025,8 Bol” =u LOG, 


530,189 ; and 1? will be = 0.000,012,208; and x4 will be = eS ; 
0.000,530,189 __ 
- 2 = me. 





- L? q 
and 1’ will be = 0.000,000,006. Therefore - will, be = 


0.000,012,208 








cae Lt : 
000,265,094; and = Will, be = == 0.000,002,0945, and ce. will 


ee 0,000,000,281 LS ; ©.000,000,006 


== 0.000,000,014.; and will be = ——— =. 0, 
24 2oFeAeS 120 


h : 
000,000,000 ; and confequently the: feries 1 + 4 += — + — me as ye 
5 
+ &c will be = 1,000,000,000 + 0.023,025,850 Le Oo. 1.000520 5,094 + C.000, 
002,034 + 0.000,000,011 +°0.000,000,000 + ce = 1.023,292,989, &e. 
Therefore the ratio corre{ponding to L, OF 0.023,025,850, or of which 0.023, 
025,850 is the logarithm in Napier’s fyftem of logarithms, or of which 0.01, or 














—, is the logarithm in Briggs’s fyftem of logarithms, is the ratio of 1,023,292, 
989, Se tot. ee 


19. This number 1.023,292,989, €c is the hundredth root of 10. 

For the ratio of the 100 root of 10 to1 is the 100" part of the ratio of ro to 
x; and confequently the logarithm of the ratio of the hundredth root of 10 to ¢ 
is the hundredth part of the logarithm of the ratio of 10 to 1. But in Briggs’s 


fyftem of logarithms 1 1s the logarithm of the ratioof 10 tor. Therefore —, or 


0.01, is the logarithm of the ratio of the hundredth root of 10 tox. But it has 
been fhewn, that o.o1 is the logarithm of the ratio of 1.023,292,989, &e to 1 
in Briggs’s fyftem of logarithms. Therefore the ratio of the hundredth root of 
10 to 1 1s equal to the ratio of 1.023,292,989, &¢ to 1, they having both the 
fame logarithm. Therefore (by El. 5, 9). the hundredth root of 10 mutt be 
equal to pons aD: Se. Q:E. D. 


| 3A CONCERNING 








CONCERNING THE 


SECOND ANTI-LOGARITHMICK SERIES, 
PUBLISHED BY DR. HALLEY; 


TO WIT, 


2 2 
he Seres £ = aoe Se i nls 
2 Bis, silenged. chp Bea eAgs kd weed qoeb 





+ Ge ad infinitum. | 





20. EF. come now te: confider the: fecond anti- Ha te feries in- 
. vented by Dr. Halley, to wit, the feries 1 —— 4. — a +. 
i i 203 |: 2.3.4 


Se cen eT fs. infinitum, in es L denotes the tatty of thei i 
2030405 223+4.5.6 if the infinite 


feries k + = + =~ + — gue ie Tag LES &¢ ad infinitum, invented by Dr. 
Wallis, or the logarithm of the ratio of 1 to1 — &. Now, in order to derive 


the former of thefe feriefes from the latter, it will be convenient to premife the 
following lemma. 


LEMMA TI. 


a1. If x be any quantity lefs than 1, and » denote any whole number what- 
Yoever, the #'» power of the refidual quantity 1 — x, or of the pos of 1 aboue 


x, will be equal to the following feries of terms, to wit, 1 — — xv +o» 
a 
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im I 2 n Nm J 2 = 2 * n H— 1 Hi mn 2 i 
e— — : : —_— 3 : 
x : x xX 5 x * -- , x i x : ara ee 
74 n— I a— 2 a= 2 Ti" Ae n nt-— I leat Loom, as 
ie x EEE RS EEE GT ope See salt HN 
I 2 3 4 ~s x Tage x 2 x 3 x 4 x 


Ri 4 u— 5 Oe . . 
Dae oes x° — &e, contmued to. -- 1 terms, or (if we put the capital 


letters A, B, C, D, E, F, G, & for the firft term 1, and the feveral co-efficients of 








~ ¢, x7, «3, x*, x5, w°, and the following powers of x refpectively) to the feries 1 — 
— Ax + “Bat — ae Gr ni Seager Da Co nie a Bins 
— €%¢; in which the law of continuation of the terms is very manifeft, to wit, 
that the terms are alternately pofitive and negative, or that the 3°4, 56, 7‘*, and 
all the following odd terms, are to be added to the firft term 1, and the 24, 4‘, 
68, and other following even terms, are to be fubtracted from it; and, with re- 
{pect to the co-efficients of w, x*, x, «*, x5, x°, @c, that they are generated from 
the firft term 1 by the continual multiplication of the generating fractions 
a na—I n—2 a— 3 a— 4 A— 5 
ia. 2 : cata! Pn a 6 
n—1,2—-2, 2—3,2— 4, 2 — 5, Sc, are formed from each other by the 
continual fubtraction of an unit, and the denominators 1, 2, 3, 4, 5, 6, &¢, are 
formed from each other by the continual addition of an unit. 











, 8c, of which the numerators z, 


22. This propofition may be demenftrated in the fame manner as the cele- 
brated binomial theorem, of which it is ufually confidered as a branch. On the 
prefent occafion I fhall take it for granted, as I did the binomial theorem itfelf 


in article 3. 
23. Coroll. 1, If « be equal to the z* part of any given quantity called 3, fo 


Poe... ERG GAS . 
that 1 — x fhall be equaltor ——, it will follow that 1 — ~,”,or 1 — o will be 
n 






































Nea n b a n— 1 b» ” ek n—2 
a ea te ae — x= x 
3 n a—I na—2 n—3 b+ n n—f n—2 a— 3 
pata uc i arem tas Mya ec gry. ik cM wats eam T rs aed br 
#i— 4 a, n— tI a—2 n— 3 a= 4 a4— 5 58 
cS ae ak Ter ep tengrd tO ace bes mere he oem, ae hoe 
continued to # + 1 terms, or to the feries 1 ~2 a x— a lee by aaa 
n 2 














n— 2 53 2— 3 b+ a— 4 Bs ams 59 

3 Cui cyan see eo flex 425s x 5 — Ge, con 
tinued to z + 1 terms. 

ST Gh 


- ° s \% ° 
24. Coroll. 2. Whatever be the magnitude of #, the quantity 1 — xd! will b 
14 


; be 3 4 5 6 
greater than the feries1 —2 +— — te ‘ b b 


—— — ©, con- 
ana pes 2030405 2.3+4.5.0 : 
tinued to # -+- 1 terms. 
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For, by the foregoing corollary, we have 1 — =r — % a * x 
4 ee x bt 2 ieeur h— 2 3 n s La. sash 
etree te ip paars ie rdt 3 x Bet gee Me eg eee 5g 
a I 3 % I 2 3 4 
b4 ” n— 1 4 —2 ‘“a—3 a — 4 Bs n 1 <= nies e. 
ier eae x 2 * 3 - 4 5 Ss 3 8) 2 2 2 3 2 
a= 3 a— 4 2-5 be 2 . oh stile 
‘i x : enrastay eile. fc, continued to # +- 1 terms; which is =: 
ose Me alert gastos omen AL falco ek aye tt. 
2 ie es 7s 2 03 n*® Ze 3.4 
ee —= 10n4. + 3523 — Son? + 242 x bs n& — r5nS + 8on® — 22603 + 27 4u® — 1202 
ne pA a eS n> ' 
b° . 3 \ 
ac el a Sap th a I 5% 
a 5 3 Set, continued to # +- 1 terms, or to 1—b+41 = = Ko 






















= be 
I SS ee ——— 
Teas ar ge 8s = 3 - a vers + Ge, continued to 
a + 1 terms, orto the feries 1 —~ B + & LE Bn ed os Aaah « ea ha 
2 ae 2.34, 2436455 2.34.50 
es | ot Bis se b3 
— Fc, continued to #2 + © terms, — the feries —- = Se fons 
: ; ; n nt n 2.3 
11 6 ‘ 
Cg ax oe ae, Palast an ao bs 
* n n” 7H n3 ~ 20304 n am =a Pe 223-405 sa 
se ete 4 ik at, ee jo 
; -: : 4 x Ss ee, ee to ~ — 1 terms. 


é\n 2 3 
Therefore 1 — — is greater than the feries 1 — 4 + = oh EA tele 
203 2.3.4 
bs be : 
BER teers mere $c, continued to # + 1 terms, 45 an excefs, or dif- 


jr : 33 aR) 
ference, equal to the feries — x RT — ey eS eee Lada h + — 


n? 2.3 7) ne 


ya Gee soit eT is SME UE LSinILS iri, 
x ag aa ge eek la 9, aoeee cc ST eel ee 


26304 7 RRS nt — 263-465 Le nt 











Sr aPEeK A €Fc, continued to 7 — 1 terms. Q, E. D, 


——j». 


25. Coroll. 3. But, though the quantity 1 — — be always greater than the 


52 33 b+ &s $6 

Pefiles, air meee + —— 

2.3 243-4 2632S 2030.5 6 

n + 1 terms, yet the difference between them will continually decreafe while 

fe index # increafes; and the faid index » may be taken of fo great a magni- 

tude that the faid difference fhall become lefs than any affigned quantity, how 
{mall foever. 


For it has been fhewn in the preceding corollary, that this difference is equal 


b2 | 2} 3 (_6 IL 6) bA 
SUH a ap feos Sah PRE EMEA a 








— &c, continued to. 
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10 35, 5° 24): Bs 15 BS Pe g26 274 120) 36 
a ae ee garg tele eo a at Oe ee es OW SER 
— &ec, continued toz—1 terms. Now it is evident, that this feries will con- 
tinually decreafe while 2 increafes ; becaufe the powers of ” conftitute the de- 
nominators of the feveral members of the co-efficients of its terms; and # may 
be taken of fo great a magnitude that the faid feries fhall be lefs than any af- 
figned quantity, how {mall foever. ‘Therefore, while the index a increafes, the 
a | 
difference whereby the quantity 1 — “ exceeds..the fericgs ¢ — 6 + oe ah 


33 is Eh aanOe 
ga + FESO ee €fe, continued to # -+- 1 terms, will decreafe 
233 x e4e aA . ° e4e 5s , 

continually ad infinitum, or the index # may be taken of fo great a magnitude 


that the faid difference fhall be lefs than any affigned quantity, how {mall foevér. 
gq. Ee: 








26. Coroll. 4. It follows, from the foregoing corollary, that the infinite feries 
, 5 b3 aS bf Bs ms a 
Lee ore Cee 2.3 2 304 2230465 24304450 
i\# 


- A a 3) f 
of the magnitude of 1 — =a , or the quanuty to which 1 — —" may, by increaf- 


— &c ad infinitum, is the limit 








ing continually the index z, be made to come as near as we pleafe. 


For, by increafing the index m continually, the excefs of the quantity 1 — die 


sid Pi 53 4 3s bs ‘ 
above the feries 1 — 2 + Shana + an oS Ree Mh an eee &Fe, con- 


eis a 3° 

tinued to z + 1 terms, may be made to decreafe till it is lefs than any affigned 
quantity, how {mall foever, as we have feen in the foregoing corollary. And, 
by increafing the faid index z continually, it 1s evident that the difference be- 
. . 5? 63 bt bs 36 

tween the faid feries 1 —2- — — — + - = buss tae dx 
2 203 2.364 203-405 24344450 : 

tinued to z ++ 1 terms, and the fame feries, continued ad infinitum, may be dimi- 
nifhed as far as we pleafe, or made to become lefs than any affigned quantity, 


how fmall foever. It follows therefore, that by increafing the index »# conti- 














— €7¢,con- 





A . b\” : : : 
nually, the difference of the quantity 1 Te and the infinite feries 1 — 9 + 
2) 33 b+ bs be 


—_—_—= um 


ne — &¢ ad infinit thich wi 

ee dal Fala 1 eae 755.0 4 infinitum (which will be equal 
ioe nt . 2, 

to the fum of the faid excefs of 1 — = above the feries 1 — J 4 Bae EE Oe a 


2 2.3 
4 35 + 6 
2.4.4 ye 20304.5 2+3+42540 é j ; ‘ é 5 
of the faid finite feries above the fame feries continued ad infinitum, in cafe the 


faid finite feries is greater than the fame feries continued ad infinitum ; but other- 








— ec, continued to z + 1 terms, and of the excefs 








A : : py 
wife will be equal to the difference between the faid excefs of 1 — — above the 
faid finite feries and the excefs of the faid infinite feries above the faid finite 
feries,) may be diminifhed as far as we pleafe, or made to become lefs than any 
afligned quantity, how {mall foever ; or, in other words, the infinite feries 1 — 
b + 


- 
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RE Maas NARI a Ms Er ad eafiniiain tas the limite 
2 2.3 2.3.4 20304.5 24304050 A 

: : 5 \* : 

the magnitude of the quantity 1 — —', 0. ED. 


a 


27. Coroll. 5. If we make ufe of the language of infinites, the fubftance of 
the laft, or 4'* corollary may be expreffed in the manner following. 

When the index of the power to which the refidual quantity 1 — af is to be 

b 


fae be n 























raifed, becomes infinite, the feries 1 — ~— he ae — YS xX 
7 
n—I n— 2 53 n 1— u—2 a— 3 b4 n ye 
Ra ae X Gre ee ca pp he ate i OER Be el ee 
a— 2 na— 3 a—4 b n a4—t1 nm— 2 %-- 3 a4 
—- x x Xx = +— xx x 3x 
Our 4 5 BOG 2 3 4 Sidi the 


: 6° ; : . ; b\* 
pee Ore Sc, continued to # + 1 terms (to which the quantity 1 — cal 
i 


: é ” an—n 2 (2 — 3? + 2n\ 
} Ve — —— u _—_—— eS See) | SS kee eee 
is equal,) or its equal, the feries 1 : x b+ mee es : x 








n3 
3 fo Gately Tt lO b4 n> — 10n4 + acn3— con* + 24” bs 
pil Sa abataaScd so RHE Ge id bal) [cant Lila. Ea sedl ay Rate 
2.3 x eed vy 2.3.4 a a 2.39465 
n®& —16n5 + 8524— 22023 + 274n7— 1202 3 . 
a a ————_-_ ¢, Cont 
fo) = EEE: » continued to # + 1 terms, 


will become infinite in the number of its terms, and will be equal to the feries 1 


2 jr 3 33 4 b+ 5 Bs 26 
Cig Maat vy uae IE EN cafes, : 

















ae n 2 ns 2-3 n* 20304 ns ’ 2.3 4.5 7 x 
6 . ; . 3 4 
é — €%¢ ad infinitum, or to the feries 1 — 6 + — ~— — a as 
wi ascre Ps 2 2.3 2,304 


re si Free Ef¢ ad infinitum; becaufe all the members of the feveral nu- 
merators 7 — 2, 1 — 3n* -+ an, nt — 6n3 + 11m" — 6n, nS — 10n* 4 3503 — 
son? + 24M, and 2° — 15n* + 8 5u4 — 2250" + 274n* — aan, &Sc, after the 
firtt members x, 23, n*, n°, n°, Fc, will vanish, or become infinitely fmall, in re- 
{pect of the faid firft members, which contain a higher power of # than the faid 
following members, and confequently thofe whole numerators will be equal to 
their faid firft members x”, n°, n*, n°, u°, Gc, refpectively. Therefore the quan- 


tity I — uh (which is in all cafes equal to the faid feries 1 a fe pen tae oe 
7 (i 


b (28 — 30? + 22) B53 n* — 623 + 11% —6a b4 {nS — tont + 35n3 — son? + 24n 











n3 24 2.344 ns 
bs 6 $4. Sent — 22¢n3 2—12 b° : 
pial cL) scam aks 0 Fy ak i ee x ——> — &e, continued to 
2.3.4.5 n 2.3.4.5.6 
7 -{- 1 terms,) will, in this cafe of the infinite magnitude of z, be equal to the 
: ‘ : 2 53 bt bs y 
infinite feries 1 — 0 + —- — —— = —_ ——- — &e ad infi- 
é 7 2 2.3 22304 2.36465 iP 2-3+4.5.0 vt 
wituiM. @rE! Dp, 
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28. Thefe things being premifed, the inveftigation gf the fecond anti-loga- 
1.” L$ 4 us 

rithmick feries L — <-> pe ey aay + veal vise 4+. & pai 

or the a. of it from Dr. Wallis’s logarithmick feries & += bh ~+ 

Rt 


re A fe varltar See gue Sc ad infinitum, may be performed in the manner tte 








PROBLEM ft. 


es k be ey Sane lefs hap 1, and let u be equal to the infinite feries 
Pall be Ried ordi Ms See Bl + — + &e ad infinitum ; which is the logarithm 
of ae ratio of I to 1 —f in Napier s fyftem of logarithms. And let L, or the 
value of this whole feries, be fuppoted to be Eka but &, or the aine of its 
firft term alone, and confequently the feparate values of all its other terms 
(which contain the powers of &), to be unknown. It is required to find from 
1, or the value of the whole feries, the value of its firft term &, 


penn Nee RET Ra 


Let us fuppofe the letter # to denote fome very great number, fuch as a 
nonillion, or the ninth power of a million. 


Then it will follow, from lemma 3, coroll. 2, art. 65, of the foregoing re- 


marks on Mercator’s and Wallis’s ratte ae: ae Hood tise ae will be very nearly 
equal to — x the infinite feries k 4+ — + —-+4 ee id kh a 4. &e ad 


infinitum, i taad is, (becaufe 1 is fiemored to be equal to the: aid’ feries,) very 
— Therefore, if we add 1 — &\x to both fides, 





nearly equal to — x L, or to — 
we fhall have 1 very nearly == + 1—A\,, and. (fubtracting = from both 
fides) 1 — Rn 2 Very nearly = I — ~ =, and (raifing both fides of this laft equa- 
: th: a 

tion to the z* power) 1 — & very nearly equal 1 — —. And 4 may. be 


taken of fo great a magnitude that the ratio of 1 — & to 1 — ay fhall ap- 
sroach as near as we pleafe to-a ratio of equality. t 

But, becaufe the index z is of an immenfely-great magnitude, it follows, from 
the fourth corollary of the foregoing lemma, that 1 — a will be very nearly 
r3 L4 Ti L® 


Mauris a4. Iago alee 
ec ad infinitum, and that » may be taken of fo great a. magnitude that the dif- 


ference 
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. Ke . , | ; 
erence between 1 — — and the faid feries fhall be lefs than any affigned 
quantity, how {mall foever. Therefore 1 — & will be ee nearly equal to 
or L3 i+ L 7° 
the faid infinite feriés 1 — Lb - —— —-+ , mateo cen! CRY 








2.3 234 2345 ' 25.4.5. 
ad infinitum, and confequently (adding k to both fidés) 1 will be véry 








3 rt fhe? r° 
nearly equal to & Io— L ioe Es ra agche + —— — & 
ie: + a 2 433 ay aia 2.3-4.5 2.3-4+5-6 
ad infinitum, and ee the feries L + an 4- a : 4+- &&¢ ad infinitum to both 
Zr5* 





fides) 1 ae L ig — yy Ag fc ad side will be very nearly equal to 


kR+-ir+— En Ble x a4 ete < a5 Wat + &ec ad infinitum, and (fubtracting 1 from 


both id) 4 L be ae tt 


293 


+ €fc ad infinitum, will be very nearly equal to 








aS 3-405 
ee 3 a 23. rn ar aaa on Fe ad infinitum, and, laftly, (fubtrattitig the 
infinite Goals — + + ——— BE. i ec ad ge from both fides,) & will 





20304 2204 G- i : 
L 


be ie nearly sae to the infinite feries L — — ke a ey 7. Date 


eat Fc ad infinitum. And fince, by ae the magnitude of # conti- 








2.3.4.5: 

nually, the quantity 1 — & may be made t approach as near as we pleafe to an 

equality with the infinite feries 1 — 1 + — — — + — abi es, 
rupee ig bag Hedley oaguigg.6 


— Jc ad infinitum, it follows, that it is ais only very nearly, but accurately, 
equal to the faid infinite feries, and confequently that & is not only very nearly, 








ie Li? Lt LS 
but ae equal to the infinite feries Lb — —-- —— — os 
3 233 2.304 A feges >. 
+ €F¢ ad infinitum. ORs T, 


243.465 2034.56.60 
11. This folution may be expreffed with greater brevity in the language of 
infinites, as follows. 
Let us fuppofe the letter z to denote a number infinitely great. 


Then it will follow, from lemma 3, coroll. 2, art. 6 x of the foregoing re- 


marks on Mercator’s and Wallis’s feriefes, that a ~ gia zx will be equal to 
— x the infinite feries & + + + i + —-+ -~ + &e ad infinitum, 


that is, (becaufe the faid feries is = 1,) to — x (i or to =. Therefore (add- 


ing 1 — &\x«to both fides) we thall have 1 = oS ++ 1 — Aix» and (fubtraéting ~ 


2, from 
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from both fides) 1 — a ae [ — kins Ore baie — =, and confequently 
(raifing both fides of this laft equation to the ® power,) 1 —k=1— a, 
A 
But, becaufe the index w is an infinitely-great number, it follows, from coroll. 


. a . . . . 
5 of the foregoing lemma, that 1 — a will be equal to the infinite feries 1 — 








2 3 4 5 6 ; : = 
ptt Ey YEE 8 ad infinitum. Therefore x 
2 2.3 23-4 243.465 _2-3.4.5.6 : ; 
L L L 


— k will be equal to the fame infinite feries 1 — L Bia SS a le Wy BB Pe Sal 
243 2.3.4 2.36405 


wi a — & ad infinitum; and confequently (adding k to both fides of the 
13 L+ LL? no 


ee edad nei fs "3 + Sarin aR Wars ry ee a 


+ &c ad etd to both bing ) 











&3¢ ad infinitum; and oy ahi Li + 23.45 


$s 
aC 
2.3.4 thease 


eg ins er preiny « and (tein 1 from ae fides) L es -+ yee 


+ er ad infinitum will be = k + — — ++ rp + —— eeres Sash &S¢ ad Spits sant, 














6 























% L 
laftly, (fubtra&ting the infinite oe belt) i feaals &Fe ad infinitum 
Ys ( 2 202.4 By 2.3+4.5.6 t 4 y 

from both sei k will be = the infinite feries 1 — — oes ee te 
2 2.3 20364 
Lt? 
a be, +. &F¢ ad infinitum. Sober ee 
2.3+4+§  2+3+4e50 i 
6 = : ; 7 Fy Te TL? Lt 
30. Coroll. 1. Since & is equal to the infinite feries L — a alin enna 
2,3. 
6 » oe : . 
4.2 — 2 4+ &¢ ad infinitum, it follows that the ratio of 1 to 1 — will 
243-465  2.3rhe5 a ee =) : 
be equal to the ratio of 1 to 1 —the infinite feries 1 — — csi re arto 254. ti ati 
“4:5 
1° 
—— ++. & ad infinitum, or of 1 to the infinite je Teel ial 
ors BA: 5-6 + 2.3 
raga he eo + oer &Fe ad infinitum ; or the ratio corref| ate to 
2.3.4 2036 
any given logarithm in Napic, s fyftem denoted by t is the ratio of 1 to the 
Lg L+ ES Le 
infinite feries 1 — L +} —- ——~ + _ — & ad inji- 
2.3 2.3.4. 2304.5 T 2.3.4.§.6 
nitum. 
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An Example of the foregoing Method of difcovering the Ratio corre/ponding to a BC 
Logarithm u in Napier’s Syftem, by Means of the Infinite Series 1 — 1 ape —_—— 


L3 Lt L$ L& 





0 dg TRG Ectlit + —— — &c ad infinitum. 
2.3 2.3.4 2.39405 2.3-4.5.6 


31. Let the given logarithm, of which we are to find the ratio, be —;. 


OF 0.500,000,000.. 
. T I I I I 
Then will h? be = —, Vo=>, uaa ne Vers z,» and 1’, Lae 
*°, &e will be equal to the 7", 8, ot, rot, and other following powers of: 


T : : : . . . 
>» as in the example given above 1n article 13. Therefore the feries 1 — 1 + 


17 L3 L+ LS ne 





+ —— — &e ad infinitum will in this cafe be 
2 205 BO. 3.4. 2034.5 2 3nsGaO 
equal to 1.000,000,000 — 0.500,000,000 + 0.125,000,000 — 0.020,833,333 
+ 0.002,604,166 — 0.000,260,416 + 0.000,021,701 — 0.000,001,550 + 
©.000,000,096 — 0.000,000,005 ++ 0.000,000,000 — &e = 1.127,625,963 
— 0.521,095,304 = 0.606,530,659. And confequently the ratio fought, or 
that of which =, Or 0.500,000,000, 1s the logarithm in Napier’s fyftem, is that 
of 1 to 0.606,530,659. Ope. I. 





32. This ratio of 1 to 0.606,530,659 is the fame with that which was found 
above in article 13 for the ratio correfponding to the fame logarithm — , OF 0.500, _ 
000,000, to wit, the ratio of 1.648,721,267 to 1. 


1.000,000,000,000,000,000,0 
1.648,721,267 


661; which exceeds 0.606,530,659 by only 0.000,000,002, or —— 


For 1.648,721,267 is to I as I is to = 0.606, 530, 
2 
1.000,000,000” 


———-, of one five-hundred-millionth part of an unit. 
500,000,000: 


33. This equality of the two ratios which are found to be correfpondent to the 
fame logarithm —, or 0.500,000,000, by means of the two feriefes r + 1 ++ 


Lz L3 i+ L? 
ah ag 0 aga f2 243-45 





ee : : 
ay alee. +- &S¢ ad infinitum, and 1 — 1 








4 . e e . 
Soe IY Land at + ——_. — &e¢ ad infinitum, which were derived from 
Zig 254) BBHEIL B34. SO oh ri 4 4 os 
the two minal on Ci 2 aneiala + an “ae &Se ad in- 
Bs 
jinitum, and k + ~ ae — + ce opt ieirra am Se ad infinitum, invented 


by Mr. Mercator and Dr. Wallis, affords an aditicanl proof of the truth of 
what is afferted in theorem 3, article 83, of the foregoing remarks on thofe two 
ferlefes, 
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feriefes, to wit, that the logarithms exhibited by the faid two feriefes of Mer- 
cator and Wallis belong to the fame fyitem. 


Another Example of the foregoing Method of difcovering the Ratio correfponding to a 
given Logarithm u in Napter’s Sy fren by Means of the Infinite Series 1 —y + 


ive L3 L* hae 1° 
— &c ad infinitum, 





2 243 2.34 263-45 aur 2.34060 


24. Let the given logarithm 1 be equal to 1. It is required to find the ratio 
of which it is the logarithm by means of the feries 1 — Lb + =- hak tae He 
203 203.4 
LS n° nl 
— —— + — — & ad infinitum, 
2030405 2634.56 ih 
Now, when t is = 1, we fhall have L* =1, and 1? = 1, and 1* = 1, and 














every following oe of UP=- Tig end -confequently! the  feries.2 po 
L2 L3 L*+ ae Lo & " . : ; ; 

re oe ———  — 9% ad infinitum, will in th 
2 2.3 20304, 263405 + 243-40520 uh ? is cafe 


I 





I f 
Bis, Marae Sig cae OE 
I I 
&f¢ ad infinitum, wah i yea er Se ad infinitum, 
36 oe «€, 
the feveral terms of which Goris fe been already found, in article 16, to be 
as follows. 








0 
lI 


He) 
lI 

a me ojzeln ofa wafoa asunin efo ee 2 
| 


= 0-500,000,000,000,;000,000,000,000 ; 


= 0.166,666,666,666,666,666,666,666 ; 


S) 
I] 


= 0.041,666,666,666,666,666,666,666; 


td 


ry 
| 


0.008 ,3 3353331333933393332333333 
= 0.001,388,888,888,888,888,888,888 ; 


a 
l 


= 0.000,198,412,698,412,698,412,608 ; 
= 0.000,024,801,587,301,587,301,587 ; 


bo 


0.000,0025755)7315922,398,589,065 $ 
= 010095000527 5957551 922395050,900 $ 


- 
II 


0.000,000,025,052,108,385,441,718 ; 


= 0.000,000,002,087,675,698, 786,809 ; 
3B 2 


342 An Appendix to the foregoing Remarks, containing Inveftigations 


N ? 
O = — = 0.000,000,000,160,590,438,368,216 $ 





13 
eal oO —_ 
pe EP ty 
2b Serta 0.000;000,000,000,764,716,373,181 $ 
OnE 
R = +FZ = 0.000,000,000,000,0475794577 35323 3 
R 
s= > 0.000,000;000,000,002,811,457,254 3 
S 
ToagS 0.000,000,000,000,000,1 56,192,069 ; 
= & 
v=%5 = 0.000,000,000,000,000,008,220,635 ; * 
. 
W = = = 0.000,000,000;000;000,000,411,031 5, 
E Ww 
x 
Y == 0.000,000,000,000,000,000,000, 889 ; 
yy. 
7, aa = 0.000,000,000,000,000,000,600,038 ; 
Z 
pees aa = 0.000,000,000,000,000,000,000,001.. 
Rvs I I I I I yee ee . 
Therefore — — — +->— — a — ec ad infinitum a 
2 2.3 BoA - 2.3.25 8 aiasgee sO of OB lib 
ap Beg Ree ok ae SY ae Bs see es : P 
ree F 5 G , 8 9 10 11 12 29.1 aig AE ia 
fs ee ae pane ET See Se See — a —_— => <= — — C 
. = . = = nF me + - +. = Oy ad infinitum, or 
7 D F H K M ° Q $ v x Zz 
eye eda es sey En mae APO rh NRA Eee Fares ry 
4 E G 1 L N P R T w ¥ : 
= ean rm = 7 9 It 13 15 17 19 21 mae will be = 


O3500,000,000,000,000,000,000,000, 
3. 41,666,666,666,666,666,666,666, 
3.. 1,388,888,888,838,888,888,388, 
Se 3 s'9s PA OOD, 50 753013507 530155075 
Se el oigel s/s 9274957 B91 2429950505900, 
Seis s'ge « # e's 2500950 75,008,700,0005 
See eye ee ge 06 ge 1154705745 559797295 
Sega Rise cigs 1 fe) 045/930 255 
SA itabis's shhh tee eietset oi, | 60,19 220008 
Bieta pis wishes cistie Bist e atitis 54a On Ae 
Bal ste So be stds cigh cs wlan’e bist eetge seas 
cule iste cis Sete wots selec bigsine gs esas ie 


Se, 


tthe tbe tttst 
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—0;166,666,666,666,666,666,666,666, 
— 3.-8,333,333533353339333»3330333> 
jo 0+ 9198,412,098,412,698,412,698, 
Bene 90 6 2575 5973159225398, 5 89,065, 

tripe oi3s 2530525108,305,441 7205 
{ewig «ey 10G5590,49o.$06,216, 
wn 9/045710,37351 915 
yo + 2,811,457,254, 
Lyd e Pe222508 5, 
been tp sarah AiO 7.2 » 
Be ok ARE ie 


° © e . ° 

Ns we 7 Ne \ 

e ry e ° ° 
ve 


0.543,080, 634581 55243,778,477,898, (Pe — 0.175,201,193,643,801,456,882, 
976; (Fe = 0.367,870,441,171,449,32.5; 595,522, Coe. |) Therefore the ‘ratio 

theres or that of which 1 isthe logarithm in Napier’s fyftem, is that of 1 to 

the decimal fraction 0.367,879,441,171,442,321,595,522, (Fe. Q: E. kr 


35. ee ratio is equal to the ratio of 2.718,281,828,459,045,23 5,360,274, 
€f¢ <0 13 which was found above, in article 16, to be the ratio of whieh £ was 
a logarit! um in the fyftem of logarithms exhibited by Mercator’s feries k — 
— + — _— — +. x ce + &c ad infinitum. For 2.718,281,828,459, 
0 2 60, 2 "3 torr ast is to 1.000,000,000,000,000,000,000,000,000,000, Ec Bris. 

4592353 ; 14 2,718,281,8285459,045,235,300,274 
O. OOD 87441» [71 j4AS eI eGo Ge soa which agrees with the foregoing number 
367,879441,171,442,321,595,522, 1n all the figures but the laft. 

re operation of this divifion of 1.000,000,;000,000,000,000,000;000,000,000, 
&'¢ by the long number 2.718,281,8285459,045 235,360,274, is as follows, 

In order to avoid miftakes in performing fo long and laborious a divifion, it will 
be expedient, before we enter upon it, to find all the products that can arife by 
multiplying the divifor 2.718,281,828,459,045,235,360,274 into the eight firft 
numbers 2, 3, 4, 5, 6, 7, 8, and 9, by the more fimple operation of addition, in 
which it is hardly poffible that we fhould make any flips. This may be done in 
the following manner, the faid divifor 2.718 ,281,828,4.59,04.5,235,300,274 being 
(for brevity’s fake) denoted by the capital letter a. 











2.718,281,828,4.59,;045,2 35,360,274 — A- 
2.718,281,828,459,045,235,360,274 

2A= 5.436,563,656,916,090,470,720,548 
2.718,281,828,459,045,235,360,274. 

3A = 8.154,845,485,37751352700,080,522 
2..718,281,828,4.509,045,2 35,360,274 

4A = 10.873,127,313,036,180,941,441,096 
2.718,281,828,4595045,235,300,274 

5 A = 13-§91,409,14.25295,220,170,801,370 
2.718,281,8285459,045,23 5,360,274 
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6 A = 16.399,690,970,7545271,412,161,644 
2.718,281,828,459,045,235,360,274 

7 A = 19.027,9725799)213,310,047,521,918 
2.718,281,828,459,04.5,23 5,360,274 

C8 21.746,254,027,072,301,882,032,192 
2.718,281,828,459,045,23 5,300,274 
LL 

9 A= 24.464,536,456,131,407,118,242,406 


Thefe feveral produéts being thus previoufly obtained in a manner hardly liable 
to error, the operation of dividing 1, or 1 *050,000,000;000,000,000,000,000,000, 
000,000, &c, by the long number 2.718,281,828,4.59,045,235,360,274, may be 
performed as follows. 


The Divifion of 1, or 1.000,000,000,000,000,000,000,000,000,000,000, &c, 
by 2.718,281,828,459,045,235,360,274. 


The divifor. The quotient. 
2.718,281,828,459,045,235,360,274) (0.367,879,441,171,442,321,695,595 
The dividend. 
I .000,000,000,000,000,000;000,000,000,000,000,000, Fe. 
815484548537713 5706080822 
"18451 5451462280429 39191780 
16309690970754271412161644 
". 21418 54175474371 5270301300 
19027972799213316647521918 
- 239056895 55303986227794420 
21746254627672361882882192 
- 21594349276316243449122280 
19027972799213316647521918 
- 25663764771029268016003620 
244.64.536456131407118242466 
- 11992283148978608977611540 © 
1087 3127313836180941441096 
- 11191§58351424280301 704440 
108731273138361 80941441096 
« « 318431037588099420263 3440 
2718281828459045235360274 
- 4660285474219459672731660 
2718281828459045235300274 
- 194.20036457604444373713860 
19027972799213316647521918 
«© 392063658 3911277261919420 
271828182845904523 5360274 
+ 12023547554522320205591460 
10873127313836180941441096 
I. 1504202400861 393241503640 
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. 1150420240686 1393241503640 
10873 127313836180941441096 
- 6 6310750930252123000625440 
54365636569 18090470720548 
 8741872733340325299048920 
815484 54853771 35706080822 
- 5870272479031895929080980 
5436563656918090470720548 
© 43370882271 38054589004320 

2718281828459045225 360274 

101880639867900935 42440460 

13591409142295226176801370 

+ 2590054844.494867 3656390900 

244645364561 31407118242466 
- 15020119888172665 381484340 
I 3591409142295226176801370 
- 14287107458774392040829700 
13591409142295226176801370 
« - 6956983 164791658700283 300 

5436563656918000470720548 
1§204195078735082295627520 
I 35914091422952261 76801370 
- 1612785936440456118826150 


36. This equality of thefe two ratios, of which 1 is ae logarithm in the two 
ee of logarithms exhibited by % two Tia k— —+ i ~ “~ oP = 
— + &e ad infinitum, andk + = free Ue —— See — LAs + &e ad in- 
Jinitum, invented by Mr. Mercator and Dr. Wallis, affords another proof of the 
truth of what is afferted in theorem 3, article 83, of the foregoing remarks on 
thofe two feriefes, to wit, that the logarithms exhibited by both feriefes belong 


to one and the fame fyftem. 


A ieee eae ration of the Equality between the Ratio of the Infinite Series 1 +. 


17 











—— + -— 7* &c to 1, and the Ratio of 1 to 
reer s+ sat 3 ie ab cane ; } di 
the Infinite ay Diced hep ew eg ery iy Sg 

wh aah 2 2.3 t 20304 2032405 ar 2304.54.60 


37. But the equality of the two ratios that are found, by means of the two in- 
Cm, LS Le ; 
— + —— 4+ &e ad imf- 
oe oh yt ef 2.342540 if 
z E . ~__ — &8¢ ad infinitum, 


Ft 
nitum, and I — L ets Fis 5/0 <% teh aps 
: mn 243 2034 203.405 T 5456 
to belong to the fame logatithtn Ly Om the equality of the ratio of 1 to the infinite 
{eries 
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3 L* L> i° 
feries I — L Rb Ne eh —_ —— — & ad infinitum to 
ie 2.3 2234 2345 t G5 if ‘ 
the ratio of the infinite {epics ary te bet pc i ee k L 





Be aaah 22 34.5-0 
+ ce ad infinitum tot > will appear in tie evade! manner by dividing 1 by the 





infinite feries 1 L pis) a ne eSees -- a hee Se or xt 

= | fp py — owe oanw ae SS, r j 
Bah) i2eBek Bad cans 1 Bebe4= 5-0 

will be found that the quotient of this fivified Meal be the other feries 1 -+ 1 ++ 


Ae L 

oo ge Neg balck €@c; from whence it follows, that the 
2 tots, aoe 2.3.4.5.6 abd ; 

ratio of 1 to the former feries, (which is the divifor of this operation of divifion, ) 
will be equal to the ratio of the latter feries (which ts the quotient of the fame di- 


vifion) to 1. This divifion may be performed in the manner following. 











The divifor. 


L3 Lt LS L* 
















































































3 m 2-304 2030405 ni 2.304+526 
The quotient. 
L7 Dig Ohad i? 
i+or+—-+— + + yeh 
peer 2 a: 203 2.3.8 mo 26g ae st 
The dividend. 
I % * oa * XE x 
ra 13 u4 L$ Le 
HUES eh athe A UY C2 ts) LenS TE 
* 2 2.3 2.354 2. Sed + 243-45 .6 
Fin L LT Le td 
eae eR 
o 2 ae 2.3 2.364 2.30405 SOWA N 
L? “3 L Bes 
L— LD + — — _ ee. 
+ as 2 2.3 263-4 23s k ir 
pig EE ae NR ON AEM Sut RS 
a 2 7B) 20304 2636405 2+304.5-0 4 
Lz L3 Lt L> L 
hig anh ewe edt mn 263.2 Litse® acct i 
=. ti 314 615 tor? 
a mt hbeasoe Ue 
AEE Qe 504 2.30405 Pree Te 
Ls L* 15 i 
Were 23 32 40) 1 2s3saeg + Se. 
4 5 ° 
a ArT IOL ba 
T Tp ngs © 23 4.506 ; 
LA L$ L 
=e — &e. 
2/354 24304 2.3.4.2 
* L° SL &9 
ee é2 
as 2.3.4.5.6 20 
LP i; 
F — Fe. 
2.Rs405 2.3.4.5 nr 
Hi Red xu &P 
; Pan Ce. 
2+304.5-0 
ay &p 
Phar Ce 
cr 22304.5.6 
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38. This is a very remarkable property of thefe two feriefes, ** that the di- 
vifion of unity by one of them fhould produce the other, or that the quotient of 
fuch divifion fhould be a feries confifting of exactly the fame terms as the di- 
vifor, only with different figns prefixed to the terms that fill the even places of 
the feties, or that involve the odd powers of L.”” I do not recolle& any other 
fuch inftance of fimilarity between the divifor and the quotient of a divifion in 
all che operations of this kind that I have feen in Algebra. 


. : . . L? 3 4 
39. From this fimilarity between the two feriefes 1 — 1 + — — — + — 


43 2304 
LS Lo 
———, — &e ad infinitum, and 1 b+ = wei 
rich th az 2.34450 vi Z cc sy Re ise a 
L L° 
mT + Pare + &%¢ ad infinitum, it follows univ cee om whatever be the 
magnitude of L, the ratio of the feries1 - Lb + — =. 
r® 

—— + 
2434-5 

unity by the oa feries) to x will be equal to the ratio of 1 to the faid other 


13 L4 Ls n° 
feries I — L + ai Seip ee sie ra pike — €§¢ ad infinitum. There- 
eye's . 


“a 504: 
fore any quantity denbead by i will be the eich of the fame ratio a the 














Le 
Bier ts 2 sears 
Ef¢ ad infinitum (which is the quotient a fe foregoing divifion of 

















fyftem a logarithms exhibited by Mr. Mercator’s feries k — us a = _— — ~ + 
= —-=—+ &S¢ ad infinitum, from which the feries 1 -- b ++ -— —4- —— 4 
Rice pik 1° 
oe Hears + SREed + & was Poy as " aS so of oie 


exhibited by Dr, Wallis’s feries & ts — as Fi ee eet Efe ad 


3 4 6 6 
infinitum, from which the feries 1 — 1 ie —— a ay 5 = af ——~ 
: ; eich m5 425 
— &F¢ was derived ; or, in other yore: the ey exhibited by Mr. Mer- 
he kt RS 25 
cator’s infinite feries k — — Sieh Aio ps) Fabs + — — “+ &e ad infinitum be- 


long mt the fame pit as tite logarithms exhibited se Dr. W allis’s infinite feries 


k eRe ot RAO bal oa ira W452 = + &c ad infinitum, agreeably to theorem 3, ar- 








ticle 8 3, of the aor bohanie on thofe feriefes of Mercator and Wallis. 


A SCHOLIUM. 


oa L is ae than 1, Pal numerators of the terms th the two feriefes 1 4 
13 L* 
and iI —L + —- — — —— 
L . =f = =F a 
Efe s; Bs). wali eee, or decreafe, dannuiulee and confequently the 
whole terms will converge, or se with confiderable fwiftnefs, becaufe the de- 
nominators of the terms, to wit, 2, 2.3, 2.3.4, ec, increafe continually, and thereby 


A con- 
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contribute to the decreafe of the whole terms. Of this decreafe of the terms of thefe 
feriefes we have had examples above, in articles 13 and 31, in which 1 was fup- 


. I 
poled to be = =, or 0.500,000,000. 


And when is equal to 1, and confequently the numerators of the terms of 
thefe two feriefes, to wit, 1, L, L?, 1’, L*, &fc, are all equal to 1, the whole terms 


L? 13 Lae I I 
— €§¢ after the 


of them, to wit, 1, L, —, 2.37 2.3. 





I 
— &e, or 1, 1, — 
Zips 3 ees Bek PTO ee 


firft term 1, will {till converge, or decreafe, and with a confiderable degree of 
fwiftnefs, on account of the continual increafe of their denominators 2, 2.3, 2.3.45 
€fc. Of the decreafe of the terms of thefe feriefes in this cafe we have had ex- 
amples above in articles 16 and 34, in which we have computed the values of 
thefe feriefes exact to no fewer than 23 places of figures. 


But, when Lt is greater than 1, the numerators of the terms of thefe two 
feriefes, to wit, 1, L, Lu’, L*, L4, &c, will continually diverge, or increafe, in 
the proportion of t to 1, and thereby will tend to make the whole terms increafe. 
And the fecond term i will be greater than the firft term 1; and if 1 be confi- 
derably greater than 1, as, for inftance, if it be equal to ro, there will be feveral., 
of the terms in the beginning of the feries, befides the fecond term, which will 
be greater than the terms that immediately precede them: or the feriefes will, for 
awhile, be diverging feriefes. Yet fuch is the tendency of the terms of thefe 
feriefes to converge, or decreafe, arifing from the continual increafe of their de- 
POMAMAACORS 2912). 52814 NeO Sn en BO Oe AL eG alee apeal ie Gap Seabee 
that, whatever be the magnitude of 1, and the confequent increafe, or diver- 
gency, of thé numerators 1, L, 17,8, 14, L'ji.°, i’, 1, Gac,othe ditminution of 
the terms arifing from the increafe of their denominators will, in fome part or other 
of the faid feriefes, more than counterbalance. the faid. divergency, or increafe, 
of them arifing from the increafe of their numerators, and make the whole terms, 
after the term in which fuch over-balancing firlt takes. place, continually con- 
verge, or decreafe ; and this with an increafing velocity, or more {wiftly than in 
a continued geometrical proportion. | 

For, fince the denominators of the terms of thefe feriefes, to wit, 2, 2.3, 2.3.4, 
3.304552 3-4. 5G, 23+4e 5-0-7, 2.35 Ab ba On 7a By, 2-34» 5a, Bs Qui 2is, Buby. On P.GnQs TOs 
$c, increafe by the continual multiplication of the natural numbers: 3, 4,. 5, 6,. 
4,8, 9, 10, Se ad infinitum, it follows, that, however great we may fuppofe L 
to be, we fhall, in fome part-or other of the feries, come to a term of which the. 
denominator will be derived from the denominator of the next preceding term, 
by the multiplication of a number ftill greater than L; and this term will be lefs 
than the faid next preceding term, becaufe its. denominator will be greater than 
the denominator of the faid next preceding term in a greater proportion than that 
in which its numerator wilk exceed the numerator of the faid preceding term, 
which is that of p tor. Thus, for example, if Lis equal to: 1000, it is evident 
that the thoufand and firft term of either of thefe feriefes will have for its nume- 
rator the 1000'% power of L, or 1*°°°, and for its denominator the produc 
2.3.4.5.6.7.8.9.10, €%e, continued to 1ooo ; and the thoufand and fecond terny 
will have for its numerator the 1001! power of 1, or 1°, and for its denomi- 

nator 
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nator the product 2.3.4.5.6.7.8.9.10, €#¢, continued to 1001. Therefore the 


roo2™* term will be equal to the root term multiplied into the fraction 
1000 . * 
wee =» and confequently will be lefs than the roor® term. And, in 
like manner, the 1003'¢ term will be derived from the 1002"? term, by multi- 
1009 


. BAAS L . . 
plying it into, or ——; and the 1oo4'* term will be derived from the 











1003 term, by multiplying it into ait or ran and every following term 


will be derived from the term immediately preceding it, by multiplying it into 
a fraction that is lefs than ao and alfo than the multiplying, or generating, 
fraction next before it. And confequently, after the roo1 term, the feveral 
terms of the feries will continually decreafe, and that with an increafing velo- 
city, or more {wiftly than in a continued geometrical proportion. Q: £. D. 





. . se 
at. And hence it follows, that the two feriefes1 + 1 + — + —— + 


ys 
"+. Se ad infinitum and 1 —L += — + , 
2.3-4.5 Bs 2.3.4.5-6 dh c rae 219.4 Eee A 


bs * 
+ —_——_ — ee ad infinitum, will always be of finite magnitudes, whatever be 


2.3 4.5.6 
the magnitude of L; agreeably to what was aflerted above in the fcholium in 


article: iss. For, when 1 is ofa very great magnitude, as, for example, when it 
is equal to 1000, the firft part of each of thefe feriefes, though it will confift of 
terms that continually diverge, or increafe, yet will be of a finite magnitude, 
becaufe the number of its terms is finite; and the fecond part of the feries, 
from the part where it begins to converge, will converge with an increafing 
degree of velocity, or more fwiftly than. in a continued geometrical proportion, 
and therefore will be of a finite magnitude, notwithftanding the infinite number 
of its terms, becaufe every infinite feries of terms that decreafe in a continued 
geometrical proportion is of a finite magnitude. Therefore the fum of the firft 
and fecond parts, or of the diverging and converging parts, of each of thefe 
feriefes, that is, the whole of each of thefe feriefes, will be of a finite magnitude. 
Q. E. D 
42. But thefe feriefes can never, as I conceive, be applied to any ufeful pur 
pofe when t is greater than 1 ; nor, indeed, will they be of much ufe in the 
computation of numbers from the logarithms that belong to them, even when 5 
is lefs than 1, but nearly equal to it. But when u is much lefs than 1, as, for 


shat. 1 F E 
example, when it is equal to—, or any lefler number, thefe feriefes will con- 


verge with fufficient {wiftnefs to be of great ufe in making fuch computations. 











43 In the foregoing corollary to problem 2, we have fhewn how to find the 
ratio correfponding to a given logarithm of Napier’s fyftem: it remains that we 
fhew how, when a logarithm of Briggs’s fyftem is given, we may find the ratio 


which correfponds to it. ‘This will be the fubje& of a fecond corollary. 
3 C.2 Coroll. 
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Coroll. 2. If 8 be the logarithm of any ratio in Briggs’s fyftem of logarithms, 
and 1 be the logarithm of the fame ratio in Napier’s fyitem, t will be greater than 
B in the fame proportion in which Napier’s logarithm of the ratio of 10 to 1 is 
greater than Briggs’s logarithm of the ratio of 10 to 1, that is, in the proportion 
of 2.302,585,092,994,045,068, Se to 13 or z will be = 2.302,585,092,994, 
045,668, & x B. 

Therefore, if B be any logarithm in Briggs’s fyftem, and we are required to 


find the ratio correfponding to it, or of which it is the logarithm, by means of 
ae L3 Aye 4 We 

+ —— — & ad 
243 203-4 20314 2034s 06 

infinitum, we mult firft aalials B by the number 2.302,585,092,994,045,068, 

&c¢; whereby we fhall obtain the value of L, or of Napier’s logarithm of the 
fame ratio: and then we muft compute as many terms of the faid feries 1 — L + 
L® . be L$ iB 


the foregoing feries 1 —L + 

















4. — &c ad infinitum as may be neceffary to 
2 2.3 2.304 2o3o4uS | 2430405.0 
exprefs the ratio we are feeking to the propofed degree of exadctnefs. For the 
proportion of 1 to the faid feries, or to fo many terms of it as we fhall have 


computed, will be the ratio fought. 


An Teale of this Method of difcovering the Ratio corre/ponding to a given Loga- 
rithm in Briggs’s Syftem of Logarithms. 


44. Let it be required to find the ratio correfponding to the logarithm —, or 

0.01, in Briggs’s fyftem of logarithms. 
The logarithm of this ratio in Napier’s fy{tem of logarithms is = 2.302,58¢, 
BP oNadso4d 590085 Fe X 0.01 = 0.023,025,850,929,9 1405456, 68, Se, or (neg- 


eta the laft eleven figures, as incOntaeenee) 0.023,025,350. Call this lo- 
earithm be 


Then will 2? be = 0.023,025,866\7; — 0. 000,530,189) and L? willbe = 0.000, 
012,208, and L* will be = 0.000,000,281, and. L* will be = 0.000,000,006. 
aa 0.000, 530,189 189 


Therefore ~ ~ will : 


= 0.000,265,094, and = will be = 


0.000,012,208 


Oy : ©0.000,000,281 
= pe Reta Ae 034, and ae ea Ll he ties 


24 








== 0.000,000, 











0.000,000,006 
oe ee and - ; will Hewes ERP == 0.000,000,000, and confequently 
ibe L3 L4 LS 
thet (ernie 1 See een ee —_ + &ec will be = 1,000,000 
2.3 0 2.34 243-445 ( 
000 — Sh +- 0.000,265,094 — ©.000,002,034 ++ 0.000,000,011 
— 0.000,000,000 + Fe = I. 000,265,105 — 0.02 3,027,884 = o. “OT s2ae 


Soi. Therefore the ratio correfponding to L, OF 0.023,025,850, or of which 
0.023,025,850 is the logarithm in Napier’s fyftem of logarithms, or of which 


I . . ° . . . i 
0.01, or ——, is the logarithm in Briggs’s fyftem of logarithms, is the ratio of 1 


tO 0-079 2 areas QE. I. 
45. This 
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45. This ratio of 1 tO 9-97 7523752215 which is here found by means of the 
L Lf LS uA 
infinite feries 1 — L -—+- —- — — —— — &c tobe 
ila 2.3 26304 ie... | spies the 


ratio of which 0.01, or —, is the logarithm in Briggs’s fyftem, is equal to the 
ratio of 1.023,292,989, Ge to 1, cae was found above in als 18, by means 
of the infinite feries 1 + Lb + — + = — - +> + ae Hea TERR + &e, to 
he the ratio correfponding to the Gates logarithm, For 1.023,292,989 is to 1 


PLOSD QV RIOOD 200s Sic 3 =o. 237,224; which agrees with the numb 
1.02 3,292,989 977192371224 3 bidet 


0.9775237221 in the firft eight figures, and exceeds it by only 0.000,000,003, 
, or three thoufand-millionth parts of an unit. 

















as I is to 


file) feast 
1000,000,000 


Another Example of this Method of difcovering the Ratio correfponding to a given 
Logarithm in Briggs’s Syftem of Logarithms. 


46. Suppofe it were required to find the 365'" root of 1 + =, Ona tines 
or 1.05, the logarithm of the ratio of 1.05 to 1 in Briggs’ aia being given. 


The logarithm of the ratio of 1.05 to 1 in Briggs’s fyftem is = log. <> > = log. 


=. 


21 21 


20 ‘ : 
ae ae doo. ee LOG ara (according to the computations in the Pointe 


remarks, article 98) 1.322,219:294,733,919:356 — 1.301,029,995,663,981, 
308 = 0.021,189,299,069,938,048. Therefore the logarithm of the ratio of 
a7 | 1 -O1gse Or: 1.0 Wee to 1, will be = ee ee 048 — 9.000 3058, 
052,874,164,213. This is Briggs’ s logarithm of the ratio of 1.05" oa to 1, from 


which we are now to difcover that ratio itfelf, or the value of 1 Oslsge* 


Now, fince Briggs’s logarithm of this ratio is 0.000,058,052, yi oh or 
(neglecting the‘laft nine figures, as inconfiderable,) 0.000,058,052, it follows 
that Napier’s logarithm of the fame ratio will be = 3.302500 5,002, oe i 0.0005 
evade Mes asia ers fe; that is, twill be = 0.000,133,669, &c. We 
fhall therefore have L* (= 0.000,133,669\*) = 0.000,000,017, and 13 (= L* x 


La =) 0.000,000,01'2" 40.000, 12 9,000) 1.01000; 000,000 3 and confequently 
— i eet) = = 0.000,000,008, and L — — (= 0.000,133,669 — 
©.000,000,008) = 0.000,133,661, andr — 1 + == I Kenseth iree steed’ 
133,661 = 0.999,866,339 ; that is, the feries 1 — 1 += —_—— = — . 

— & will be = 0.999,866,339. “Therefore the ratio 





LS fe 
203-405 MP 2034.50 
corres 
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correfponding to 1, of 0.000,133,669, &c, or of which 0.000,133,669, ez is 
the logarithm in Napier’s fyftem of logarithms, or of which 9.000,058,052, ¢ 
is the logarithm in Briggs’s fyftem of logarithms, is the ratio of 1 to 0.999,866, 
— : oy 
339; and confequently Loner: is to I as I is to 0.999,866,339, and 1.051565 Is 
= ee eis anes 1.000,133,678, or the 365"* root of 1.05 is 1.000,133,678, 


* : Q. E. I. 
47. The ratio correfponding to 1 is equal to that of the feries 1 + 1 4 
1 L3 L* eS 4 5 
“2 23 2.304 243.425 243+4.5+0 
. pes L* L* 
the feries 1 — L + aan 








+. &¢ to 1 as well as to the ratio of 1 to 
L$ i. 
RED iP th a 
: : 2.3 : 2-354 : 2636466 (2:3+4°5.6 
. L L L L L * . ° 
fares e bint zon ok yr + ps + ae + eee +- €c, is, in this cafe, 
equal to 1 + 0,000,133,669 + 0.000,000,008 + Ge = 1.000,133,677, Ge. 
Therefore the ratio correfponding to L, or 9.000,133,669, &c, or of which 
0.000,133,669, €&£e is the logarithm in Napier’s fyftem of logarithms, or of 
which 0.000,058,05§2, &# is the logarithm in Briggs’s fy{tem of logarithms, is 








— Se. Now the 





" I 
the ratio of 1.000,133,677, &fcto 1; and confequently the ratio of 1.05155: to I 


. . I . 
is equal to the ratio of 1.000,133,677, &¢ to 1, and therefore 1.05155. sx 





1 .900,1 33,077, Fe. ae 
4 bf J Pisa : 
This value of 1.0 515365 agrees with the former value of it, to wit, 1.000,133, 

} . 2 3 4 
678, (which was obtained by means of the feries 1 —1L + As a = ic * : 


Ls ee 


TE Te eG Sc,) im all the figures but the laft, which differs from 
the laft figure of the faid former value only by an unit. 





48. This number 1.000,133,677, which is equal to the 365‘* root of 1.05, is 
the quantity to which one pound fterling, or any other original fum of money 
denoted by 1, would increafe by being lent out at intereft for the fpace of only 
one day, if the terms of the loan were fuch that the money was to be paid back 
to the lender every night, with the intereft due upon it, and then immediately to 
be lent out again, together with the intereft due upon it added to it, and yet that 
the whole intereft that fhould be gained upon it in the courfe of a whole year, or 
365 days, by thefe 365 repeated loans, fhould amount only to one twentieth part, 
or five hundredth parts, of one pound, or the other original fum, whatever it was, 


which was denoted by 1. It is a very little lefs than 1 + =, or I + 0.000, 
136,986, or 1.000,136,986, to which the fum 1 would increafe in the {pace of 
one day, if the intereft to be paid for it for one day was the 365" part of , 


or of the intereft paid for it for a whole year, when lent for a year at a time, 
at the intereft of 5 per cent. per annum. 7 | 


& 49. Before 
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49. Before I put an end to this appendix, I think it neceffary to declare, that 
‘ : : fe S ‘ ~ ° : 2 3 
the inveftigations of the two anti-logarithmick infinite feriefes 1 + = Ee ra 











2.3 
An LS Le i L3 L* L5 
— + ee fe, and b — —— + — — i 
25324, 2036405 15 2+3+405.6 a. 2 2.3 2.34 2036465 


eae + &c, which have been given above in the preceding lemmas and 
probiems, were fuggefted to me by reading Dr. Halley’s difcourfe on logarithms 
above-mentioned, and that I therefore fuppofe they are in fubftance the fame 
with his inveftigations of the fame feriefes contained, or, rather, hinted at, in the 
faid difcourfe. But this I am not quite fure of, becaufe, from the extreme 
concifenefs with which he has there treated the fubje&, I find myfelf unable to 
underftand him fo thoroughly as I could wifh. However, whether the invefti- 
gations which I have here given of thefe feriefes are the fame with his or not, 
I hope they will be found fufficient to eftablifh his conclufions, and that they 
have been explained in fuch a manner as to give my readers as little trouble as 
poffible in underftanding them. | 
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